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Introduction



Quaternion analysis is an active and successful research subject by itself, but, even more, it is thought to play an important role in the treatment of 3D and 4D boundary value problems of elliptic partial differential equations, such as the Maxwell, Lam´e and Stokes system, and even non-linear ones such as the Navier-Stokes system. In the meantime, several techniques from quaternion analysis have been successfully applied to problems in gauge theories, mathematical physics, signal and image processing, navigation, computer vision, robotics as well as in natural sciences and engineering. A thorough treatment is listed in the bibliography, e.g. G¨ urlebeck and Spr¨ oßig [1, 2], Kravchenko and Shapiro [3], Kravchenko [4], Shapiro and Vasilevski [5, 6], and Sudbery [7]. Such a function theory, which involves the study of quaternion functions that are defined in subsets of Rn , may also provide the foundations to generalize the classical theory of holomorphic functions of one complex variable onto the multidimensional situation. In this paper we address the construction of a particular family of fundamental solutions for the quaternion constant coefficient elliptic partial differential operators. Let H denote the algebra of quaternion numbers (see also Section 2 below). Let k, n ∈ N, k ≥ 1, n ≥ 2. We define a set EH (k, n) whose elements correspond to the coefficients of the elliptic partial differential operators or order k on Rn with constant quaternion coefficients and we denote by L[a] the partial differential operator corresponding to the element a of EH (k, n) (see Subsection 3.2 below). Then EH (k, n) is seen to be an open subset of a finite dimensional real vector space. The aim of this paper is to show the construction of a function S such that S is a real analytic function from EH (k, n) × (Rn \ {0}) to H ;



(1)



S(a, ·) is a fundamental solution of L[a] for all a ∈ EH (k, n) .



(2)



Condition (2) means that S(a, ·) defines a locally integrable function on Rn such that L[a]S(a, ·) = δ0 in the sense of distributions on Rn , where δ0 denotes the delta Dirac distribution with mass at 0. Also, we investigate regularity properties in the frame of Schauder spaces and jump properties of the single layer potential corresponding to the fundamental solution S(a, ·). Ultimately, we consider an application to the case of second order partial differential operators with complex constant coefficients and we exploit our construction by proving a real analyticity result for perturbations of the corresponding single and double layer potentials. In classical potential theory it is well known that the study of fundamental solutions plays a fundamental role in the analysis of boundary value problems of elliptic systems of differential equations (cf. Fichera [8], Miranda [9], Kupradze et al. [10]). Also, a potential theoretic approach has been adopted in the study of perturbed boundary value problems, in particular for problems in perturbed domains. In view of such an application, it is important to understand the dependence of the layer potentials corresponding to a fundamental solution of a partial differential operator upon perturbations of the support of integration and on data such as the density function and the coefficients of the operator. We mention for example the work of Potthast, where Fr´echet differentiability results are proved for the dependence of the layer potentials upon the support of integration. Then, such results are applied to analyze domain perturbation problems in scattering theory in the framework 1



of Schauder spaces (cf., e.g., [11, 12, 13]). More recently, in the works of Costabel and Le Lou¨er [14, 15], the Fr´echet differentiability of a class of boundary integral operators with pseudohomogeneous hypersingular and weakly singular kernels has been analyzed in the framework of Sobolev spaces. Such a class includes the usual boundary integral operators occuring in time-harmonic potential theory. For elastic obstacle scattering, we mention Le Lou¨er [16]. Also, Lanza de Cristoforis and collaborators have developed a method based on potential theory with the aim of proving real analyticity results in the framework of Schauder spaces for the dependence of the solutions of certain boundary value problems upon perturbations of the domain and of the data (see, e.g., [17, 18]). In order to apply such a method, one has to verify the real analytic dependence of the layer potentials on both variation of the support of integration and on data. In [19, 20], Lanza de Cristoforis and Rossi have considered the layer potentials associated to the Laplace and Helmholtz operators. In [21] the case of layer potentials corresponding to the second order complex constant coefficient elliptic operators has been investigated, and in [22] the authors consider the periodic analog (see also [23] for layer potentials corresponding to the Lam´e equations and to some higher order operators). We observe that both in [21] and [22] the existence of suitable families of fundamental solutions is postulated in order to show real analyticity results for the layer potentials. The elements of such families are required to be jointly real analytic functions of the coefficients of the corresponding operator and of the spatial variable. In case of complex operators of order two the family of fundamental solutions which we present in this paper satisfies the assumptions in [21] and can be exploited for the construction of layer potentials which depend jointly real analytically upon the coefficients of the corresponding operator, upon the density function, and upon perturbations of the support of integration (cf. Proposition 7.1 and Theorem 7.2 below, see also [21, Thm. 5.6], [24, Thm. 5.1]). Such an analyticity result for the layer potentials can be exploited to analyze the dependence of solutions of boundary value problems upon perturbations of the domain and of the coefficients of the operator. This approach has been carried out for boundary value problems for the Laplace operator by Lanza de Cristoforis (cf., e.g., [17, 18]) and for the equations of linearized elasticity (cf. [23]). Moreover, in order to address more general classes of operators, such as elliptic partial differential operators of order higher than two and operators with complex or quaternion coefficients, one has to consider more general families of fundamental solutions. In [23, 24, 25] the case of elliptic partial differential operators of order 2k, k ∈ N \ {0}, with real constant coefficients has been investigated. In this paper we present a family of fundamental solutions for elliptic partial differential operators of order k ∈ N\{0} with complex and quaternion constant coefficients (cf. Theorem 5.5 and Proposition 7.1). In this sense, this work can be considered as the first step towards the generalization of the potential theoretic approach of Lanza de Cristoforis and collaborators to the case of general elliptic partial differential operators with quaternion constant coefficients. To conclude this introduction we observe that our construction of the family of fundamental solutions is based on that provided in [25] for real partial differential operators, which in turn exploits the construction of a fundamental solution for a real partial differential operator with analytic coefficients provided by John in [26, Chapter III]. Therefore, also the construction presented here stems from John [26, Chapter III]. We also observe that the results which we show in Theorem 5.5 and in Proposition 7.1 resemble those which were proved by Tr`eves in [27] and Mantlik in [28, 29] (see also the review paper of Ortner and Wagner [30]). In their works, Tr`eves and Mantlik consider a family of hypoelliptic complex partial differential operators {L(ζ)}ζ∈Z with coefficients which are holomorphic functions of a complex parameter ζ in a Stein manifold M. Provided that the strength of the operators L(ζ) is constant for all ζ ∈ M, Mantlik shows the existence of an holomorphic map S from M to a suitable space of distributions such that S(ζ) is a fundamental solution of L(ζ) for all ζ ∈ M (the holomorphy of the map being understood in the weak sense). The result of Mantlik extends the previous one of Tr`eves, where the existence of the function S was proved only locally in a neighborhood of a fixed point of M. The hypoellipticity and equal strength conditions required by Tr`eves and Mantlik for the operators are weaker conditions than the ellipticity required in this paper and the result of Mantlik could be exploited to prove the existence of a function which satisfies the conditions in (1) and (2). However, our results in Theorem 5.5 and Proposition 7.1 are not obtained as corollaries of the results of Tr`eves and Mantlik. Indeed we adopt here a different approach which leads to an explicit construction of a function S as in (1), (2) which in addition can be described in details as in Theorem 5.5. Such a description has been exploited in order to deduce regularity and jump properties of the corresponding layer potentials (cf. [23], [25]). The rest of the paper is organized as follows. In the next Section 2, we collect some basic concepts in quaternion analysis. In Section 3 we introduce some notation related to partial differential operators with constant coefficients. Subsection 3.1 also recalls some properties of a particular family of fundamental solutions for real elliptic operators. Then in Subsection 3.2 we define the (finite dimensional) vector space H(k, n) whose elements correspond to the quaternion coefficients of the partial differential operators of order ≤ k and we define the open subset EH (k, n) of H(k, n) corresponding to the coefficients of the elliptic operators of order k. Section 4 recalls the classical G¨ unter tangential derivative Dθ on the boundary of the n-dimensional unit ball. In Section 5 we construct our family of fundamental solutions {S(a, ·)}a∈EH(k,n) . In Section 6 we show 2



