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Outline



Present Bierens (1990) Survey the later developments Possible extension to robust consistent testing: Bierens(1990) assumes homoskedasticity
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The Null/Alternative Hypothesis



Conditional Mean Model: E (yi |xi ) = f (xi , θ0 ), (yi , xi ) is on R × Rk H0 : P (E (yi |xi ) = f (xi , θ0 )) = 1, for some θ0 ∈ Θ ⊂ R m H1 : P (E (yi |xi ) = f (xi , θ )) < 1, for all θ ∈ Θ ⊂ R m
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Conditional Moment Testing



E (y1 − f (x1 , θ0 )wi (x1 , θ0 )) = 0, i = 1, 2, · · · p θ0 = arg minθ ∈Θ E {[y1 − f (x1 , θ )]2 }



Directional Testing: p is finite



Estimation-Testing Paradigm: n1 ∑nj=1 (yj − f (xj , θˆ))wi (xj , θˆ) Newey(1985a,b), Tauchen (1985), White(1994) Robust Testing with transformation: Wooldridge (1990,1991), Wang(2010)



Consistent Testing: p goes to infinity.
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Consistency Lemma Let v be a random variable or vector satisfying E |v | < ∞ and let x be a bounded random vector in R k such that P [E (v |x ) = 0] < 1. Then the set S = {t ∈ R k : E [v . exp(t ′ x )] = 0} has Lebesgue measure zero. Exponential function is not essential: Stinchcombe and White (1998) Indicator Function I (Xi < x ): Stute (1997), Escanciano (2006), Dominguez and Lobato(2004, 2006) Let Φ be an arbitrary Borel measurable bounded one-to-one mapping from R k into R k H1 : P (E (yi |xi ) = f (xi , θ )) < 1, ⇒ P (E (yi − f (xi , θ0 )|Φ(xi )) = 0) < 1 5/1



Consistency S = {t ∈ R k : E [(yi − f (xi , θ0 )). exp(t ′ Φ(x1 ))] = 0} Theorem Let Assumption A hold. Under H1 the set S defined above has Lebesgue measure zero and is not dense in R k . ˆ (t ) = 1 ∑nj=1 (yj − f (xj , θˆ)) exp(t ′ Φ(x1 )) M n Under H0 and Assumption A, √ ˆ (t ) → N [0, s 2 (t )] nM where s 2 (t ) = E {(y1 − f (x1 , θ0 ))2 [exp(t ′ Φ(x1 ) − b (t )A−1 (∂/∂θ ′ )f (x1 , θ0 )]2 }



b (t ) = E [(∂/∂θ ′ )f (x1 , θ0 ) exp(t ′ Φ(x1 )] A = E [(∂/∂θ ′ )f (x1 , θ0 )(∂/∂θ )f (x1 , θ0 )] 6/1



Consistency σ2 (xj ) = E [(yj − f (xj , θ0 ))2 |xj ] Assumption P [σ2 (x1 ) > 0] = 1. There exists a Borel measurable real function, µ on R k such that the random vector κ = (µ(x1 ), (∂/∂θ ′ )f (x1 , θ0 ))′ has nonsingular second moment matrix E [κκ ′ ]. Lemma Under Assumption B the set S∗ = {t ∈ R k : s 2 (t ) = 0} has Lebesgue measure zero and is not dense in R k .



ˆ (t ) = n [M ˆ (t )]2 /ˆs 2 (t ) W is well defined, possibly except for t in the set S ∪ S∗ .
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Theorem Let Assumptions A-B hold. There exists a nondense subset S of R k with Lebesgue measure zero such that for every t ∈ R k \S, ˆ (t ) → χ2 in distribution under H0 , whereas under H1 , W ˆ (t )/n W 1 → η (t ) a.s., where η (t ) > 0.
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The Choice of t and Φ



ˆ (t ) sup W t ∈T



The choice of t T = ×ki=1 [τ1i , τ2i ] with − ∞ < τ1i < τ2i < ∞, and s 2 (t ) > 0 The Choice of Φ k



w ( xj , t ) =



∏ exp(ti ϕ(xij − x¯i ))/si



i =1
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Asymptotic Theory Theorem ˆ converges Let Assumptions A-B hold and let H0 be true. Then W 2 weakly to z , where z is a Gaussian element of C (T ) with covariance function Γ(t1 , t2 ) = E {(y1 − f (x1 , θ0 ))2 [exp(t1′ Φ(x1 ) − b (t1 )A−1 (∂/∂θ ′ )f (x1 , θ0 )] q q × [exp(t2′ Φ(x1 ) − b (t2 )A−1 (∂/∂θ ′ )f (x1 , θ0 )]}/{ s 2 (t1 ) s 2 (t2 )}



