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h i g h l i g h t s " We model in-cylinder pressure oscillations due to knocking combustion. " A novel and general approach is used in modeling pressure oscillations. " The model derives from explicit integration of wave equation with a dissipation term. " A generic spatial distribution of end-gas at knock onset can be assumed by the model. " Time and frequency features of experimental pressure oscillations are well reproduced.
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a b s t r a c t The modeling of the in-cylinder pressure oscillations under knocking conditions is tackled in this work. High frequency pressure oscillations are modeled by the explicit integration of a partial differential wave equation augmented with a time-dependent dissipation term. The general solution of such equation is determined by the Fourier method of separation of variables whereas the integration constants are obtained from the boundary and initial conditions. The integration space is a cylindrical acoustic cavity whose volume is that of the combustion chamber evaluated at the knock onset. The domain of integration is assumed to be formed by a ﬁnite set of small volumes having the shape of annulus sectors. This approach involves that knock region can assume more realistic shape of the kernels where abnormal combustion initiates. The initial conditions are evaluated by means of a two-zone thermodynamic model applied to low-pass ﬁltered experimental pressure cycles. The damping coefﬁcient and the knock region are model parameters to be assigned or identiﬁed experimentally by means of a proper least-squares optimization process. Experimental data obtained on a direct injection spark ignition engine, operating under knocking conditions at different speeds, have been used to validate the model both in time and frequency domains. Ó 2012 Elsevier Ltd. All rights reserved.



1. Introduction Knock is the word used in automotive ﬁeld to name a sharp metallic noise appearing in spark ignition engines as a consequence of an abnormal combustion. In normal conditions the whole air/fuel charge is progressively burned by the propagation through the cylinder of the ﬂame front initiated by the spark, and energy is released likewise. According to a widely accepted theory [9], if the induction time for the auto-ignition of the unburned gases ahead of the ﬂame front is lower than the time required for the whole charge to burn by ﬂame propagation, a local rapid combustion occurs with a sudden energy release triggering ⇑ Corresponding author. E-mail addresses: [email protected] (A. di Gaeta), [email protected] (V. Giglio), [email protected] (G. Police), [email protected] (N. Rispoli). 0016-2361/$ - see front matter Ó 2012 Elsevier Ltd. All rights reserved. http://dx.doi.org/10.1016/j.fuel.2012.07.066



the knock phenomenon. Such a theory well explains knock appearing at low engine speed with medium–high loads. Again according to this theory, high speed operation should be knock free since it was found that the increase of engine speed leads to an increase of turbulence intensity, enhancing ﬂame propagation, and to deceleration effects on pre-ﬂame reactions. Actually this is not so, and other theories are proposed [16] to explain the more destructive knock occurring at high engine speed, over 3000 rpm. A deepening of theories on this abnormal combustion is out of the scope of this work. However, whatever is the genesis of the mechanisms leading to knock, this is triggered by rapid combustion and energy release unevenly distributed in the combustion chamber. The consequent time and space pressure gradients excite the acoustic resonance modes of the chamber, resulting in damped pressure oscillation around the mean cylinder pressure, and in engine block vibration [1].
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The acoustic wave theory was used for the ﬁrst time in [6] to describe steady pressure oscillations inside a cylindrical ﬁxed cavity. The author basically set up an analytical method to identify the resonant modes inside the engine cylinder, assumed as a ﬁxed volume, deriving the general solution of the wave equation with a two dimensional approach. This was justiﬁed by the following observations: knock appears when piston is near Top Dead Centre (TDC) position, where its velocity is very low (and accordingly volume variation); at gas temperatures during combustion sound speed has an order of magnitude of 1000 m/s, and since at TDC the axial dimension is by far lower than the radial one, axial steady waves, propagating much faster than radial ones, can be neglected with respect to steady radial waves. With these considerations, near TDC the integration space can be assumed as cylindrical with top and bottom ﬂat ends, and vibrations along the cylinder axis are neglected. As the piston moves downward, resonant frequencies change because sound speed decreases and waves propagating along the cylinder axis direction are no more negligible. To tackle this problem a 3D FEM (Finite Element Method) approach was followed by several researchers to describe the resonance phenomena occurring during the piston stroke. In this regard, we can mention the work [10] where the inﬂuence of cylinder head shape was studied, and the work [20] where the effect of piston position on the resonances of two different cylinder heads featured by two and four valves, respectively, was investigated. In the latter work the authors found that, for a given combustion chamber, the various vibration modes exhibit different dependencies of frequency versus piston position (or crank angle). However the frequency proﬁles of the main vibration modes of the two considered combustion chambers were overall similar, suggesting that cylinder head shape is not a factor of ﬁrst importance on resonance features. The research work of [20] was extended in [4] where, for the ﬁrst time, transient simulation was performed to describe the explosive features of knock. These investigations on acoustics phenomena, albeit very interesting, are not usable in SI engine design and optimization oriented to knock prevention. Actually, simulation of combustion processes leading to knock is a challenging task, requiring 3D CFD codes with detailed and validated models for pre-ﬂame chemistry and turbulent ﬂame propagation. To calculate knock related pressure oscillations in combustion chamber, very ﬁne discretization of the calculation domain is needed that can lead to prohibitive computational loads (some examples of this approach are given in [1,5]). Detailed chemistry can be included in 0-D simulation models, allowing to estimate the instant when knock occurs and the corresponding amount of unburned mixture ready to burn. However, the only presence of detailed chemistry does not enable 0-D models to reproduce the typical deadening pressure oscillations found in experiments with knock phenomena. In this regard, in [2] an analytical formulation was proposed based on experimental pressure traces in knocking conditions, modifying the traditional approach [6] to describe such deadening behavior. In the present work a different approach is proposed. Pressure oscillation are simulated thanks to the explicit integration of a Partial Differential Wave Equation (PDWE) augmented with a damping term [21]. A general solution of such equation is found applying the Fourier method of separation of variables. Integration is performed in a cylindrical space domain corresponding to the acoustic volume of the combustion chamber ﬁxed at knock onset. The initial conditions required for the integration have been derived from a linear relation between the time derivative of pressure and expansion velocity of burned gas. The damping factor in the PDWE together with the size and distribution of unburned gas volume, are the model parameters to be identiﬁed experimentally. A number of experimental in-cylinder knocking pressure cycles were low pass ﬁltered, removing oscillating high frequency
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components, and processed by a two-zone thermodynamic model estimating unburned and burned gases mean temperatures, crank angle of knock onset, unburned gas volume at knock onset and expansion velocity of burned gas. These data allowed the calculation of the initial value for the time derivative of oscillating pressure. A least-squares parameter identiﬁcation process, using as reference the high frequency pressure oscillations and based on genetic algorithms, was set up to identify the damping factor and, assuming a radial and polar discretization of the cylinder volume into 48  20 annulus segments with basis on piston top surface, a two dimensional distribution of unburned mixture at knock onset. The model quite well reproduces high frequency pressure oscillations, and the resulting unburned volume distribution at knock onset is suggestive of possible locations of auto-ignitable kernels. The paper is outlined as follows. The mathematical model of the pressure oscillations is described in Section 2. A numerical analysis of the spatial distribution of the vibration modes in terms of amplitude and frequency is presented in Section 2. A physics-based formulation of the initial condition is given in Section 4. The experimental setup is described in Section 5. Model validation results are ﬁnally presented in Section 6. 2. Derivation of the pressure oscillation model The three-dimensional wave motion in a gas is governed by a set of nonlinear Partial Differential Equations (PDEs) descending from the mass, energy and momentum balance equations. In this work we employ the method of small perturbations to linearize such a set of PDEs since the following hypothesis can be assumed valid in our problem, that is:  the process is isentropic (absence of internal losses) and without heat transfer;  the pressure disturbance is very small;  the velocities and their derivatives are small compared to the speed of sound in the undisturbed gas. Under these assumptions any perturbation or disturbance, denoted with the symbols u, v, w, p, q and a, is considered linearly superimposed to the pertinent ﬂow property, that is:



~¼u  þ u; ðx  direction gas velocityÞ u v~ ¼ v þ v ; ðy  direction gas velocityÞ ~ ¼w  þ w; ðz  direction gas velocityÞ w ~¼p  þ p; ðpressureÞ p q~ ¼ q þ q; ðdensityÞ ~¼a  þ a; ðspeed of soundÞ; a



ð1Þ



where tilde and bar symbols denote the total and average (undisturbed) values of each ﬂow property, respectively. The following set of four linearized PDEs are then considered:



  @u @ v @w @p þ þ þ ¼ 0; @x @y @z @t @u @p q þ ¼ 0; @t @x @ v @p q þ ¼ 0; @t @y @w @p þ ¼ 0; q @t @z



q a2



ð2aÞ ð2bÞ ð2cÞ ð2dÞ



 ; v ; w  are assumed where according to the previous assumptions, u to be zero, u, v and w are very small, and p, q and a are much smaller . The reader is ; q  and a than the corresponding undisturbed values p
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referred to more theoretical literature (e.g. [24]) for further details on the derivation of the wave Eq. (2). After simple transformations of the Eq. (2) the well known three-dimensional wave equation governing the propagation of a small pressure disturbance in a stationary gas in a threedimensional region can be easily derived:



" # @2p @2p @2p @2p 2  ; ¼a þ þ @x2 @y2 @z2 @t 2



ð3Þ



where x, y and z are the spatial coordinates in the cartesian system, t  is the unperturbed value of sound velocity. is the time, and a Draper [6] obtained a general solution of the PDE (3) using the Fourier method of variables separation [21,24]. The equation, solved in a cylindrical cavity, gives the modes of oscillation and the resonance frequencies. Since pressure oscillation decays with time, Draper’s approach is unable to describe the time evolution of pressure oscillations arising during engine knocking. The time decay can be attributed to a progressive loss of energy of pressure waves due to friction, heat transfer and expansion of ﬂuid. Based on these considerations we assumed that a better description of the evolution of the in-cylinder pressure oscillations due to knock phenomenon can be attained introducing a damping term, i.e. r @p , in the wave Eq. (3) that rewritten in a more conve@t nient cylindrical coordinates system becomes



" # 2 @2p @p 1 @p 1 @ 2 p @ 2 p 2 @ p  ; ¼a þ þr þ þ @t @r 2 r @r r 2 @#2 @z2 @t 2



ð4Þ



where r, # and z are the radial, azimuthal and axial coordinates (see Fig. 1), respectively, and r is the coefﬁcient of the damping term introduced in the model to take into account the decay of pressure oscillation. Being this term not directly derived from the balance equations, it has to be estimated experimentally based on the features of measured knocking pressure cycles. The resulting Eq. (4) is known in literature as the Damped Wave Equation (DWE). A solution of the DWE (4) could be obtained numerically, for example via FEM analysis, but the high computational load required to do such a numerical calculation would make the DWE-based approach unsuitable for our purposes. We are in fact interested in deriving a mathematical model which is fast to be computed, as an explicit analytical solution is, and accurate in reproducing high frequency oscillations present into a knocking pressure cycle. In what follows we give a sketch on how to derive an explicit solution of PDE (4) referring the reader at more specialized textbooks as [21,18]. 2.1. Solution of the damped wave equation According to the Fourier method of separation of variables and considering that t, r, # and z are independent variables, a general



solution p(t, r, #, z) of the Eq. (4) can be searched as the product of four functions of one variable, that is:



pðt; r; #; zÞ ¼ TðtÞRðrÞHð#ÞZðzÞ;



ð5Þ



where T(), R(), H() and Z() depend on t, r, # and z, respectively. Substituting the pressure function (5) in the DWE (4) after simple mathematical manipulations we obtain the following set of four independent Ordinary Differential Equations (ODEs) that replace the three-dimensional one (4):



T 00 ðtÞ þ rT 0 ðtÞ þ x2 TðtÞ ¼ 0; 00



2



Z ðzÞ þ c ZðzÞ ¼ 0;



ð6aÞ ð6bÞ



H00 ð#Þ þ k2 Hð#Þ ¼ 0; 2



!



1 k R00 ðrÞ þ R0 ðrÞ þ b2  2 RðrÞ ¼ 0; r r



ð6cÞ ð6dÞ



where



x2 ¼ ðb2 þ c2 Þa2 ;



ð7Þ



represents the relationship among separation constants x, c and k. Further details on the genesis of the x, c, k and b parameters can be found in [8]. Hence, a general solution for the ODEs (6) is easily obtained, r



TðtÞ ¼ e2t ½A cosðqtÞ þ B sinðqtÞ; Hð#Þ ¼ Ccosðk#Þ þ Dsinðk#Þ;



ð8aÞ ð8bÞ



ZðzÞ ¼ E sin cz þ F cos cz;



ð8cÞ



Rk ðrÞ ¼ J k ðbrÞ;



ð8dÞ



where the pulsation q is given by



rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  r 2 q¼x 1 ; 2x



ð9Þ



the function Jk(br) is the solution of the Bessel’s Eq. (6d) of the ﬁrst kind for which we chose the integral representation for integer values of k, i.e.



J k ðlÞ ¼



1



Z p



p



0



cosðkn  lsinnÞdn;



ð10Þ



and A, B, C, D, E and F are constants of integration to be determined once that boundary and initial conditions for the problem (4) are assigned. 2.1.1. Boundary and initial conditions In this regard a set of Boundary and Initial Conditions (shortened with BC and IC, respectively) were speciﬁed for the cylindrical acoustic cavity given by the cylinder volume ‘‘photographed’’ at knock onset crank-angle h0. The integration space (see Fig. 1), denoted with X0, is a cylinder with ﬂat top and bottom having a volume comprised between piston top and engine head at h0, a radius Rc and a height Z0 given by



Z0 ¼ V 0 =











pR2c ;



ð11Þ



where the volume V0 :¼ vol (X0) of the acoustic cavity is approximated by means of the well known volume law of a reciprocating engine [9] evaluated at knock onset crank-angle, i.e.



 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



Cr  1 2 Rl þ 1  cosðh0 Þ  R2l  sin ðh0 Þ ; V0 ¼ Vd 1 þ 2



Fig. 1. Cylindrical coordinate system (r, #, z). X0 is the cylinder volume at knock onset crank-angle h0, Rc is the cylinder radius and Zc is the height between piston and engine head at h0.