some regularity properties in the frame of Schauder spaces for the single layer potentials corresponding to our fundamental solutions S(a, ·). Finally, Section 7 presents an application of the family of fundamental solutions to the case of complex elliptic partial differential operators of order two. In particular, we show a real analyticity result for the dependence of the single and double layer potentials upon perturbations of the coefficients of the corresponding operator, of the support of integration, and of the density function.
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Quaternion analysis



This section summarizes some definitions and basic properties of quaternion analysis. Throughout the paper, let n o H ≡ z ≡ z0 + z1 i + z2 j + z3 k : zi ∈ R, i ∈ {0, 1, 2, 3} be the real quaternion algebra, where the imaginary units i, j and k obey the following laws of multiplication: i2 = j2 = k2 = −1;



ij = k = −ji,



jk = i = −kj,



ki = j = −ik .



In this way the quaternionic algebra arises as a natural extension of the complex field C. Evidently the real vector space R4 may be embedded in H by identifying the element z = (z0 , z1 , z2 , z3 ) ∈ R4 with z = z0 + z1 i + z2 j + z3 k ∈ H. As in the complex case, Sc(z) ≡ z0 and Vec(z) ≡ z1 i + z2 j + z3 k define the scalar and vector parts of z. The conjugate of z is the quaternion z ≡ z0 − z1 i − z2 j − z3 k, and the norm |z| of z is defined by q √ √ |z| ≡ zz = zz = z02 + z12 + z22 + z32 , and it coincides with its corresponding Euclidean norm as a vector in R4 . A function with values in H is called quaternion function or H-valued function. Properties (like integrability, continuity or differentiability) are defined componentwise. If D is a subset of Rn , then clD denotes its closure and ∂D denotes is boundary. Let Ω be an open subset of Rn . Let f be an H-valued function on Ω. For any x in Ω, ∂xj f (x) denote the partial derivatives of f at x with respect to xj (j ∈ {1, . . . , n}), and ∂x f (x) ≡ (∂x1 f (x), . . . , ∂xn f (x))T , where T stands for transpose, and ∂xα f (x) ≡ ∂xα11 . . . ∂xαnn f (x) for any multi-index α ≡ (α1 , . . . , αn ) ∈ Nn . If m ∈ N, we denote the space of the m times continuously differentiable quaternion functions on Ω by C m (Ω, H), and by C m (clΩ, H) ⊆ C m (Ω, H) the subspace of those functions f whose derivatives ∂xα f of order |α| ≡ α1 + · · · + αn ≤ m can be extended to continuous functions on clΩ. As usual, the definitions of C m (Ω, H) and C m (clΩ, H) are P understood componentwise. In case Ω is bounded, then C m (clΩ, H) endowed with the norm kf kC m (clΩ,H) ≡ |α|≤m supclΩ |∂xα f | is well known to be a Banach space. If λ ∈]0, 1[, then C 0,λ (clΩ, H) denotes the space of the functions from clΩ to H which are uniformly older continuous with exponent λ. If f ∈ C 0,λ (clΩ, H), then its H¨older constant  H¨ |f : Ω|λ is defined as sup |f (x) − f (y)||x − y|−λ : x, y ∈ clΩ, x 6= y . We denote by C m,λ (clΩ, H) the subspace of C m (clΩ, H) of the quaternion functions with m-th order derivatives in C 0,λ (clΩ,P H). If Ω is bounded, then the space C m,λ (clΩ, H) equipped with the norm kf kC m,λ (clΩ,H) = kf kC m (clΩ,H) + |α|=m |∂xα f : Ω|λ , is well known to be a Banach space. We retain a similar notation for C m,λ (clΩ, Rn ) and C m,λ (clΩ, C). Also, we say that Ω is a set of class C m,λ if its closure is a manifold with boundary embedded in Rn of class C m,λ . If Ω is an open bounded subset of Rn of class C m,λ and l ∈ {0, . . . , m} then we define the sets C l,λ (∂Ω, H), C l,λ (∂Ω, Rn ), and C l,λ (∂Ω, C) by exploiting the local parametrization of ∂Ω. For standard properties of functions in Schauder spaces, we refer the reader to Gilbarg and Trudinger [32]. For standard definitions of real analytic functions between real Banach spaces we refer, e.g., to Deimling [33, p. 150] (see also Prodi and Ambrosetti [34]).



3 3.1



Elliptic partial differential operators with constant coefficients The family of fundamental solutions for real coefficient operators



This subsection describes the major results of [25], where the construction of a real analytic family of fundamental solutions for the elliptic partial differential operators with real constant coefficients has been developed. For the reader’s convenience, we will now briefly discuss this subject, following mainly the notation introduced in [25]. In the sequel N denotes the set of natural numbers including 0. Let n, k ∈ N, n ≥ 2, and k ≥ 1. Then we denote by N (2k, n) the set of all multi-indexes α ≡ (α1 , . . . , αn ) ∈ Nn such that |α| ≡ α1 + · · · + αn ≤ 2k. We denote by R(2k, n) the set of the functions a ≡ (aα )α∈N (2k,n) from N (2k, n) to R. We note that R(2k, n)



3



may be identified with a finite dimensional (real) vector space. Accordingly, we endow R(2k, n) with the P corresponding Euclidean norm |a| ≡ ( α∈N (2k,n) a2α )1/2 . Let ∂Bn denote the boundary of the open unit ball Bn ≡ {x ∈ Rn : |x| < 1} . Then we set ER (2k, n) ≡



 a = (aα )α∈N (2k,n) ∈ R(2k, n) :



