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Method for Estimating the Number of Concurrent Users Eric Man Wong* 1. Introduction For the sake of capacity planning and performance management, it is often necessary to estimate the number of concurrent users of a system before it is actually put into production. It is because the consumption of many system resources is directly related to the number of concurrent users. Using web application as an example: the memory usage, the CPU utilization, the number of server processes/threads, the number of database connections and the network bandwidth utilization are all increasing functions of the number of users concurrently logging in at the system. Notwithstanding the importance, people often estimate the number of concurrent users by intuition or wild guessing with little justification. In this paper, we try to introduce a simple method to derive the number of concurrent users from some other parameters that can be more easily estimated and justified.



2. An Unsatisfactory Method A way people sometimes use to estimate the number of concurrent users is to assume that it is equal to a certain percentage of the total user population. It is not a good method because even though the user population can sometimes be reliably estimated, the percentage figure being used is often, if not always, a magic number that has little justification. It should be pointed out that the percentage figure just mentioned cannot be taken as the percentage of users who access a system in a certain period of time. In some situations it is possible for the latter figure to be reliably estimated. For example, if we know that every user uses a particular system once and only once in a month and there is no preference on which day the system will be used, we can safely predict that the percentage of users who will use the system in any one day is about 3.3% (that is, 1 / 30). However, this figure alone cannot be used to deduce the number of concurrent users. It is because the users who use the system on the same day do not necessarily use it at the same time. Some users may use it in the morning, and some may use it in the afternoon. We are going to see in the next section a better way to do this.
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3. Formula for Estimating the Average Number of Concurrent users We begin by defining what the number of concurrent users means. But before we do, the term login session has to be clarified first. A login session is a time interval defined by a start time and end time. Between the start time and end time, there are one or more system resources being held. Take any web application that requires user authentication as an example, a login session starts from the time the user logs on to the system and ends when the users logs out. A user session (which consumes system memory) is created for each login session. The length of a login session is the difference between the start time and the end time. We are now ready to define the concept of concurrent users. We shall agree that the number of concurrent users at a particular time instant is defined as the number of login sessions into which the time instant falls. This is illustrated in the following example:



Login session 1 Login session 2 Login session 3 Login session 4



t0



Time



The horizontal axis is the time line. Each horizontal line segment represents a login session. Since the vertical line at time t0 intercepts with three login sessions, the number of concurrent users at time t0 is equal to three. Let us focus on the time interval from 0 to an arbitrary time instant T. The following result can be mathematically proven:



Average number of concurrent users (C ) =



Sum of the length of all login sessions LL (*) T
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Alternatively, if the total number of login sessions from time 0 to T equals n, and the average length of a login session equals L, then C=



nL T



LLLLLLLLLLLL (**)



The formal proof is presented in the appendix. Intuitively, the formula can be shown this way: imagine that all the line segments representing the login sessions are joined end to end to form a long string. If the string is longer than T, then we have to wrap it round and round for a number of times in order to fill it in the space with length T. The number of times the string has to be wrapped is analogous to the average number of concurrent users. This is illustrated in the following figure:



Time 0



C ≈ 4. 5



T



4. Estimating the parameters



To calculate the average number of concurrent users (C) using the formula in section 3, a prerequisite is determining the values of the two parameters: • the total number of login sessions (n) • the average length of a login session (L) in the time period of concern with length (T). In this section, we give some advice about how these parameters could be estimated. Firstly it should be pointed out that the result of the formula, C, is only an average value. It is possible that the number of concurrent users fluctuate widely in the concerned period of time. Hence, if we want the value of C to be as representative as possible, we should restrict the time period of concern so that the arrival rate of new login sessions (i.e. the ratio of n/T) is more or less steady in that time period. For example, if we know that a system is only used during office hours, we should limit the period of concern to the office hours only, instead of the whole day. The value of T is therefore equal to 8 (assuming 8-hour work) instead of 24. Otherwise, the value of C will be greatly dragged down by the fact that the system is not used during the non-officer hours.
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The total number of login sessions (n) and the average length of a login session (L) can often be determined by the size of the user population and usage patterns. For example, if there are N potential users and we know that the probabilities that a user will use a system one time, two times and three times a day are p1, p2 and p3 respectively, and assume that a user will very unlikely use the system more than three times a day, then the total number of login sessions in one day is N(p1 + 2 p2 + 3 p3). On the other hand, the average length of a login session can be estimated by observing how a sample of users use the system. In many systems, the frequency of usage and the average length of login sessions varies widely for different users. In this case, if we can group the users of similar usage patterns into a small number of classes, the above analysis can still be made. We can then calculate the number concurrent of users for each class and add the results together. Undeniably, the usage patterns of users are often difficult to accurately predict. But for most systems, especially internal applications, some justifiable rough figures can usually be obtained. A example is presented in the next section to illustrate this.