ð12Þ



with Vd, Cr and Rl being the dead volume, the compression ratio and the ratio of connecting rod length to crank radius, respectively. Since the cylinder has stiff walls the gas velocity can be assumed zero in the directions normal to solid boundaries, i.e. v r ðt; r; h; zÞjr¼Rc ¼ 0 and v z ðt; r; h; zÞjz2f0;Z0 g ¼ 0, being vr and vz the
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ð13aÞ



Based on these considerations, in this paper we investigated a more generic shape of the knock region removing the restrictive hypothesis that it could be only circular. In fact, we assumed that knock domain  can be approximated by the union of more subvolumes ij having as basis Sij an annulus segment leaning against piston top surface, that is in math terms:



ð13bÞ



 ¼



radial and vertical velocities, respectively, in the cylindrical coordinate system. By assuming these conditions, for the momentum equation of the waves [24] the following physically coherent BC are formulated:



  @p ðt; r; #; zÞ ¼ 0 @z z¼0  @p ðt; r; #; zÞ ¼0 @z z¼Z  0  @p ¼0 ðt; r; #; zÞ @r



8ðr; #Þ 2 Sc and 8t; 8ðr; #Þ 2 Sc and 8t; 8ð#; zÞ 2 Sw0 and 8t;



ð13cÞ



where the set Sc = [0, Rc]  [0, 2p] denotes both the piston top surface and the cylinder head surface, whereas the set Sw0 ¼ ½0; 2p  ½0; Z 0  denotes the combustion chamber wall surface at h0. At knock onset we assume that in some part of the combustion chamber a volume of the unburned gases is ready to burn and a very rapid combustion is starting. At the initial time t0 (such instant is referred to the knock onset crank-angle h0 and later on, without loss of generality, we will assume t0 = 0), a total pressure, ~ðt 0 Þ, equal to that mean, p ðt0 Þ, prevails everywhere in the combusp tion chamber and no disturbance affects the pressure, hence p0 = 0. On the contrary, it is reasonable assuming that the derivative of pressure disturbance is anything but null and that it is in somehow related to the unburned gases that are going to suddenly burn. Based on these considerations the following set of IC are therefore assumed:



pðt; r; #; zÞjt¼t0 ¼ 0 8ðr; #; zÞ 2 X0 ;   @p ðt; r; #; zÞ ¼ dðr; #; zÞp_ 0 8ðr; #; zÞ 2 X0 ; @t



ð14aÞ ð14bÞ



t¼t 0



1 8ðr; #; zÞ 2  0



8ðr; #; zÞ 2 X0  



;



 ij ¼ fðr; #; zÞ 2 Sij  ½0; zij g;



ð16bÞ



where Sij = [rj1, rj]  [#i1, #i], with rj = jDr and rj1 (for j = 1, . . . , nr and Dr = Rc/nr) being the external and internal radius, respectively, of the annulus segment between the angles #i1 and #i (for i = 1, . . . , n# and D# = 2p/n#), and zij 2 [0, Z0] being the height of the ijth sub-volume. Based on the knock domain decomposition (16a) then the volume of knock domain can be expressed as



V ¼



Z Z Z



drd#dz ¼



n# nr X X V  ij ;







ð17Þ



j¼1 i¼1



where



V  ij ¼



D2r D# ð2j  1Þzij ; 2



ð18Þ



is the elementary volume of the ijth sub-volume (16b). Note that the zij term plays a role of a weight factor in the construction of knock domain  given that each sub-volume (16b) contributes to the formation of the knock region (16a) by means of a fraction



aij ¼ zij =Z 0 2 ½0; 1;



being







ð16aÞ



i¼1 j¼1



r¼Rc



dðr; #; zÞ ¼



n# [ nr [  ij ;



ð15Þ



where the subspace  # X0 denotes that region of the combustion chamber where we supposed that the unburned gases are conﬁned at knock onset, and p_ 0 is the initial value of the derivative of the perturbed pressure to be assumed uniformly distributed . We term  with knock region or knock domain. Note that the (15) is an extension of the Heaviside’s function to the three-dimensional case. At this stage of the modeling both p_ 0 and  are assumed as unknown parameters since no a priori information are in general available on them, although we expect they are somehow related to the knock phenomenon. In this regard, later on we will derive a mathematical expression for p_ 0 in function of some thermodynamic variables related to the burned and unburned gases at knock onset in turn estimated by means of a Two-Zone Model (TZM) based analysis of the pressure cycle, obtaining at the same time information on the volume, V, that knock region should have, relying on a proper parameter identiﬁcation procedure to ﬁnd a shape for the knock domain . 2.1.2. Knock region In a previous work [8] the authors ﬁxed the shape of  to be a cylinder, just to localize a circular area on the piston head where all unburned gases initiating the knock were lumped (radius and eccentricity of the cylinder were the main model parameters to be identiﬁed experimentally). Although acceptable results in reproducing pressure oscillations were obtained, the assumption of a cylinder shape as representative of knock region  did not seem realistic as compared to what evidenced experimentally by high speed imaging, that revealed knock regions characterized by more irregular forms and contours (as example see [14,15,17,13,12,19]).



ð19Þ



of the maximum height Z0 that a sub-volume can assume. Thus, a knock region  is completely described by nr  n# dimensionless parameters (19), whose values have to be identiﬁed experimentally. Hereafter, we will equivalently refer to the knock region  by means of the following n#  nr matrix



0



a11



B . I¼B @ ..



...



a1nr



1



...



.. .



C C; A



ð20Þ



an# 1 . . . an# nr grouping all aij parameters. Apart from the intrinsic geometrical meaning of aij parameters, they can also be interpreted as a sort of indicator of the knock occurrence in the ijth cell of the combustion chamber. Elements of I-matrix close to 1 could correspond to those areas of the piston head (i.e. the surface [rj1, rj]  [#i1, #i]) most contributing to knock. The I matrix could be furthermore interpreted as a codiﬁed 2D-map of the knock phenomenon at onset, as a sort of a ‘‘mathematical picture’’ taken in the combustion chamber with a resolution of nr  n# ‘‘pixels’’. 2.2. Mathematical model The pressure oscillations induced by knock phenomenon are modeled according to the general solution of the DWE (5) whose integration constants A, B, C, D and E in the ODEs (8) are calculated exploiting the BC (13) and IC (14). After a series of mathematical manipulation (not reported here for sake of brevity) the following time pressure function is attained:



pðt; r; #; zÞ ¼



XXX



r



Wgkm ðr; #; zÞe2t sinðqgkm tÞ;



g¼0 k¼0 m¼1



where the amplitude



ð21Þ
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Wgkm ðr; #; zÞ ¼ Jk bkm r  F cosðcg zÞ  ½ðBCÞkm cosðk#Þ þ ðBDÞkm sinðk#Þ;



ð22Þ



is a nonlinear function of the space weighting the qgkm vibration mode detectable at the point (r, #, z). The function W(r, #, z) implicitly depends on the geometry parameters (i.e. Rc, Z0 and ) and on the initial condition (i.e. p_ 0 in ). The vibration modes and the resonant frequencies, that respectively descend from (9) and (7), are given by



qgkm ¼ xgkm



sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   1



r 2 ; 2xgkm



ð23Þ



and











2



x2gkm ¼ bkm þ c2g a2 ;



¼



cg ¼



lkm



p



Rc



Z0



ð25aÞ



;



g;



ð25bÞ



where lkm is the mth root, for m = 1, 2, . . . , of the ﬁrst derivative of 



kth order Bessel’s function (10) (i.e. J0k lkm ¼ 0), for k = 0, 1, . . . (see values listed in Table A.5), and g = 0, 1, . . . . The k, m and g subscripts denote the circumferential, the radial and axial modes, respectively. Note that to guarantee that vibration modes (23) have physical meaning the term under square root must be strictly positive for each triple (k, m, g). This condition leads to an upper bound on r since it cannot exceed the critical value rc ¼ 2 minfxgkm g whose gkm expression is easily derived by using relations (24), (25) and Table A.5, that is:



rc ¼ 2



l  a:  10



ð26Þ



Rc



Hereafter, we could sometime refer to the damping factor as a fraction m 2 [0, 1] of the critical value (26), that is:



r ¼ mrc :



ð27Þ



Two of the six integration constants in (8) are necessarily null, i.e. A = 0 and E = 0, and three of the remaining four are independent. Hence, the following relations are obtained



F¼



p_ 0 ; Z0



ð28aÞ 



R Rc 



rak ðrÞJ k bkm r dr ; ðBCÞgkm ¼ 0 qgkm Mkm 



R Rc rbk ðrÞJ k bkm r dr ; ðBDÞgkm ¼ 0 qgkm M km



ð28bÞ ð28cÞ



Z



Rc



0







rJ 2k bkm r dr;