X







α



aα ξ 6= 0 for all ξ ∈ ∂Bn .



|α|=2k



We note that ER (2k, n) is an open non-empty subset of R(2k, n). Then, for each element a in ER (2k, n) we denote by L[a] the partial differential operator defined by X L[a] ≡ aα ∂xα , ∂xα ≡ ∂xα11 . . . ∂xαnn , α∈N (2k,n)



where xj (j ∈ {1, . . . , n}) denotes the j-th component of x ∈ Rn . So that, L[a] is a real constant coefficient elliptic partial differential operator of order 2k. In the following Theorem 3.1, we state the existence of a real analytic function S from ER (2k, n)×(Rn \{0}) to R such that S(a, ·) is a fundamental solution of L[a] for all a ∈ ER (2k, n), and also provide a suitably detailed description for the function S. For a proof we refer to [25]. Theorem 3.1. Let k, n ∈ N, k ≥ 1, n ≥ 2. Then there exist a real analytic function A from ER (2k, n)×∂Bn ×R to R, and real analytic functions B and C from ER (2k, n)×Rn to R such that the function S(a, ·) from Rn \{0} to R defined by S(a, x) ≡ |x|2k−n A(a, x/|x|, |x|) + log |x| B(a, x) + C(a, x)



∀x ∈ Rn \ {0}



(3)



is a fundamental solution of L[a] for all a ∈ ER (2k, n). Further, the functions B and C are identically 0 if n is odd and there exist a sequence {fj }j∈N of real analytic functions from ER (2k, n) × ∂Bn to R and a family {bα }|α|≥sup{2k−n,0} of real analytic functions from ER (2k, n) to R such that fj (a, −θ) = (−1)j fj (a, θ)



∀(a, θ) ∈ ER (2k, n) × ∂Bn ,



and A(a, θ, r)



=



∞ X



fj (a, θ)rj



∀(a, θ, r) ∈ ER (2k, n) × ∂Bn × R ,



(4)



j=0



B(a, x)



=



X



bα (a)xα



∀(a, x) ∈ ER (2k, n) × Rn ,



(5)



|α|≥sup{2k−n,0}



where the series in equalities (4) and (5) converge absolutely and uniformly in all compact subsets of ER (2k, n)× ∂Bn × R and of ER (2k, n) × Rn , respectively. In particular, S(a, ·) defines a locally integrable function on Rn and L[a]S(a, ·) = δ0 in the sense of distributions on Rn , where δ0 denotes the delta Dirac distribution with mass at 0. In [25] the detailed description for the function S is exploited in order to investigate certain regularity and jump properties of the single layer potential corresponding to the fundamental solution S(a, ·). Also, we can introduce a fundamental solution for the principal term X ˜ ≡ L[a] aα ∂xα |α|=2k



of the operator L[a] by means of the following Theorem 3.2. For a proof we refer to [25]. Theorem 3.2. Let {fj }j∈N and {bα }|α|≥sup{2k−n,0} be as in Theorem 3.1. Let S˜ be the function from ER (2k, n) × (Rn \ {0}) to R defined by X ˜ x) ≡ |x|2k−n f0 (a, x/|x|) + log |x| S(a, bα (a)xα |α|=2k−n n ˜ ·) is a fundamental solution of the operator L[a] ˜ for all fixed for all (a, x) ∈ ER (2k, n) × S(a, P(R \ {0}). Then a ∈ ER (2k, n) (note that |α|=2k−n bα (a)xα = 0 if n is odd or ≥ 2k + 1).
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3.2



The vector space of quaternion coefficients



In Section 5 we shall consider the dependence of a particular family of fundamental solutions upon the quaternion coefficients of the corresponding operators. To do so, we shall need the following notation. If m, n ∈ N, m ≥ 1, n ≥ 2, then we denote by N (m, n) the set of all multi-indexes α ≡ (α1 , . . . , αn ) ∈ Nn with |α| ≡ α1 + · · · + αn ≤ m. If α ≡ (α1 , . . . , αn ) and β ≡ (β1 , . . . , βn ) belong to Nn we say that α ≤ β if for the first j ∈ {1, . . . , n} such that αj 6= βj we have αj < βj . We denote by H(m, n) the set of quaternion functions a ≡ (aα )α∈N (m,n) defined in N (m, n). If a ∈ H(m, n), then we denote by a the element of H(m, n) defined by a ≡ (aα )α∈N (m,n) , where aα denotes the conjugate of aα for all α ∈ N (m, n). We identify H(m, n) with qP 2 a finite dimensional vector space on H and we endow H(m, n) with the norm |a| ≡ α∈N (m,n) |aα | . For each a ∈ H(m, n) we set P [a](ξ) ≡



X



aα ξ α



∀ξ ∈ Rn ,



α∈N (m,n)



and P˜ [a](ξ) ≡



X



aα ξ α



∀ξ ∈ Rn .



(6)



α∈N (m,n),|α|=m



Let l ∈ N. If a ∈ H(m, n) and b ∈ H(l, n), then the quaternionic product ab ≡ ((ab)α )α∈N (m+l,n) denotes the unique element of H(m + l, n) defined as follows: P [ab](ξ) = P [a](ξ)P [b](ξ) ∀ξ ∈ Rn . We underline that due to the noncommutativity of the quaternionic product, in general P [a](ξ)P [b](ξ) does not coincide with P [b](ξ)P [a](ξ). A straightforward verification shows that the map from H(m, n) × H(l, n) to H(m + l, n) which takes (a, b) to ab is bilinear (with respect to the real structure) and continuous. We notice that R(m, n) can be identified with the real subspace of H(m, n) of the quaternion elements a ≡ (aα )α∈N (m,n) such that the vector part of aα is zero for all α ∈ N (m, n) (see Subsection 3.1). Then H(m, n) induces the usual Euclidean norm on R(m, n). We also observe that aa belongs to R(2m, n) for all a ∈ H(m, n). Moreover, the map which takes a to aa is a quadratic map from the real structure of H(m, n) to R(2m, n), and as a consequence is real analytic from H(m, n) to R(2m, n). Then we set   EH (m, n) ≡ a ∈ H(m, n) : aa ∈ ER (2m, n) and we observe that EH (m, n) is open in H(m, n). Finally, we set X X ˜ ≡ L[a] ≡ aα ∂xα , and L[a] aα ∂xα ,



∀a ∈ H(m, n) .



|α|=2k



α∈N (2k,n)



˜ So that, L[a] and L[a] are partial differential operators of order ≤ m with quaternion constant coefficients. If ˜ are quaternion elliptic operators of order m, and L[a] ˜ is the we further have a ∈ EH (m, n), then L[a] and L[a] principal term of L[a].
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The G¨ unter tangential derivative on ∂Bn



In the sequel, let O be an open subset of a Banach space B. If f is a real-valued function defined on ∂Bn × O then we say that f is real analytic if there exists an open neighborhood U of ∂Bn in Rn and a real analytic map F from U × O to R such that f = F|∂Bn ×O . We now recall the concept of G¨ unter tangential derivative (cf., e.g., G¨ unter [35], Kupradze et al. [10], Duduchava et al. [36]). Definition 4.1. Let n ∈ N, n ≥ 2. Let f be a real analytic function from ∂Bn × O to R. Then for all j ∈ {1, . . . , n} the j-G¨ unter tangential derivative Dθj f (θ, b) of f at (θ, b) ∈ ∂Bn × O is defined by Dθj f (θ, b) ≡ (∂xj F )(θ, b) − θj



n X



θk (∂xk F )(θ, b) ,



k=1



where F : U × O → R is real analytic and f = F|∂Bn ×O , and U is an open neighborhood of ∂Bn in Rn .