ˆ (tˆ ) with tˆ = arg maxt ∈T W ˆ (t ) converges in moreover W 2 distribution to supt ∈T z (t ) Furthermore, under Assumptions A-B ˆ (t )/n → η (t ) a.s. uniformly on T and consequently and H1 , W ˆ (t )/n → supt ∈T η (t ) a.s., where η is defined in supt ∈T W Theorem 2. supt ∈T z (t )2 depends on the distribution of (yj , xj )˙ . R ˆ (t )dt: Bierens (1982), Bierens and Ploberger (1997), W T Escanciano (2009) 10 / 1



Asymptotic Theory Theorem Let Assumptions A-B hold. Choose independently of the data generating process real numbers γ > 0, ρ ∈ (0, 1), and a point ˆ (t ) and let t0 ∈ T . Let tˆ = arg maxt ∈T W ˆ (tˆ ) − W ˆ (t0 ) ≤ γnρ ; t˜ = tˆ if W ˆ (tˆ ) − W ˆ (t0 ) > γnρ t˜ = t0 , if W ˆ (t˜ ) → χ2 in distribution, whereas under H1 , Then under H0 , W 1 ˆ (t˜ )/n → supt ∈T η (t ) a.s. W Theorem Choose a sequence of positive integers Kn converging to infinity with n, and choose a sequence (ti ) such that {t1 , t2 , t3 , · · · } is dense in T . Replace tˆ in Theorems 3 and 4 by ˆ (t ). Then Theorems 3 and 4 carry tˆ = arg maxt ∈{t1 ,t2 ,··· ,tKn } W over. 11 / 1



Esitmation Carassco and Florens (2000): Continuum of GMM estimation based on E [(y1 − f (x1 , θ0 )) exp(tx1 )] = 0 , t ∈ I ⊂ R reaches semiparametric efficiency bound. Donald, Imbens and Newey (2003): For all K , E [q K (x )′ q K (x )] is finite, and for any a(x ) with E [a(x )2 ] < ∞, there are K × 1 vector γK , such that as K → ∞, E [a(x ) − q K (x )′ γK ]2 → 0 GMM estimation based on E [(y1 − f (x1 , θ0 ))q K (x )] = 0 reaches semiparametric efficiency bound. Overidentification Testing 12 / 1



Efficient Estimation Using Exponential Function



Let v be a random variable satisfying E [v 2 ] < ∞, and let x be a random vector in R k . For any Borel measurable bounded one-to-one mapping Φ from R k into R k and any sequence (tj ), j = 1, 2, · · · , in R k that is dense in a set T ∈ R k with positive Lebesgue measure, there exist coefficients β n,j , j = 0, · · · , n, n = 0, 1, 2, · · · , such that ∞



E (v |x ) = β 0,0 +



n



∑ [ βn,0 + ∑ βn,j exp(tj′ Φ(xj ))]a.s. n =1



j =1
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Robust Consistent Testing with Transformation Choose a sequence of positive integers Kn , converging to infinity with n. Let Λ = (exp (t1′ Φ(x1 )), · · · exp (tK′ n Φ(x1 )))′ . n  ˜ (t ) = 1/n ∑ (yj − f (xj , θˆ))[exp (t ′ Φ(xj )) − bˆ (t )Pˆ j ] , M j =1



where n



Pj =



′



∑ Λi (∂/∂θ )f (xi , θ0 ) i =1



!′



n



Ω ∑ Λi (∂/∂θ )f (xi , θ0 ) i =1 n



×



′



∑ Λi (∂/∂θ ′ )f (xi , θ0 ) i =1



!′



! −1



ΩΛj



n  √ ˜ (t ) = 1/n ∑ (yj − f (xj , θ0 ))[exp (t ′ Φ(xj )) − b (t )Pj ] + op ( n ) M j =1
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Asymptotic Theory The choice of t T = ×ki=1 [τ1i , τ2i ] with − ∞ < τ1i < τ2i < ∞, and s 2 (t ) > 0 T ∩ { t1 , · · · t Kn } = ∅ Theorem ˜ converges Let Assumptions A-B hold and let H0 be true. Then W 2 weakly to z , where z is a Gaussian element of C (T ) with covariance function Γ(t1 , t2 ) = E {(y1 − f (x1 , θ0 ))2 [exp(t1′ Φ(x1 ) − b (t1 )Pˆ 1 ] q q × [exp(t2′ Φ(x1 ) − b (t2 )bˆ (t )Pˆ 1 ]}/{ s 2 (t1 ) s 2 (t2 )} where s 2 (t ) = E {(y1 − f (x1 , θ0 ))2 [exp(t ′ Φ(x1 ) − b (t )Pˆ 1 ]2 } 15 / 1



Advantage of This Transformation



Only



√



n estimator is needed



Robust to the Heteroskedasticity it reaches semiparametric efficiency bound asymptotically as Kn goes to ∞
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