ð29Þ



2 Z l km



Rc



lkm



0



lJ2k ðlÞdl;



ð31Þ



whose normalized values Mkm(lk m=R2c ) have been provided in Table A.6 to make easy the model implementation by the reader. The circumferential and radial vibration modes qgkm, present in the denominators of (28b) and (28c), are then modulated by such factors. As regard the radial terms (30a) and (30b), for each r 2 [0, Rc] they are the Fourier’s coefﬁcients of the function z(r, #) for # 2 [0, 2p], whereas the function z(r, #) derives from the integral of the Heaviside’s function (15) along the z-coordinate



zðr; #Þ ¼



Z



Z0



dðr; #; zÞdz:



ð32Þ



0



Since the knock region has been assumed to be placed on the piston top, the function z(r, #):Sc ? [0, Z0] represents the maximum height of the  region for each (r, #) point belonging to the Sc surface. Hence, according to the knock volume decomposition (16), the (32) can be rewritten as



zðr; #Þ ¼ Z 0







aij if ðr; #Þ 2 Sij 0



otherwise;



ð33Þ



where Sij is the basis of the ijth knock sub-domain (16) and the aij parameters are those deﬁned in (19). The evolution of the pressure oscillations due to knock detected at a given point (rs, #s, zs) (for instance, the coordinates of the point where pressure probe is housed) is then governed by the Eq. (21) evaluated in that point, that is



; Z 0 ; Rc Þ; ps ðtÞ :¼ pðt; r s ; #s ; zs ; p_ 0 ; I; r; a



ð34Þ



once the initial conditions, p_ 0 , the knock domain, I, the damping fac, the height, Z0, of the resonant chamtor, r, the mean sound speed, a ber at knock onset, h0, as well as the cylinder radius, Rc, are given. We point out that the numerical implementation of the model Eq. (21)–(30) is limited to the only vibration modes that are less than a given frequency, say f [Hz] (for instance, the higher cutoff frequency of the ﬁlter used to extract pressure oscillations from experimental knocking pressure cycles) which drastically reduces the computational load. It is easy to show that the only (g, k, m) addends to be considered in the summation (21) are all those verifying the following conditions:



pR qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ lkm 6  c 4Z 20f 2  a2 g 2 ; aZ 0



g6



where



M km ¼



 Mkm ¼



ð24Þ



where bk m and cg are separation constants assuming the following expressions:



bkm



squared projected in the interval ½0; lkm  by means of separation constant (25a). Indeed, the integral (29) can be easily rewritten as



2Z 0  f:  a



ð35aÞ ð35bÞ



Finally, the computational load of the pressure model is furthermore reduced thanks to the knock volume decomposition (16) that allows to attain an efﬁcient computational algorithm of the integration constants (28b) and (28c), and of the integrals (30a) and (30b) as well. Such terms are in fact transformed into a linear combination of the aij parameters as brieﬂy shown in the Appendix A.



and



( ak ðrÞ ¼



1 2p 1



R 2p 0



(



0 1



if k ¼ 0



zðr; #Þ cosðk#Þd# if k P 1



R 2p



zðr; #Þ sinðk#Þd# if k P 1



p 0



bk ðrÞ ¼



zðr; #Þd#



R 2p



p 0



if k ¼ 0



3. Analysis of the vibration modes for small knocking volume



;



:



ð30aÞ



ð30bÞ



The Mkm factor (29) has an interesting meaning since it is proportional to the radial barycenter of the Bessel’s function



The pressure oscillations model (34) is formed by a combination of damped sinusoidal terms (21) weighted by the factors Wg,k, m (rs, #s, zs) (22). Such factors play a fundamental role whether or not a vibration mode qg,k, m affects the pressure response at a given point (rs, #s, zs). Roughly speaking, they can be interpreted as the intensities with which ‘‘a pianist touches the keys of an imaginary piano’’, being the frequency (23) the pitch associated to the
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(a)



(b)



(c)



(d)



(e)



(f)



(g)



(h)



Fig. 2. Space maps of the normalized amplitude factors W for different vibration modes obtained for small knocking volumes when the sensor is placed at coordinates rs = 0.866Rc (m), #s = p (rad) and zs = Z0 (m), with Rc = 41.5  103 (m) and Z0 = 9.5  103 (m). Map for frequency (kHz): (a) 6.02; (b) 10; (c) 12.54; (d) 13.75; (e) 17.40; (f) 17.45; (g) 21.95; (h) 22.96.



(g, k, m)th key. The amplitude Wgkm evaluated by means of the relations (10), (25), (28), (30), (31), (33), mainly depends on the knock domain , besides others parameters such as the coordinates of the probe (rs, #s, zs), the radius Rc and height Z0 of the in-cylinder acoustic cavity, and the initial conditions p_ 0 assumed uniform in the knock domain . In this perspective, to have an idea on ‘‘how our imaginary key piano is played’’, we numerically analyzed the amplitude Wgkm ðrs ; #s ; zs ;  ; p_ 0 ; Rc ; Z 0 Þ when the knock region varies among the elementary cells (16b), that is when  = ij. In detail, we evaluated the following normalized function (measured in s/m3):



  W ðr ; # ; z ;  ; p_ ; R ; Z Þ  gkm s s s ij 0 c 0  Wgkm ð ij Þ ¼  ;   p_ 0 V  ij



ð36Þ



for j = 1, . . . , nr and i = 1, . . . , n#, with nr = 22 and n# = 23, when Rc = 41.5  103 m, Z0 = 9.5  103 m, rs = 0.866Rc m, # = p rad and zs = Z0 m. Notice that the function (36) is independent by p_ 0 given that the numerator in (22) is linearly dependent on p_ 0 through the integration constant (28a). Normalized amplitudes (36) have been plotted in Fig. 2 as 2D colored meshes for resonant frequencies up to 23 kHz. A blue area denotes a region where the knock is weakly detected by the sensor (black spot) contrary to the red ones where a knock occurrence is better ‘‘hearable’’. Furthermore, to make easy the comparison among the amplitudes of different resonant frequencies, the vertical color bar has been scaled to the maximum absolute value



Wmax gkm ¼ max ij Wgkm ð ij Þ:



ð37Þ



In what follows some considerations on the plotted amplitudes (36) are brieﬂy given. The Fig. 2a related to the 1-st resonant frequency at 6 kHz shows two1 red-yellow zones, similar to lobes, where a knock occurrence is mostly ‘‘hearable’’ at that sensor location, despite to the blue vertical region which corresponds to a sort of a shadow 1 For interpretation of color in Fig. 2, the reader is referred to the web version of this article.