5



(7)



It is well known that Dθj f does not depend on the particular choices of F and U (see G¨ unter [35, Chap. 1]). Then we define Dθ f (θ, b) ≡ (Dθ1 f (θ, b), . . . , Dθn f (θ, b))T ∀(θ, b) ∈ ∂Bn × O and Dθα f (θ, b) ≡ Dθα11 . . . Dθαnn f (θ, b)



∀(θ, b) ∈ ∂Bn × O , α ∈ Nn .



By the definition in formula (7) one deduces the validity of the following lemma. Lemma 4.2. Let n ∈ N, n ≥ 2. Let O be an open subset of a Banach space B. Let f be a real analytic map from ∂Bn × O to R, and α ∈ Nn . Then Dθα f is real analytic from ∂Bn × O to R. Proof. Let U be an open neighborhood of ∂Bn and F a real analytic function from U × O to R. Then the map from U × O to R that takes (x, b) to (∂xj F )(x, b) − xj



n X



xk (∂xk F )(x, b)



k=1



is real analytic for all j ∈ {1, . . . , n}. Then the validity of the Lemma follows by the definition in formula (7) and by a standard induction argument. 2 Let now h be a real analytic function from ∂Bn × R to R. Let j ∈ {1, . . . , n}. For all x ∈ Rn \ {0} a straightforward computation shows that     x   x  x x 1 j ∂xj h , |x| = Dθj h , |x| + ∂r h , |x| , (8) |x| |x| |x| |x| |x| where ∂r h denotes the partial derivative of h with respect to the variable in R.
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Construction of the fundamental solutions for quaternion coefficient operators



In Theorem 5.5 below we construct a family of fundamental solutions for the elliptic partial differential operators with quaternion constant coefficients. The elements of such a family are expressed in terms of jointly analytic functions of the coefficients of the operators and of the spatial variable. To do so, we need the following technical Lemmas 5.1–5.4. Lemma 5.1. Let k ∈ Z, n ∈ N, n ≥ 2, and α ∈ Nn . Then there exists a real analytic function pk,α from ∂Bn to R such that ∂xα |x|k = pk,α (x/|x|)|x|k−|α| for all x ∈ Rn \ {0}. Moreover, it holds pk,α (θ) = (−1)|α| pk,α (−θ) for all θ ∈ ∂Bn . Proof. The Lemma clearly holds if |α| = 0 with pk,0 ≡ 1. We will now argue by induction on |α|. Assume that the Lemma holds for |α| = j − 1. Let j ∈ N \ {0}, and let α ∈ Nn be such that |α| = j. Then α = α0 + ι with |α0 | = j − 1 and |ι| = 1. Accordingly, there exists pk,α0 as in the statement of the Lemma with α replaced by α0 . Then define pk,α (θ) ≡ (k − j + 1)θι pk,α0 (θ) + Dθι pk,α0 (θ) ∀θ ∈ ∂Bn (cf. the definition in formula (7)). A straightforward verification shows that pk,α satisfies the conditions in the statement (see also equality (8) and Lemma 4.2). 2 Lemma 5.2. Let n ∈ N, n ≥ 2, and α ∈ Nn such that |α| > 0. Then there exists a real analytic function qα from ∂Bn to R such that ∂xα log |x| = qα (x/|x|)|x|−|α| for all x ∈ Rn \ {0}. Moreover, it holds qα (θ) = (−1)|α| qα (−θ) for all θ ∈ ∂Bn . Proof. For |α| = 1 the Lemma holds with qα (θ) ≡ θα . Now argue by induction on |α|. Assume that the Lemma holds for |α| = j − 1. Let j ∈ N \ {0, 1}, and α ∈ Nn be so that |α| = j. Then α = α0 + ι with |α0 | = j − 1 and |ι| = 1. Accordingly, there exists qα0 as in the statement of the Lemma with α replaced by α0 . Then define qα (θ) ≡ (1 − j)θι qα0 (θ) + Dθι qα0 (θ) ∀θ ∈ ∂Bn (cf. the definition in formula (7)). Then a straightforward verification shows that qα satisfies the conditions in the statement (see also equality (8) and Lemma 4.2). 2
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Lemma 5.3. Let l ∈ N, k ∈ Z, and n ∈ N, n ≥ 2. Let O be an open subset of a Banach space B, and G be a real analytic map from O × ∂Bn × R to R. Let {gj }j∈N be a family of real analytic functions from O × ∂Bn to R such that ∞ X G(b, θ, r) = gj (b, θ)rj ∀(b, θ, r) ∈ O × ∂Bn × R , j=0



where the series converges absolutely and uniformly in all compact subset of O × ∂Bn × R. Assume that gj (b, θ) = (−1)j gj (b, −θ) for all (b, θ) ∈ O × ∂Bn and for all j ∈ N. Then there exist a real analytic map G from H(l, n) × O × ∂Bn × R to H and a sequence {gj }j∈N of real analytic functions from H(l, n) × O × ∂Bn to H such that      x x , |x| = |x|k−l G a, b, , |x| ∀(a, b, x) ∈ H(l, n) × O × Rn \ {0} (9) L[a] |x|k G b, |x| |x| and such that G(a, b, θ, r) =



∞ X



gj (a, b, θ)rj



∀(a, b, θ, r) ∈ H(l, n) × O × ∂Bn × R ,



j=0



where the series converges absolutely and uniformly in all compact subsets of H(l, n) × O × ∂Bn × R. Moreover, it holds gj (a, b, θ) = (−1)j+l gj (a, b, −θ) ∀(a, b, θ) ∈ H(l, n) × O × ∂Bn , j ∈ N , (10) and



  x  ˜ = |x|k−l g0 (a, b, x/|x|) L[a] |x|k g0 b, |x|



∀(a, b, x) ∈ H(l, n) × O × Rn \ {0} .