5. An Example



The government of City H is going to launch the electronic payroll system for its 170,000 employees to view their own payroll information. Due to the varied levels of IT competency, the limited availability of PCs and the existence of other means for checking salary information, it is estimated that when the system is fully launched across the government, only 50% of the employees will regularly use the system. Of these users, it is also estimated that 70% will use the system once during the last week of each month. It was observed from the users who participated in the UAT that the average length of usage is about 5 minutes. We can now estimate the average concurrent number of users during the last week of a month. Let us restrict the period of concern to the office hours (9am – 5pm) of any one day. n = 170,000 * 0.5 * 0.7 / 5 = 11,900



(assuming 5 days in a week)



L = 5 min T = 8 hrs = 480 min C=



( 8 office hours each day)



nL 11,900 * 5 = ≈ 124 480 T



So, it can be predicted that there will be an average of about 124 concurrent users accessing the system during the last week of each month.
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6. Estimating the Peak Number of Concurrent Users 6.1 The Theory



The formulas in section 3 estimate the average number of concurrent users. The next question that one will probably ask is: what can we say about the peak value? In this section we will show that under certain assumptions, the peak number of concurrent users can also be estimated. The Poisson probability distribution1 is the most realistic and widely used statistical tool for modeling the rate of arrivals of random and independent occurrences of events in time (it can be found in most introductory statistics textbook). Assuming that the rate of arrival of new login sessions has a Poisson distribution with mean λ, then by definition: P(there are x number of arrivals in a unit time) =



e −λ λx x!



where P(.) denotes the probability, e is the Euler number, and x! is the factorial of x. Under this assumption, it can be proven that the concurrent number of users at any time instant also has a Poisson distribution. The most surprising result is that it is true irrespective of the probability distribution of the length of login sessions (the length of login sessions is also random and can take a range of different values). In the form of equation, it can be stated that: P(there are x concurrent number of users at any given moment) = e −C C x x! where C is the average number of concurrent users we find using the formula in section 3. (The proof is quite complicated and lengthy. It is skipped in this paper.) It is well known that the Poisson distribution with mean = C can be approximated by the normal distribution with mean = C and standard deviation = C . (Again, it can be found in most introductory statistics textbook.). If we denote the number of X −C concurrent users by X, this implies that has the standard normal distribution C with mean = 0 and standard deviation = 1. Looking up the statistical table for the normal distribution, we have the following result:



1



A probability distribution is characterised by a function that can be used for calculating the probabilities of different values (or a range of values) of a random variable. © Copyright 2004 by Eric Man Wong. All rights reserved.



P( X 


X −C C






In plain words, the above equation means that the probability of the number of concurrent users being smaller than C + 3 C is 99.87%. The probability is large enough for most purposes that we can approximate the peak number of concurrent users by C + 3 C : ) Peak number of concurrent users(C ) ≈ C + 3 C



KKKKKKKK (* * *)



6.2 In Practice



In the last section, we show that under the assumption that the arrival of new login sessions has a Poisson distribution, the peak number of concurrent users can be estimated. However, for many real world applications, the arrival of login sessions goes through the following states: 1. Sleeping state - during non-office hours there are no login sessions; 2. Transient state (rising) - the office hours start; people begin to login to the system; the rate of arrival of login sessions is increasing; 3. Steady state – the rate of arrival of login sessions becomes steady; 4. Transient state (falling) – the office hours is going to end; people are leaving the system; the rate of arrival of login sessions is decreasing; State 4 is followed by state 1 and the cycle repeats. For such applications, the assumption of section 6.1 is reasonable for state 3 only that is, the steady state of the life cycle. Thus if we would like to more accurately predict the peak number of concurrent users, the following steps should be followed: 1. Estimate the time period of the steady state from experience. 2. Estimate the number of login sessions in the steady state. 3. Calculate the average number of concurrent users C using formula (**) of section 3. 4. Apply the formula (***) in section 6.1 to calculate the peak number of concurrent users. The above steps are illustrated with the example in section 5 again as follows: As a continuation of the example, assume further that 80% of users access the payroll system during the 5 hours period from 9:30am to 12:30am and 2:30pm to 4:30pm, despite the 8-hour working day. Also, the arrival of new login sessions is steady in these periods. T = 5 hrs = 300 min n = 11,900 * 0.8 = 9,520
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L = 5 min C=



nL 9,520 * 5 = ≈ 159 T 300



) Peak number of concurrent users (C ) ≈ C + 3 C ≈ 196 The reader may note that there is a discrepancy between the average number concurrent users calculated in section 5, and the average value calculated just above. In fact both of them are valid figures. This exemplifies what has been said in the beginning of section 4, that is, the average value of concurrent users can be very much dependent on the time period of concern. In section 5, our time period of concern is the whole working hours, so the average value is dragged down by the transient periods when there are few people using the system. In this section, we restrict the time period of concern to the peak hours only, so the value is larger. Although both values are valid, the latter figure is probably a better representation of the usage of the system.