zone where the knock is weakly observable at the lowest frequency. Nevertheless, the same knock event can be detected at higher frequencies. Indeed, the 2-nd resonant frequency around 10 kHz is excited if a knock occurs in the four red-yellow zones shown Fig. 2b, that is the upper, lower, left and right ones. On the contrary, if a knock event arises in the central side of the cylinder then the 3-rd resonant frequency close to 12.5 kHz is mainly ampliﬁed, as it is clearly shown in Fig. 2c. Similar considerations can be made at the higher resonant frequencies, as 13.7 kHz, 17.4 kHz, 17.5 kHz, 22 kHz and 23 kHz, whose normalized amplitudes (36) are depicted in the Fig. 2d–h, respectively. Note that the value of the maximum amplitude (37) decreases as the resonant frequency increases once g is ﬁxed. In fact, by comparing the Wmax gkm values for the ﬁrst eight resonant frequencies of Fig. 2 we deduce that the highest amplitude of the 2-nd harmonic (at 10 kHz) is 30% less than the 1-st one (at 6 kHz), and that of the 3-rd harmonic (at 12.5 kHz) is almost the 50% less than the 2-nd one. Finally, notice that the largest amplitudes (36) at the higher frequencies, as those over 20 kHz shown in Fig. 2g and h, result always smaller than 0.3 s/m3, being this value about the 20% of the maximum amplitude observed for the 1-st resonant frequency (see Fig. 2h). 4. Initial conditions evaluation Among other parameters the knowledge of the initial condition (14b) is fundamental to use pressure oscillation model (34) for example as a tool to be used coupled with a combustion pressure model. To this end we identiﬁed for p_ 0 a mathematical expression in function of some thermodynamic variables of the pressure cycle (in turn analyzed/simulated by means of a two-zone combustion model) starting from the wave Eq. (2a) and assuming the following hypotheses: (i) the unburned gases suddenly burn at knock onset t0; (ii) the volume of unburned gases, V u0 :¼ V u ðt0 Þ, coincides with that of the knock region, V u0 ¼ V  ; (iii) the time derivative of the pressure oscillation at knock onset is constant in the knock region, @pðr;#;z;t 0 Þ :¼ p_ 0 8ðr; #; zÞ 2  , as well as the undisturbed speed sound @t  and density q  values. a
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Fig. 3. Block scheme of the initial condition evaluation.



Fig. 4. Details of the combustion chamber: (a) piston head; (b) cylinder head, where green and red circles highlight spark plug and pressure sensor locations, respectively.



Indeed, the integral of Eq. (2a) over  yields:



Z Z Z 



@p dxdydz ¼  @t



Z Z Z 



q a2







 @u @ v @w þ dxdydz; þ @x @y @z



Table 1 Engine parameters.



ð38Þ



whose left term, for the (ii) and (iii) assumptions, can be written as



Z Z Z 



@p dxdydz ¼ p_ 0 V u0 ; @t



ð39Þ



and that right, for the Gauss’ theorem2 and for the assumption that the velocity vector is normal in any point of the surface @, that is H ! ~ m  dS ¼ jmjS , with S being the area of the @, becomes @



Z Z Z 



  @u @ v @w 2 V_ u0 ; a þ dxdydz ¼ q q a2 þ @x @y @z



ð40Þ



whereas the product jmjS has been interpreted as the expansion rate of the knock volume  at knock onset. Since the cylinder volume is considered constant at knock onset, then V_ u ¼ V_ b , where Vb is the volume of the burnt gases. Thus, comparing (39) and (40), the following relation for the pressure rate (14b) to be used as initial condition for the model (21) is obtained:



Bore Stroke Compression ratio No. of cylinders Cylinder swept volume Engine displacement Maximum rated power @ 6400 rpm Maximum rated torque @ 3250 rpm



20  0a p_ 0 ¼ q



Gauss’ or divergence theorem states that the outward ﬂux of a vector ﬁeld through a closed surface is equal to the volume integral of the divergence on the RRR H ! ~ ~ ~ region inside the surface, i.e.  div ðmÞdxdydz ¼ @ m  dS where m ¼ ðu; v ; wÞ is the vector ﬁeld, i.e. the velocity in our case.



83 91 11.25 4 492.4 1969.5 121.4 206



ð41Þ



where the time derivative V_ b0 is equal to the expansion rate of  0 ðkg=m3 Þ; the knocking volume at knock onset. The terms q 0 ðm=sÞ; V u0 ðm3 Þ and V_ b0 ðm3 =sÞ present in (41) can be calculated a experimentally through a thermodynamic processing based on a TZM-based approach [9] of low pass ﬁltered pressure cycle. Whenever the thermodynamic analysis is carried out in the crank-angle domain, the (41) is transformed as:



20  0a p_ 0 ¼ q 2



V_ b0 ; V u0



mm mm – – cm3 cm3 kW Nm



1 dV b ðh0 Þ 6N; V u0 dh



ð42Þ



b where h (deg) is the crank-angle and dV (m3/deg) is the volume rate dh of burned gases with respect to the crank-angle when engine speed
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is N (rpm). Note that we implicitly adopted the subscript 0 to denote the value of a variable sampled at h0. 20 present in (41) and 0a By using the ideal gas law, the term q (42), can be expressed as:



q 0 a20 ¼ k0 p0 ;



ð43Þ



where p0 (Pa) and k0 are respectively the in-cylinder pressure and the ratio of speciﬁc heats evaluated at knock onset, and then the speed of sound used to evaluate the resonant frequencies (24) is:



20 ¼ k0 R0 T 0 ; a



ð44Þ



where T0 (K) is the thermodynamic temperature of the burned and unburned gases in turn predicted at the knock onset by a TZM. The left integral (40) has an interesting meaning since it can be interpreted as a sum of all sources initiating the knock phenomenon according to the physic interpretation of the divergence theorem expressing a conservation law. Thus, the initial condition (41) becomes a sort of impulsive input forcing the pressure oscillation model (34) at knock onset. The mathematical relations (41) and (42) can be actually assumed as that Thermodynamic Link allowing an effective use of such a high frequency pressure oscillation model to be used in conjunction with a two-zone combustion model, that instead describes the low frequency behavior of the combustion cycle. This is a useful result to be exploited by the developers of 1D engine codes that lack of such a physics-based mechanism reproducing pressure oscillations under knocking conditions. 4.1. Block scheme Fig. 3 shows a block scheme of the procedure to extract initial condition from experimental knocking pressure to be used for pressure oscillation model and knock region as well. The TZM-PA block carries out the data of the in-cylinder Pressure Analysis based on a TZM. Brieﬂy, in this approach burned and unburned mixtures are considered as zones separated by the ﬂame. At each crank angle after inlet valve closing and spark ignition event, the state of the burned gases is described through an equilibrium model, whilst the state of unburned gases is described by an ideal gas model. Using as input data the experimental cylin~ðhÞ, Engine Working Data (e.g. inlet and exhaust mean der pressure p pressures, air and fuel mass, etc.) as well as Engine Data (e.g. bore, stroke, compression ratio, intake valve close angle, etc.), the TZM-PA block provides as output the proﬁles versus crank angle of burned and unburned mass fractions, mean temperatures and heat release. All information collected during thermodynamic analysis are then exploited by the following blocks. A subset of such information is then sent to the ICC (Initial Condition Computation) block that calculates the initial conditions (42) or (41) once the knock onset angle has been recognized by the KOD (Knock Onset Detection) block. Such block determines the knock onset angle on the basis of a set of empirical rules involving the heat release again provided by the TZM-PA block. Information on the volume of the unburned gases at knock onset, V u0 , are furthermore provided by the ICC block to the Knock Region one in order to verify that the volume of  domain is at least ideally close to V u0 . The RCS (Resonant Chamber Size) block provides the sizes Rc and Z0 (and so X0) of the resonant chamber at knock onset h0 on the basis of volume laws (12) and (11) and the engine data Rc, Vd, Cr and Rl. Finally, initial condition ðp_ 0 Þ;  domain (I), knock onset (h0), Sensor Coordinates (rs, #s, zs) and Resonant Chamber Size (Rc, Z0, X0) parameters are sent to the last POM (Pressure Oscillation Model) block that actually yields the time evolution of the pressure



Table 2 Working conditions used for model validation: N is the engine speed, Pim is the intake manifold pressure, SA are the effective degrees of spark advance Before Top Dead Center (BTDC), k is the relative Air–Fuel Ratio (AFR), BMEP is the Brake Mean Effective Pressure and MAPO is Maximum Amplitude of Pressure Oscillation. TEST



N (rpm)



Pim (mbar)



SA (deg BTDC)



k (–)



BMEP (bar)



MAPO (bar)