(11)



Proof. To begin with, we define X



G(a, b, θ, r) ≡



aα r



l−|α|



X α α−α0 pk,α0 (θ) Dθ + rθ∂r A(b, θ, r) 0 α 0



(12)



α ≤α



α∈N (l,n)



for all (a, b, θ, r) ∈ H(l, n) × O × ∂Bn × R, where pk,α0 are the functions introduced in Lemma 5.1. Then G is real analytic from H(l, n) × O × ∂Bn × R to H and satisfies equality (9) (see also equality (8)). Then define X β 00 gj,β (b, θ) ≡ pj,α00 (θ)Dθβ−α gj (b, θ) ∀(b, θ) ∈ O × ∂Bn (13) 00 α 00 α ≤β



j ∈ N and β ∈ Nn . The functions gj,β are real analytic from O × ∂Bn to R and we have gj,β (b, θ) = (−1)j+|β| gj,β (b, −θ) for all (b, θ) ∈ O × ∂Bn , j ∈ N and β ∈ Nn . Moreover, it holds Dθ + rθ∂r



β



G(b, θ, r) =



∞ X



gj,β (b, θ)rj



∀(b, θ, r) ∈ O × ∂Bn × R ,



(14)



j=0



where the series converges absolutely and uniformly in all compact subsets of O × ∂Bn × R. Then define X X α gj (a, b, θ) ≡ aα pk,α0 (θ)gj+|α|−l,α−α0 (b, θ) (15) α0 0 sup{l−j,0}≤|α|≤l



α ≤α



for all (a, b, θ) ∈ H(l, n) × O × ∂Bn , j ∈ N. The function gj is real analytic from H(l, n) × O × ∂Bn to H and satisfies equality (10) for all j ∈ N. By equalities (12)–(15) one verifies that G(a, b, θ, r) =



∞ X



gj (a, b, θ)rj



∀(a, b, θ, r) ∈ H(l, n) × O × ∂Bn × R ,



j=0



where the series converges absolutely and uniformly in all compact subsets of H(l, n) × O × ∂Bn × R. By the definition in formula (13) and by equalities p0,α00 = 1 for |α00 | = 0, p0,α00 = 0 for |α00 | > 0, one has g0,β = Dθβ g0 for all β ∈ Nn so that X X α 0 g0 (a, b, θ) = aα pk,α0 (θ)Dθα−α g0 (b, θ) 0 α 0 |α|=l



α ≤α



for all (a, b, θ) ∈ H(l, n) × O × ∂Bn (cf. the definition in formula (15)). Then the validity of equality (11) follows by a straightforward calculation (see also equality (8)). Thus the Lemma is proved. 2 7



Lemma 5.4. Let l, k ∈ N, and n ∈ N, n ≥ 2. Let O be an open subset of a Banach space B. Let E be a real analytic map from O × Rn to R. Let {eβ }|β|≥k be a family of real analytic functions from O to R such that X E(b, x) = eβ (b)xβ ∀(b, x) ∈ O × Rn , |β|≥k



where the series converges absolutely and uniformly in all compact subset of O × Rn . Then there exist real analytic maps D from H(l, n)×O ×∂Bn ×R to H and E from H(l, n)×O ×Rn to H, and a sequence {dj }j∈N of real analytic functions from H(l, n) × O × ∂Bn to H, and a family {eβ }|β|≥sup{k−l,0} of real analytic functions from H(l, n) × O to H such that    x , |x| + log |x|E(a, b, x) ∀(a, b, x) ∈ H(l, n) × O × Rn \ {0} (16) L[a] log |x|E(b, x) = |x|k−l D a, b, |x| and such that D(a, b, θ, r)



∞ X



=



dj (a, b, θ)rj



∀(a, b, θ, r) ∈ H(l, n) × O × ∂Bn × R ,



(17)



j=0



E(a, b, x)



X



=



eβ (a, b)xβ



∀(a, b, x) ∈ H(l, n) × O × Rn ,



(18)



|β|≥sup{k−l,0}



where the series in equalities (17) and (18) converge absolutely and uniformly in all compact subsets of H(l, n)× O × ∂Bn × R and H(l, n) × O × Rn , respectively. Moreover, it holds dj (a, b, θ) = (−1)j+k−l dj (a, b, −θ)



∀(a, b, θ) ∈ H(l, n) × O × ∂Bn , j ∈ N ,



(19)



and    X X x ˜ +log |x| eβ (a, b)xβ L[a] log |x| eβ (b)xβ = |x|k−l d0 a, b, |x|



∀(a, b, x) ∈ H(l, n)×O×Rn \{0} ,



|β|=k−l



|β|=k



(20) where we understand



β |β|=k−l eβ (a, b)x = 0 if k < l.



P



Proof. Observe that 



L[a] log |x|E(b, x) = log |x|



X



aα ∂xα E(b, x)+



α∈N (l,n)



X



aα



α∈N (l,n)



X α  x  0 0 qα0 |x|−|α | ∂xα−α E(b, x) (21) 0 α |x| 0



0


for all (a, b, x) ∈ C(l, n) × O × Rn \ {0}, where qα0 denotes the functions of Lemma 5.2. In addition, note that X ∂xγ E(b, x) = eβ (b)(−1)|γ| (−β)γ xβ−γ ∀(b, x) ∈ O × Rn (22) |β|≥k , β≥γ



and γ ∈ Nn . Here (−β)γ ≡ (−β1 )γ1 . . . (−βn )γn and (−βh )γh denotes the Pochhammer symbol of −βh with index γh , namely it is (−βh )γh = (−βh )(−βh + 1) . . . (−βh + γh − 1) for all h ∈ {1, . . . , n}. Then we define X E(a, b, x) ≡



aα ∂xα E(b, x)



∀(a, b, x) ∈ H(l, n) × O × Rn



(23)



α∈N (l,n)



and eβ (a, b) ≡



X



aα eα+β (b)(−1)|α| (−α − β)α



∀(a, b, x) ∈ H(l, n) × O



(24)



sup{k−|β|,0}≤|α|≤l



and β ∈ Nn with |β| ≥ sup{k − l, 0}. By standard calculus in Banach space one can show that E is real analytic from H(l, n) × O × Rn to H and eβ is real analytic from H(l, n) × O to H. Moreover, we obtain X E(a, b, x) = eβ (a, b)xβ ∀(a, b, x) ∈ H(l, n) × O × Rn , |β|≥sup{k−l,0}



where the series converges absolutely and uniformly in all compact subsets of H(l, n) × O × Rn . 8



Let now E [ denote the real analytic function from O × ∂Bn × R to R which takes (b, θ, r) to E(b, θr). Then  x  ∂xγ E(b, x) = |x|−|γ| Eγ[ b, , |x| ∀(b, x) ∈ O × Rn \ {0} , γ ∈ Nn , (25) |x| where Eγ[ is the real analytic function from O × ∂Bn × R to R defined by Eγ[ (b, θ, r) ≡ (Dθ + rθ∂r )γ E [ (b, θ, r)



∀(b, θ, r) ∈ O × ∂Bn × R



(see also equality (8)). A straightforward calculation shows that X Eγ[ (b, θ, r) = eβ (b)(−1)|γ| (−β)γ θβ−γ r|β|