7. Deriving other Useful Attributes from the Number of Concurrent Users



Once we have found the concurrent number of users, some other useful system attributes can be derived from it. In this section, we will discuss about the calculation of the rate of requests and the network bandwidth utilization. For web applications, the rate of requests (i.e. the number of requests per unit time, sometimes known as the hit rate) is another important factor for capacity planning. If it can be determined from a sample of users that the average rate of requests per user is r, then it is easy to see that:



Average total rate of requests ( R) = r C ) ) Peak total rate of requsts ( R ) ≈ r C ) where C and C are the average and peak number of concurrent users respectively.



For the payroll system example, if each user on average makes 10 requests per minute, the average total rate of requests will be about 1590/min (159 * 10) during the peak hours. Similarly, if we can determine the average network bandwidth utilization for a single user, then the total network bandwidth utilization can be calculated in a similar manner. The network bandwidth utilization for a single user is the number of bits/bytes per unit time that are transferred from the system to the user through the network. Let the average utilization per user be u, then Average total network bandwidth utilization (U ) = u C ) ) Peak total network bandwidth utilization (U ) ≈ u C
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8. Summary



In this paper, we have presented a formula for calculating the average concurrent number of users of a system from the total number of login sessions in the time period of concern and the average length of login sessions. Some advice on the estimation of these parameters has been given. Under the assumption that the arrival of login sessions has a Poisson distribution, we have also deduced an approximate upper bound for the peak number of concurrent users. Finally we have shown how the rate of requests and the network bandwidth utilization can be derived from the average and peak number of concurrent users that we have estimated. The formulas presented in this paper are not magic solution to the problem of finding the number of concurrent users. They merely provide a direction for solving the problem. The accuracy of the formulas very much depend on one’s ability to estimate the number of login sessions in a period of time and the average length of login sessions, which in turn depend on the behaviour and usage patterns of users. These are sometimes difficult and costly to accurately predict. However, we believe that for many applications, some rough and yet justifiable estimations can be obtained at relatively little cost.
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Appendix: Proof of Formula (*) in section 3



Let f(t) be the number of concurrent users at time t. Imagine that the time period from T 0 to T is divided into n equally spaced sub-intervals. Each interval has a length of n iT , for i = 1,2,..., n: and the i-th interval ends at n



0 T/n 2T/n 3T/n 4T/n



(n-1)T/n T



When n is large, it is reasonable that the average number of concurrent users can be approximated by: iT iT T 1 n 1 n f( ) = ∑f( ) ∑ n i =1 n T i =1 n n



We shall define the average number of concurrent users over the period of time from 0 to T as the value of the above summation as n tends to infinity. The summation becomes an integral. As a result, Average number of concurrent users =



1 T



∫



T



0



f (t ) dt



Suppose there are m login sessions in the period from 0 to T and these login sessions have been numbered from 1 to m. Let the start time and end time of the i-th login session be si and ti respectively. We associate the function δ i (t ) with the i-th login session, whose definition is:



δ i (t ) ≡ 1 ≡ 0



if t is between si and t i otherwise



The definition of the function is illustrated in the following figure:



δ i (t )



1



t 0



si



ti
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T



Then the below equation follows directly from the definition of the number of concurrent users given in the beginning of section 3: m



f (t ) = ∑ δ i (t ) i =1



Integrating both sides from 0 to T,



∫



T



0



f (t ) dt



T m



∫ ∑ δ (t ) dt



=



The integral



0



∫



T



o



i =1



i



=



m



T



i =1



0



∑∫



δ i (t ) dt



δ i (t ) dt is the area under the function δ i (t ) , which obviously equals



to (ti - si) * 1 from the above figure. It simply equals the length of the i-th login session. Hence, 1 T



∫



T



0



f (t ) dt



=



1 m T ∑ δ i (t ) dt T i =1 ∫0



=



1 m ∑ length of the i - th login session T i =1



Formula (*) is thus proven.
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