A B C D E



1995 1991 2482 2481 2960



769 777 755 765 694



34.5 33.2 30.1 31.9 28.8



0.995 0.849 0.986 0.841 1.004



4.36 4.75 4.44 4.70 4.25



1.77 1.75 3.14 2.90 2.95



oscillations according to the model (34) once a damping coefﬁcient r is known. At ﬁrst such factor can be approximated as a fraction of the damping time observed experimentally, whereas a strict parameter identiﬁcation process should be used for a more accurate estimation of r parameter. 5. Experimental setup Experimental tests were performed on a prototype Gasoline Direct Injection (GDI) 2 l spark ignition engine. The cylinder head shown in Fig. 4b is a classical pent roof, whilst the piston head is ﬂat as depicted in Fig. 4a. The shape of the combustion chamber at TDC results therefore from the ensemble of the pent roof volume and of a cylinder volume whose height depends on head gasket thickness after head tightening. The injector of hollow-cone type is positioned between the inlet valves. Air–fuel mixing is based on the interaction between the fuel jet and a strong tumble. The engine works with an homogeneous mixture thanks to an early injection strategy and without external exhaust gas recycle. A laboratory engine control unit was used to set injection and ignition timing. Main standard features of engine are summarized in Table 1. In-cylinder pressure was measured by a Kistler 6061 sensor, ﬁtted in place of the spark plug, located in side position in the cylinder head (see red circle in Fig. 4b). This is a piezoelectric water cooled sensor, having a 25 pC/bar sensitivity and a natural frequency of 90 kHz. Sensor signal was conditioned by a PCB Piezotronics 443B02 charge ampliﬁer set with a 100 kHz low-pass ﬁlter. Fast data acquisition was accomplished by a eight channels National Instruments PC based system with a sample rate of 70 kHz per channel. 6. Model validation The pressure oscillation model (34) has been validated using different sets of experimental data of knocking pressure cycles detected with the sensor probe having coordinates rs = Rc  5.5  103 m, #s = p rad and zs = Z0 m (see Fig. 4b). Experimental tests were performed at different engine speeds and load conditions with air–fuel ratio automatically controlled in closed-loop and spark advance manually set to force engine working under knock conditions. Five operating points shown in Table 2 have been selected for model validation activities. Their experimental pressure traces versus crank-angle are plotted in Fig. 5, showing heavy knock conditions where most of unburned endgas are likely to simultaneously auto-ignite. Note that each pressure proﬁle shown in Fig. 5 is referred to a single one pressure cycle and not to an average cycle. Different classiﬁcations for knock intensity based on limiting values for MAPO3 index have been adopted in literature. Just to 3 Maximum Amplitude of Pressure Oscillation is the difference between the maximum and minimum values of pressure oscillations detected under knock conditions.
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[11] and reference therein), then a sampling frequency greater than 50 kHz assures that no aliasing effects alter the frequency spectrum of the pressure data, that is when engine speed N > fphs/3 = 1666 rpm, being fp = 25 kHz the highest frequency that is assumed to be present in the knocking pressure signal. This condition is veriﬁed for all cases considered in Table 2. 6.1. Model parameter identiﬁcation



Fig. 5. Experimental pressure cycles referred to engine working points of Table 2.



name a few, in [3] a MAPO value of 0.2 bar is assumed as lower limit for trace knock, whereas in [22] a little bit higher MAPO values, i.e. 0.25 bar and 1.0 bar, are instead assumed as light and heavy knock limits, respectively. Finally, in [7] a max limit of 1.2 bar is considered to distinguish heavy knock conditions. Therefore, according to these MAPO-based knock limits, all selected pressure cycles (see Fig. 5) are clearly referred to heavy knock conditions. Pressure oscillations data, pexp(t), have been obtained ﬁltering ~e ðtÞ, by means of a FFT-based ﬁlterthe in-cylinder pressure data, p ing in the range [4000, fs/2] where fs (Hz) is the sampling frequency. For sake of brevity, the result of such a ﬁltering is presented just in one case in Fig. 6, where from the knocking pressure cycle (ﬁlter input) drawn in Fig. 6a has been extracted the high frequency pressure oscillation (ﬁlter output) shown in Fig. 6b. We point out that pressure data were sampled in the crank-angle domain with a sampling angle hs = 0.2 deg which corresponds to a sampling frequency varying with engine speed, that is fs = 6  N/hs. Assuming that the useful pressure oscillation frequencies when knock occurs are in the range 6  25 kHz (this hypothesis is consistent with results from other researchers, see



(a)



The effectiveness of the model (34) in reproducing pressure ~e ðtÞ is proven by identifying the unknown parameters oscillations p as the knock domain  (15) and the damping coefﬁcient r as well for different engine working conditions. This task is then transformed into the estimation of the aij – elements of the matrix (20), according to the knock volume parametrization (16a), and of a fraction m (27) of the critical damping factor (26). Being the 0 vibration modes qgkm (23) strongly depend on the gas speed a (in turn function of the gas temperature at knock onset T0 and of the product k0R0 (44)), and being such thermodynamic quantities evaluated by means of the TZM-based analysis (see Section 4), then in order to take into account possible discrepancies between such a 20 value and that tunable experimentally, we modify predicted a slightly the relation (44) as



pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  0 ¼ g k 0 R0 T 0 ; a



ð45Þ



where g is a further correcting factor to be identiﬁed experimentally together with r and aij parameters. Hence, the problem of estimating the unknown parameters has been formulated as a minimization problem, where the data predicted by the model are compared to the experimental ones and the parameter values are adjusted in order to minimize the disagreement between data sets. Mathematically, let v ¼ ðg m a11    anr n# ÞT be the vector including all unknown param^ has eters, then the problem of identifying a parameter vector v been formulated as the following constrained minimization problem



Rt 8 minv t01 ½ps ðrs ; hs ; zs ; t; vÞ  pe ðtÞ2 dt > > > < s:t: ; > v 6 v 6 v > > : j 6 jðvÞ 6 j



ð46Þ



(b)



Fig. 6. (a) Experimental knocking pressure cycle and (b) high frequency pressure oscillation obtained with the pass-band FIR ﬁlter in the range 5–20 kHz. Results are referred to the engine running at 2000 rpm, producing a torque of 69.3 Nm for an air load of 61.1 kg/h, an intake manifold pressure of 770 mbar, a spark advance of 34.5 deg and a relative AFR of 0.9976.
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where



Table 4 Results of the model parameter identiﬁcation in the experimental cases of Table 2.



 the behavior predicted by the pressure model ps(rs, #s, zs, t;v) (34) is compared to the experimental pressure data pe(t) detected at the point (rs, #s, zs) whose numerical values have been speciﬁed at the beginning of the section 6;  and v  are the vectors of the lower and upper bounds, respecv tively, where v vector can range;  jðvÞ ¼ V  ðIÞ=V u0 is a dimensionless function of aij parameters, given by the ratio between the volume V(I) of the knock region, described by the I-matrix (20), and the volume V u0 of the unburned gas at knock onset; j(v) is constrained between the j and j bounds; the volume V(I), combining the relations (17)–(19), can be expressed as