∀(b, θ, r) ∈ O × ∂Bn × R



|β|≥k , β≥γ



and γ ∈ Nn , where the series converges absolutely and uniformly in all compact subsets of O × ∂Bn × R (see also equalities (22) and (25)). Then one verifies that Eγ[ (b, θ, r) = rk Eγ] (b, θ, r)



∀(b, θ, r) ∈ O × ∂Bn × R ,



(26)



where Eγ] is a real analytic function from O × ∂Bn × R to R such that Eγ] (b, θ, r)



∞ X



=







X



|γ|



eβ (b)(−1) (−β)γ θ



β−γ







rj



∀(b, θ, r) ∈ O × ∂Bn × R



(27)



|β|=k+j , β≥γ



j=sup{|γ|−k,0}



and γ ∈ Nn . Observe that the series in equality (27) converges absolutely and uniformly in all compact subsets of O × ∂Bn × R. Then define X X α ] D(a, b, θ, r) ≡ aα rl−|α| qα0 (θ)Eα−α ∀(a, b, θ, r) ∈ H(l, n) × O × ∂Bn × R (28) 0 (b, θ, r) 0 α 0 0


α∈N (l,n)



and X



dj (a, b, θ) ≡



X



cα,β (θ)aα eβ (b)θβ−α



∀(a, b, θ) ∈ H(l, n) × O × ∂Bn



(29)



sup{l−j,0}≤|α|≤l |β|=j+|α|+k−l



and all j ∈ N, where X



cα,β (θ) ≡



0


  0 0 α qα0 (θ)(−1)|α−α | (−β)α−α0 θα α0



∀θ ∈ ∂Bn .



(30)



Then D is real analytic from H(l, n) × O × ∂Bn × R to H and D(a, b, θ, r) =



∞ X



dj (a, b, θ)rj



∀(a, b, θ, r) ∈ H(l, n) × O × ∂Bn × R



j=0



where the series converges absolutely and uniformly in all compact subsets of H(l, n) × O × ∂Bn × R. The validity of equality (16) follows by equality (21), by the definitions in formulas (23) and (28), by equalities (25), (26) and by a straightforward calculation. The validity of equality (19) follows by the definitions in formulas (29) and (30). We now verify the validity of equality (20). By Lemma 5.2 and by a straightforward calculation one verifies that   X ˜ L[a] log |x| eβ (b)xβ |β|=k



= log |x|



X |α|=l



= log |x|



X



aα ∂xα



X



β



eβ (b)x +



|β|=k



X



X |α|=l



aα



X X α  x  −|α0 | α−α0 0 |x| ∂ eβ (b)xβ q α x |x| α0 0



0


aα eβ (b)(−1)α (−β)α xβ−α + |x|k−l



|α|=l |β|=k , β≥α



(31)



|β|=k



X X |α|=l |β|=k



cα,β



x  x β−α aα eβ (b) |x| |x|



for all (a, b, x) ∈ H(l, n) × O × Rn \ {0} (see also the definition in formula (30)). Then the validity of equality (19) follows by equality (31) and by the definitions in formula (24) and (29). 2 9



Our main result in this section is the following theorem. Theorem 5.5. Let k, n ∈ N, k ≥ 1, n ≥ 2. Let S be the function in Theorem 3.1. Let S be the function from ER (k, n) × (Rn \ {0}) to H defined by ∀(a, x) ∈ EH (k, n) × Rn \ {0} .



S(a, x) ≡ L[a]S(aa, x)



Then S is real analytic and S(a, ·) is a fundamental solution of the operator L[a] for all fixed a ∈ EH (k, n). Moreover, there exist a real analytic function A from EH (k, n) × ∂Bn × R to H, and real analytic functions B and C from EH (k, n) × Rn to H such that   x , |x| + log |x| B(a, x) + C(a, x) ∀(a, x) ∈ EH (k, n) × Rn \ {0} . S(a, x) = |x|k−n A a, |x| The functions B and C are identically 0 if n is odd and there exist a sequence {fj }j∈N of real analytic functions from EH (k, n) × ∂Bn to H, and a family {bα }|α|≥sup{k−n,0} of real analytic functions from EH (k, n) to H, such that fj (a, −θ) = (−1)j+k fj (a, θ) ∀(a, θ) ∈ EH (k, n) × ∂Bn , (32) and A(a, θ, r)



=



∞ X



fj (a, θ)rj



∀ (a, θ, r) ∈ EH (k, n) × ∂Bn × R ,



(33)



∀(a, x) ∈ EH (k, n) × Rn ,



(34)



j=0



B(a, x)



X



=



bα (a)xα



|α|≥sup{k−n,0}



where the series in equalities (33) and (34) converge absolutely and uniformly in all compact subsets of ˜ ·) is EH (k, n) × ∂Bn × R and of EH (k, n) × Rn , respectively. Finally, if a is a fixed point of EH (k, n) and S(a, the function from Rn \ {0} to H defined by   X ˜ x) ≡ |x|k−n f0 a, x + log |x| bα (a)xα ∀x ∈ Rn \ {0} , (35) S(a, |x| |α|=k−n



P ˜ ˜ ·) is a fundamental solution of the homogeneous operator L[a] then S(a, (note that |α|=k−n bα (a)xα = 0 if n is odd or ≥ k + 1). Proof. Let A, B, C, {fj }j∈N , {bα }|α|≥sup{2k−n,0} be as in Theorem 3.1. By Lemma 5.3 there exist a real analytic function A] from H(k, n) × ER (2k, n) × ∂Bn × R to H and a sequence {fj] }j∈N of real analytic functions from H(k, n) × ER (2k, n) × ∂Bn to H such that   x    x 2k−n L[a] |x| A a, , |x| = |x|k−n A] a, a, , |x| |x| |x| and



∞  X   x j x , |x| = fj] a, a, |x| A] a, a, |x| |x| j=0



where the series converges absolutely and uniformly in all compact subset of H(k, n) × ER (2k, n) × ∂Bn × R. Moreover fj] (a, a, θ) = (−1)j+k fj] (a, a, −θ) for all (a, a, θ) ∈ H(k, n) × ER (2k, n) × ∂Bn and for all j ∈ N. By Lemma 5.4 there exist real analytic functions A[ from H(k, n) × ER (2k, n) × ∂Bn × R to H and B[ from H(k, n)×ER (2k, n)×Rn to H, and a sequence {fj[ }j∈N of real analytic functions from H(k, n)×ER (2k, n)×∂Bn to H, and a family {b[α }|α|≥sup{k−n,0} of real analytic functions from H(k, n) × ER (2k, n) to H, such that such that    x , |x| +log |x|B[ (a, a, x) ∀(a, a, x) ∈ H(k, n)×ER (2k, n)×Rn \{0} L[a] log |x|B(a, x) = |x|k−n A[ a, a, |x| and such that A[ (a, a, θ, r)



=



∞ X



fj[ (a, a, θ)rj



∀(a, a, θ, r) ∈ H(k, n) × ER (2k, n) × ∂Bn × R ,



j=0



B[ (a, a, x)



=



X



b[β (a, a)xβ



|β|≥sup{k−n,0}
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∀(a, a, x) ∈ H(k, n) × ER (2k, n) × Rn ,



where the first and second series converge absolutely and uniformly in all compact subsets of H(k, n) × ER (2k, n) × ∂Bn × R and H(k, n) × ER (2k, n) × Rn , respectively. Moreover, fj[ (a, a, θ) = (−1)j+k−n fj[ (a, a, −θ). Also note that for n odd the functions A[ , fj[ , B[ , and b[β are identically equal to 0. Then it is natural to set A(a, θ, r) ≡ fj (a, θ) ≡



A] (a, aa, θ, r) + A[ (a, aa, θ, r) fj] (a, aa, θ) + fj[ (a, aa, θ)



∀(a, θ, r) ∈ EH (k, n) × ∂Bn × R ,



∀(a, θ) ∈ EH (k, n) × ∂Bn , j ∈ N ,



and B(a, x) ≡ bβ (a) ≡



∀(a, x) ∈ EH (k, n) × Rn ,



B[ (a, aa, x) b[β (a, aa)



∀a ∈ EH (k, n) , β ∈ Nn with |β| ≥ sup{k − n, 0} ,



and C(a, x) ≡ L[a]C(aa, x)



∀(a, x) ∈ EH (k, n) × Rn .



Then B, bβ , C are identically 0 if n is odd, and A, {fj }j∈N satisfy equalities (32), (33), and B, {bβ }|β|≥sup{k−n,0} satisfy equality (34), and we have   x , |x| + log |x| B(a, x) + C(a, x) ∀(a, x) ∈ EH (k, n) × Rn \ {0} . S(a, x) = |x|k−n A a, |x| Thus S(a, ·) is a locally integrable function on Rn and a standard argument based on the divergence theorem shows that L[a]S(a, ·) = L[a]L[a]S(aa, ·) = L[aa]S(aa, ·) = δ0 in the sense of distributions on Rn . Thus S(a, ·) is a fundamental solution of L[a]. Moreover, since the map from EH (k, n) to itself which takes a to a is real analytic, and the map from EH (k, n) to ER (2k, n) which takes a to aa is real analytic, and the composition of real analytic maps is real analytic, we deduce that the functions S from EH (k, n) × ∂Bn × R to H, fj from EH (k, n) × ∂Bn to H, B from EH (k, n) × Rn to H, and bα from EH (k, n) to H are real analytic. Finally, by Theorem 3.2, and equalities (11) and (20) we verify that ˜ S(aa, ˜ ˜ ˜ ·) = L[a] ˜ ·) is the function in definition (35) and S(aa, S(a, ·) where S(a, ·) is the fundamental solution ˜ ˜ ·) is a fundamental solution of the operator L[aa] introduced in Theorem 3.2. Accordingly, we show that S(a, ˜ of L[a] by arguing so as for S(a, ·). 2
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The corresponding single layer potential



In this section we show some properties of the single layer potential corresponding to the fundamental solution S(a, ·) introduced in Theorem 5.5. Let m, n, k ∈ N, n ≥ 2, m, k ≥ 1. Let λ ∈]0, 1[. Let Ω be an open bounded subset of Rn of class C m,λ . Let a ∈ EH (k, n). Let µ ∈ C m−1,λ (∂Ω, H). Let β ∈ Nn and |β| ≤ k − 1. Then we denote by vβ [a, µ] the function from Rn to H defined by Z vβ [a, µ](x) ≡ ∂xβ S(a, x − y)µ(y) dσy ∀x ∈ Rn , ∂Ω



where the integral is understood in the sense of singular integrals if x ∈ ∂Ω and |β| = k − 1, and dσ denotes the area element. Moreover, if β = (0, . . . , 0) we find convenient to set v[a, µ] ≡ v(0,...,0) [a, µ] . So that vβ [a, µ](x) = ∂xβ v[a, µ](x)



∀x ∈ Rn \ ∂Ω , β ∈ Nn , |β| ≤ k − 1 .



Then we have the following Theorem 6.1 where we show some regularity properties for the single layer potentials v[a, µ] and for the functions vβ [a, µ]. Theorem 6.1. Let m, n, k ∈ N, n ≥ 2, m, k ≥ 1. Let λ ∈]0, 1[, and β ∈ Nn . Let Ω be a bounded open subset of Rn of class C m,λ . Let a ∈ EH (k, n). Let µ ∈ C m−1,λ (∂Ω, H). Then the following statements hold: (i) if k ≥ 2 and |β| ≤ k − 2, then vβ [a, µ] ∈ C k−2−|β| (Rn , H) and we have ∂xβ v[a, µ](x) = vβ [a, µ](x) for all x ∈ Rn ;
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(ii) if |β| = k − 1, then the restriction vβ [a, µ]|Ω has a unique continuous extension to a function vβ+ [a, µ] on clΩ and the map which takes µ to vβ+ [a, µ] is linear and continuous from C m−1,λ (∂Ω, H) to C m−1,λ (clΩ, H); (iii) if |β| = k − 1, then the restriction vβ [a, µ]|Rn \Ω has a unique continuous extension to a function vβ− [a, µ] on Rn \ Ω and if R > 0 and clΩ ⊆ RBn , then the map which takes µ to vβ− [a, µ]|cl(RBn )\Ω is linear and continuous from C m−1,λ (∂Ω, H) to C m−1,λ (cl(RBn ) \ Ω, H); (iv) if |β| = k − 1, then vβ± [a, µ](x) = ∓



νΩ (x)β µ(x) + vβ [a, µ](x) 2P˜ [a](νΩ (x))



∀x ∈ ∂Ω ,



where νΩ denotes the outward unit normal to the boundary of Ω (see also the definition in formula (6)). Proof. We observe that S(a, x) = L[a]S(aa, x) for all x ∈ Rn \ {0}, where S is the real analytic map from ER (2k, n) × Rn to R introduced in Theorem 3.1 (see also Theorem 5.5). Then we have Z ∀x ∈ Rn , vβ [a, µ](x) = (∂xβ L[a])S(aa, x − y)µ(y) dσy ∂Ω



for all |β| ≤ k − 1. Then the validity of the statements follow by the results in [25] and by the standard theorems on differentiation under the integral sign. 2
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An application to complex elliptic partial differential operators of order two