V  ðIÞ ¼ Z 0



n# nr X D2r D# X ð2j  1Þaij : 2 j¼1 i¼1



ð47Þ



Note that the inequality constraint imposed on j(v) could seem in disagreement with the assumption given in the Section 4, for which the volume of knocking region is supposed to be equal to that of the unburned gases at knock onset, i.e. V  ¼ V u0 . In this regard, to guarantee an effective parameter identiﬁcation and in order to take into account possible discrepancies between the ideal knock volume and that tunable experimentally, we introduced a e parameter to relax the ideal equality constraint into a ﬁnite neighborhood of the knock volume V u0 where acceptable solutions  ¼ 1  e and j  ¼ 1. can fall, that is choosing j A mixed use of customized Genetic Algorithms (GAs) and Nonlinear Least-Squares (NLSs) direct search method has been adopted to cope with the constrained nonlinear multivariable minimization problem (46). Brieﬂy, GA are global search techniques not sensitive to initial conditions, and they are often used to solve optimization problems in the presence of a wide range of uncertainties. In particular, GA are well suited for searching global optimal values in complex search space where the probability to be trapped in a local optimal point is high (for further details on GAs the reader is referred to [23]). Here, GA is ﬁrst used to identify a solution into a near-optimal region, then this solution is exploited as initial seed for a constrained NLS minimization routine to seek locally the optimal. Numerically, the problem (46) has been formulated for g ¼ 0:8; g ¼ 1:2; m ¼ 0; m ¼ 0:2; e ¼ 0:05 and solved for the experimental cases listed in Table 2, whereas the initial condition 0 required p_ 0 , the unburned volume V u0 , and the sound speed a for evaluating objective function and constraints are those listed in Table 3, derived according to the procedure shown in Section 4. Moreover, we assumed that the knock region  (16), included in the resonant chamber X0, is decomposed into 960 cells (corresponding to nr = 20 and n# = 48) leading to the radial and polar discretization steps Dr = 2.075 mm and D# = 7 deg, respectively, being the cylinder radius Rc = 41.5 mm (see bore in Table 1).



TEST



TZM-PA



A B C D E



RCS



m^  10 (–)



g^ (–)



jðv^ Þ (–)



^ 0 (m/s) a



r^ (1/s)



^  (cm3) V



11.7001 9.3894 14.8846 10.7644 13.8087



1.0011 0.9598 0.9728 0.9355 0.9410



0.9992 0.9992 0.9997 0.9996 0.9995



862.57 856.32 855.35 866.32 852.42



895.49 713.43 1129.70 827.47 1044.44



11.355 9.766 10.179 6.411 8.286



3



^ obtained as solution of the The estimated parameters vector v minimization problem (46) has been partly provided numerically and partly represented graphically. More in detail, the scalar ^ Þ have been listed on left side of the Table 4 ^; g ^ and jðv parameters m ^0 and V ^ ð^IÞ that depend ^; a together with the model parameters r ^ on them. Instead, the 960 estimated aij parameters of the bI matrix have been depicted in the Figs. 7c–11c using a gray scale intensity (see lateral bar) mapped in the range [0, 1]. Pressure oscillation data provided by the calibrated model (dashed black line) are compared to the experimental ones (solid blue line) in the Figs. 7a–11a. The comparison between the magnitude of the DFT (Discrete Fourier Transform) of model predicted data and observed data is furthermore shown in the Figs. 7b–11b. 6.1.1. Remarks  Note that the constraint on the volume of the knock region is satisﬁed for all cases given that jðbIÞ  1. This indirectly conﬁrms the good prediction capabilities of the thermodynamic link in providing valid initial conditions for the pressure oscillation model and the volume of the knock domain as well.  The model is able to reproduce with a pretty good agreement pressure oscillations data during both the initial portion and the exponentially decaying of the damped pressure waves traveling in the resonant cavity, as conﬁrmed in the Figs. 7a, 8a, 9a, 10a, and 11a.  As regard the comparison in the domain of frequency, we can assert that the model is able to reproduce with high accuracy the amplitude of the fundamental resonant mode at 6 kHz, as evidenced by the comparison of magnitude spectra shown in the Figs. 7b, 8b, 9b, 10b, and 11b. On the contrary, the higher frequencies modes are weakly reproduced by the model, since the parameter identiﬁcation process gives unavoidably greater weight to those modes with predominant amplitudes. Indeed, all experimental cases exhibited highest amplitude at the fundamental resonant mode and very smaller amplitudes at higher frequencies.  We note that although the pressure model has been mathematically derived from DWE (4) neglecting the effects of the piston motion, the overall behavior exhibited by the model in reproducing pressure oscillations for a rather long time interval after knock onset is satisfactory. Indeed, the volume of the resonant



Table 3 Initial conditions used for the pressure oscillation model during the optimization process. Data are yielded by the TZM-PA and ICC blocks at knock onset in in the experimental cases of Table 2. TEST



A B C D E



TZM-PA



RCS



N (rpm)



h0 (deg)



P0 (bar)



T0 (K)



V u0 (cm3)



dV b0 dh



1995 1991 2482 2481 2960



372.6 372.2 369.2 370.0 368.8



35.5 37.3 36.0 41.8 37.2



2059.6 2180.7 2143.8 2331.8 2267.0



11.364 9.774 10.183 6.414 8.290



2.398 2.661 2.177 1.664 2.000



3



(cm /deg)



ICC



k0 (–)



R0 (J/kmol K)



q 0 (kg/m3)



Z0 (mm)



Rc (mm)



0 (m/s) a



p_ 0 (bar/s)



1.2597 1.2502 1.2573 1.2495 1.2549
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6.020 5.856 5.851 6.091 5.689



10.014 10.224 9.646 9.581 9.549



41.50 41.50 41.50 41.50 41.50
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(a)



(b)



(c)



Fig. 7. Identiﬁcation results for case A: (a) comparison between pressure oscillations predicted by the model (blue solid line) and experimental data (black dashed line); (b) comparison of the DFT spectrum magnitude of the pressure model and experimental data; (c) estimated knock domain ^ , the circles denote intake (below) and exhaust (above) valves. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)



(a)



(b)



(c)



Fig. 8. Identiﬁcation results for case B: (a) comparison between pressure oscillations predicted by the model (blue solid line) and experimental data (black dashed line); (b) comparison of the DFT spectrum magnitude of the pressure model and experimental data; (c) estimated knock domain ^ , the circles denote intake (below) and exhaust (above) valves. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)



(a)



(b)



(c)



Fig. 9. Identiﬁcation results for case C: (a) comparison between pressure oscillations predicted by the model (blue solid line) and experimental data (black dashed line); (b) comparison of the DFT spectrum magnitude of the pressure model and experimental data; (c) estimated knock domain ^ , the circles denote intake (below) and exhaust (above) valves. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)



cavity varies with the piston motion during the deadening of the pressure wave. However, according to a quasi steady state approach, a possible trick to take easily into account the effects



of the piston motion in the pressure model (34) could be to con0 sider Z0 as a function of time, together with the sound speed a outputted by a TZM. By this assumption, since knock events
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(a)



(b)



(c)



Fig. 10. Identiﬁcation results for case D: (a) comparison between pressure oscillations predicted by the model (blue solid line) and experimental data (black dashed line); (b) comparison of the DFT spectrum magnitude of the pressure model and experimental data; (c) estimated knock domain ^ , the circles denote intake (below) and exhaust (above) valves. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)



(a)



(b)



(c)