This section considers the single and double layer potentials corresponding to the fundamental solution in Theorem 5.5 in the case of complex partial differential operators of order two. By exploiting the results by M. Lanza de Cristoforis and the first author in [21] we show a real analyticity result for the dependence of such layer potentials upon perturbation of the support of integration, of the density, and of the coefficients of the corresponding operator. To proceed with, we fix a bounded open connected subset Ω of Rn with Rn \ clΩ connected, which we consider as a “base domain”. We assume that Ω is of class C m,λ for some integer m ≥ 1 and λ ∈]0, 1[. Then we denote by A∂Ω the set of functions of class C 1 (∂Ω, Rn ) which are injective and whose differential is injective at all points x ∈ ∂Ω. One can verify that A∂Ω is open in C 1 (∂Ω, Rn ) (cf. Lanza de Cristoforis and Rossi [37, Cor. 4.24, Prop. 4.29], [19, Lem. 2.5]). Moreover, if φ ∈ A∂Ω , the Jordan-Leray Separation Theorem ensures that Rn \ φ(∂Ω) has exactly two open connected components. So that, φ(∂Ω) is the boundary of an open bounded subset I[φ] of Rn . If we further have φ ∈ A∂Ω ∩ C m,λ (∂Ω, Rn ) then I[φ] is an open bounded subset of Rn of class C m,λ (cf. Lanza de Cristoforis and Rossi [20, §2]). In the sequel, φ(∂Ω) plays the role of the support of integration of our layer potentials. We now observe that we can identify C with the subalgebra of H consisting of the quaternions z = z0 + iz1 , with z0 , z1 ∈ R. Then for each k, n ∈ N, k ≥ 1, n ≥ 2, we set C(k, n) ≡ {a = (aα )α∈N (k,n) ∈ H(k, n) : aα ∈ C ∀α ∈ N (k, n)} and EC (k, n) ≡ EH (k, n) ∩ C(k, n) . One verifies that C(k, n) is a finite dimensional complex vector space and EC (k, n) is an open subset of C(k, n). Also, the operator L[a] is an elliptic partial differential operator of order k with complex constant coefficients for all a ∈ EC (k, n). Then, as an immediate consequence of Theorem 3.1 we have the following. Proposition 7.1. Let k, n ∈ N, k ≥ 1, n ≥ 2. Let S be the function in Theorem 5.5. Let SC be the restriction of S to EC (k, n) × (Rn \ {0}). Then SC is real analytic from EC (k, n) × (Rn \ {0}) to C and SC (a, ·) is a fundamental solution of L[a] for all a ∈ EC (k, n). Also, we denote by E˜C (k, n) the open subset of EC (k, n) defined by  X  α ˜ EC (k, n) ≡ a = (aα )α∈N (k,n) ∈ EC (k, n) : Sc aα ξ >0



 ∀ξ ∈ ∂Bn .



|α|=k



Note that E˜C (k, n) is non-empty if and only if k is even. We now restrict to consider the case of k = 2. If a ∈ E˜C (2, n) then we denote by a(2) the n × n complex (2) matrix with entries aij ≡ (1 + δij )aei +ej /2 for all i, j ∈ {1, . . . , n} where {e1 , . . . , en } denotes the canonical 12



(1)



basis of Rn and where δij ≡ 1 if i = j and δij ≡ 0 if i 6= j. Also, a(1) ∈ Cn is defined by ai ≡ aei for all i ∈ {1, . . . , n}. For all functions µ from ∂Ω to C and φ ∈ A∂Ω ∩ C m,λ (∂Ω, Rn ), one can consider the function µ ◦ φ(−1) defined on φ(∂Ω). Thus it makes sense to define the single layer potential Z v[a, φ, µ](x) ≡ SC (a, x − y)µ ◦ φ(−1) (y) dσy ∀x ∈ Rn , φ(∂Ω)



and the function V [a, φ, µ](ξ) ≡ v[a, φ, µ] ◦ φ(ξ)



∀ξ ∈ ∂Ω



(36)



for all (a, φ, µ) ∈ E˜C (2, n)×(A∂Ω ∩C (∂Ω, R ))×C (∂Ω, C). In order to write the solutions of the basic boundary value problems for the operator L[a] in terms of layer potentials, it is also convenient to consider first order derivatives of the single layer potential, the conormal derivative of the single layer potential, and the corresponding double layer potential. Therefore, we introduce the functions from ∂Ω to C defined by Z Vl [a, φ, µ](ξ) ≡ (∂xl SC )(a, φ(ξ) − y)µ ◦ φ(−1) (y) dσy ∀ξ ∈ ∂Ω , (37) φ(∂Ω) Z V∗ [a, φ, µ](ξ) ≡ [(∂x SC )(a, φ(ξ) − y)]T a(2) νφ (φ(ξ))µ ◦ φ(−1) (y)dσy ∀ξ ∈ ∂Ω , (38) m,λ



n



m−1,λ



φ(∂Ω)



for all (a, φ, µ) ∈ E˜C (2, n) × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m,λ (∂Ω) and for all l ∈ {1, . . . , n}, and by Z W [a, φ, µ](ξ) ≡ − [(∂x SC )(a, φ(ξ) − y)]T a(2) νφ (y)µ ◦ φ(−1) (y)dσy φ(∂Ω) Z − SC (a, φ(ξ) − y)νφT (y)a(1) µ ◦ φ(−1) (y)dσy ∀ξ ∈ ∂Ω ,



(39)



φ(∂Ω)



for all (a, φ, µ) ∈ E˜C (2, n) × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω, C). Here νφ denotes the outer unit normal to φ(∂Ω) = ∂I[φ]. Then, as an immediate consequence of [21, Thm. 5.6] we have the following. Theorem 7.2. Let m, n ∈ N, m ≥ 1, n ≥ 2. Let λ ∈]0, 1[, and Ω be a bounded open subset of Rn of class C m,λ such that both Ω and Rn \ clΩ are connected. Then the following statements hold: (i) the map V [·, ·, ·] from E˜C (2, n) × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω, C) to C m,λ (∂Ω, C) is real analytic; (ii) the map Vl [·, ·, ·] from E˜C (2, n)×(A∂Ω ∩C m,λ (∂Ω, Rn ))×C m−1,λ (∂Ω, C) to C m−1,λ (∂Ω, C) is real analytic for all l ∈ {1, . . . , n}; (iii) the map V∗ [·, ·, ·] from E˜C (2, n)×(A∂Ω ∩C m,λ (∂Ω, Rn ))×C m−1,λ (∂Ω, C) to C m−1,λ (∂Ω, C) is real analytic; (iv) the map W [·, ·, ·] from E˜C (2, n) × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m,λ (∂Ω, C) to C m,λ (∂Ω, C) is real analytic. (See also the definitions in formulas (36)–(39)). We expect that the real analyticity of the functions V , Vl , V∗ , W stated in Theorem 7.2 can contribute to the study of perturbation problems for boundary value problems for the operator L[a], thus extending the results of Lanza de Cristoforis for the Laplace operator (cf., e.g., [17, 18]). Further investigations on this topic will be reported in forthcoming papers.
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