Fig. 11. Identiﬁcation results for case E: (a) comparison between pressure oscillations predicted by the model (blue solid line) and experimental data (black dashed line); (b) comparison of the DFT spectrum magnitude of the pressure model and experimental data; (c) estimated knock domain ^ , the circles denote intake (below) and exhaust (above) valves. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)



usually occur during the downward motion of the piston, we expect that both amplitudes (22) and higher resonant frequencies (24) (for g P 1) diminish through the constant integration (28a) and the separation constant (25b), respectively.  The images shown in Figs. 7c–11c can be interpreted by the model as a sort of numerical picture of the spatial distribution of the unburned gases that suddenly burn at knock onset. Each single elementary domain ij of the unburned gases is weighted ^ ij parameter. According to the interprethrough the estimated a tation done in the Section 2.1.2 the black areas correspond to those zones (i.e. kernels) over the piston top surface where the knock intensity or where the probability of knock event occurrence are highest.  Furthermore, we note that the distribution of the resulting knock domains somehow suggests those observed experimentally via high-speed photographs (see for example the pioneering experiments in [14,15] or that more recently presented in [13,12,19], just to name a few). This is suggested by the position of the black areas prevalently observed in the peripheral zones of the cylinder where auto-ignition conditions are more likely to be attained.  It can be noticed some correspondence between the initial slope of the pressure oscillations, i.e. p_ s ð0Þ, and the distribution of the black areas. We observed in fact that when the initial slope of



the pressure oscillation is positive the black cells seem mostly lumped on the left side of the chamber where the pressure sensor is located. The contrary happens when pressure oscillation starts with a negative slope. Anyway a strictly mathematical explanation of  this could start from the analysis of p_ s ð0Þ ¼ @p ðt; r s ; #s ; zs Þt¼0 that after simple manipulation of pres@t sure model (34) can be expressed as



p_ s ð0Þ ¼



XXX



qgkm Wgkm ðr s ; #s ; zs Þ:



ð48Þ



g¼0 k¼0 m¼1



The (48) shows an interesting relation existing between the amplitudes (22) of vibration modes (23) and the initial slope of the pressure oscillation detected at the given point (rs, #s, zs). 7. Conclusion An approach based on the explicit solution of the damped wave equation has been adopted to describe typical oscillations affecting the in-cylinder pressure under knock conditions. Such equation consists of the partial differential equation governing the pressure wave propagation in acoustical cavity augmented with a linear dissipative term. The associated homogeneous equation has been solved by applying the Fourier method of variables separation, once the integration constants have been obtained from the
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Table A.5 Roots lkm of J 0k ðlÞ. k/m



1



2



3



4



5



6



7



8



9



10



0 1 2 3 4 5 6 7 8 9 10



3.83171 1.84119 3.05423 4.20118 5.31755 6.41561 7.50126 8.57783 9.64741 10.71143 11.77087



7.01559 5.33145 6.70614 8.01524 9.28240 10.51986 11.73494 12.93239 14.11552 15.28674 16.44785



10.17347 8.53632 9.96947 11.34593 12.68191 13.98719 15.26818 16.52937 17.77401 19.00459 20.22303



13.32369 11.70601 13.17037 14.58585 15.96411 17.31284 18.63744 19.94185 21.22906 22.50140 23.76072



16.47063 14.86359 16.34752 17.78875 19.19603 20.57552 21.93172 23.26805 24.58720 25.89128 27.18202



19.61586 18.01553 19.51291 20.97248 22.40103 23.80358 25.18393 26.54503 27.88927 29.21856 30.53451



22.76009 21.16437 22.67158 24.14490 25.58976 27.01031 28.40978 29.79075 31.15533 32.50525 33.84197



25.90367 24.31133 25.82604 27.31006 28.76784 30.20285 31.61788 33.01518 34.39663 35.76379 37.11800



29.04683 27.45705 28.97767 30.47027 31.93854 33.38544 34.81339 36.22438 37.62008 39.00190 40.37107



32.18968 30.60192 32.12733 33.62695 35.10392 36.56078 37.99964 39.42228 40.83018 42.22464 43.60677



Table A.6 Normalized values of M km ðlkm =Rc Þ2 . k/m



1



2



3



4



5



6



7



8



9



10



0 1 2 3 4 5 6 7 8 9 10



1.19082 0.40458 0.63056 0.81612 0.98040 1.13076 1.27102 1.40344 1.52955 1.65040 1.76678



2.21654 1.64276 2.01381 2.34165 2.64112 2.91994 3.18281 3.43281 3.67212 3.90234 4.12472



3.22672 2.68404 3.09516 3.46947 3.81715 4.14431 4.45498 4.75201 5.03747 5.31295 5.57969



4.23216 3.70214 4.13383 4.53402 4.91000 5.26659 5.60717 5.93419 6.24954 6.55470 6.85082



5.23553 4.71239 5.15680 5.57379 5.96885 6.34582 6.70753 7.05610 7.39320 7.72017 8.03810



6.23783 5.71900 6.17210 6.60096 7.00987 7.40196 7.77958 8.14461 8.49850 8.84247 9.17752



7.23949 6.72363 7.18305 7.62077 8.04024 8.44403 8.83416 9.21225 9.57961 9.93731 10.28627



8.24074 7.72706 8.19128 8.63589 9.06368 9.47683 9.87708 10.26584 10.64427 11.01336 11.37392



9.24172 8.72969 9.19770 9.64781 10.08235 10.50317 10.91179 11.30945 11.69718 12.07588 12.44630



10.24251 9.73178 10.20285 10.65746 11.09758 11.52481 11.94048 12.34568 12.74136 13.12830 13.50721



boundary and initial conditions speciﬁed for the volume of the combustion chamber at the knock onset. The proposed pressure oscillation model can be used independently of the shape of the knock region that has been assumed as a ﬁnite union of small annulus segments. A mathematical expression for the initial conditions in function of some thermodynamic variables sampled at knock onset has been furthermore derived. Such mathematical relation, termed Thermodynamic Link, allows the pressure oscillation model to be easily used in conjunction with a traditional multi-zone combustion model able to provide sound speed, the burned gas density, the overall unburned volume and the time derivative of burned gases volume at knock onset. The proposed model has been calibrated using experimental data referred to a 2 l GDI engine running under different knock conditions and several engine speeds. For each test case we identiﬁed the damping factor of the dissipative term and the knock domain as the solution of a constrained nonlinear minimization problem, solved by means of a customized hybrid genetic algorithms. The model has proven capable to reproduce with fairly good accuracy pressure oscillations in all considered cases.



Appendix A. Numerical algorithm The mathematical model (34) has been efﬁciently implemented thanks to the spatial decomposition (16a) assumed for the resonant chamber. This has allowed to simplify strongly the numerical computation of the integration constants (28b) and (28c), and hence of the terms (30), (32) and (33). The expressions for these constants are:



ðBCÞgkm ¼



n# X nr X ðBCÞijgkm ;



ðBDÞgkm



i¼1 j¼1



ðBCÞijgkm



Z 0 aij Ijkm ¼ pqgkm Mkm



(D



#



2 2 sin kD2# cos kD2# k



if k ¼ 0 ;



ð2i  1Þ if k P 1 ðA:2aÞ



ðBDÞijgkm ¼



Z 0 aij Ijkm pqgkm Mkm



(



0 2 k



sin



kD# 2



sin



kD# 2



if k ¼ 0



; ð2i  1Þ if k P 1 ðA:2bÞ



with



Ijkm ¼



Z



rj



r j1







rJk bkm r dr:



ðA:3Þ



The terms (A.2) are the elementary contributions due to the ijth knock cell participating in the formation of BCgkm and BDgkm integration constants. Note that both the coefﬁcients Ijkm , for j = 1 . . . nr, and Mkm (29) depend only on the radius Rc and the radial step Dr (since rj = jDr). Therefore, the computational load of the pressure model (34) can be furthermore reduced calculating these factors only once for the given resonant chamber and when the radial step has been ﬁxed. To make furthermore easy and fast the implementation of the pressure model we provide numerical values for those ﬁxed parameters present in the model, as the roots of the ﬁrst derivative of Bessel’function lkm (needed to calculate the separation constant (25a)) and the normalized coefﬁcients Mkm(lkm/Rc)2 (31) (needed for getting integration constants (28b) and (28c)), listed in the Tables A.5 and A.6, respectively, for k = 0, . . . , 10 and m = 1, . . . , 10. References



ðA:1aÞ



i¼1 j¼1 n# X nr X ¼ ðBDÞijgkm ;



where



ðA:1bÞ
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