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A Formula for the General Solution of a Constant-coefficient Difference Equation D. A. WOLFRAM Department of Computer Science, The Australian National University, Canberra, ACT 0200, Australia



We give a formula for the general solution of a dth-order linear difference equation with constant coefficients in terms of one of the solutions of its associated homogeneous equation. The formula neither uses the roots of the characteristic equation nor their multiplicities. It can be readily generalized to the case where the domain of the difference equation is the real numbers, and the initial values are given by a function defined on the interval [0, d). In both cases, we express the general solution of the difference equation in terms of a single solution of its associated homogeneous equation at integer arguments. c 2000 Academic Press 



1. Constant-coefficient Difference Equations Usually, a dth-order linear difference equation with constant coefficients is defined as an equation of the form f (n) = r(n) +



X



ad−l f (n − l)



(1.1)



1≤l≤d



where f : Z → C is an unknown function and ad−l is a given constant coefficient, 1 ≤ l ≤ d, and a0 6= 0. The function r : Z → C is an arbitrary given function, and there are d arbitrary initial values at consecutive arguments, such as f (0), f (1), . . . , f (d − 1). 2. Solution We express f in terms of a function Fi on the integers whose initial values are n 0 if n 6= i Fi (n) = 1 if n = i where 0 ≤ i, n ≤ d − 1, and which satisfies the homogeneous form of equation (1.1): X f (n) = ad−l f (n − l) (2.1) 1≤l≤d



at integer arguments. Theorem 2.1. Equation (2.2) below gives the general solution of equation (1.1) for all n∈Z P P if n ≥ 0 0≤i
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P Proof. The sum 0≤i


is a particular solution of equation (1.1) when n ≥ 0. In this particular solution f (i) = 0 where 0 ≤ i < d. This convolution is the coefficient of the term in xn where n ≥ d of the product of two generating functions: X G1 (x) = Fd−1 (d − 1 + n)xn (2.3) n≥0



and G2 (x) =



X



r(n)xn .



(2.4)



n≥d



We can verify that X



f (n)xn = G1 (x)G2 (x)



n≥0



where f is this particular solution P of equation (1.1) as required. Similarly, we can show that − 1≤i≤−n r(n+d+i−1)Fd−1 (−i) is a particular solution of equation (1.1) when n ≤ 0. The result follows because it is the sum of the complementary solution and the particular solution when n ≥ 0, and when n ≤ 0. 2 The following lemma expresses the function Fi in terms of the single complementary solution Fd−1 . Lemma 2.2. Fi (n) =



X



ai−j Fd−1 (n − j − 1).



(2.5)



0≤j≤i



Proof. From equation (1.1), the ordinary generating function of Fi (n) is ! X ai−j xd−i+j i P G(Fi (n)) = x 1 + . 1 − 1≤l≤d ad−l xl



(2.6)



0≤j≤i



In particular, G(Fd−1 (n)) =



xd−1 1−



P



1≤l≤d



ad−l xl



.



(2.7)



From equations (2.6) and (2.7), we have X G(Fi (n)) = xi + ai−j xj+1 G(Fd−1 (n)) 0≤j≤i



i



=x +



X



ai−j G(Fd−1 (n − j − 1)) −



0≤j≤i



=



X



0≤j≤i



ai−j G(Fd−1 (n − j − 1))



X



0≤j≤i



ai−j



X



0≤l≤j



xl Fd−1 (l − j − 1)
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as required. The last step uses xi =



X



ai−j



0≤j≤i



X



xl Fd−1 (l − j − 1)



0≤l≤j



which can be shown by changing the order of summations on the right side and using the definition of Fd−1 . There is a similar proof for the case when n < 0. 2



Corollary 2.3. F0 (n) = a0 Fd−1 (n − 1). We now use Lemma 2.2 and Corollary 2.3 to express the general solution of equation (1.1) in terms of F0 , or Fd−1 . Let X X s1 = f (i) ai−j F0 (n − j) 0≤i


0≤j≤i



and s2 =



X



0≤i


f (i)



X



ai−j Fd−1 (n − j − 1).



0≤j≤i



We have f (n) =



(



1 a0 1 a0



 P s1 + 0≤i≤n−d r(n − i)F0 (d + i)  P s1 − 1≤i≤−n r(n + d + i − 1)F0 (1 − i)



if n ≥ 0 if n ≤ 0



(2.8)



and f (n) =







P s2 + P0≤i≤n−d r(n − i)Fd−1 (d − 1 + i) s2 − 1≤i≤−n r(n + d + i − 1)Fd−1 (−i)



if n ≥ 0 if n ≤ 0.



(2.9)



By using equations (2.8) and (2.9), we can find the value of f for any n ∈ Z merely from the initial values, the function r, and the values of F0 , or Fd−1 at integer arguments. Any applicable method can be used to solve equation (2.1) for F0 or Fd−1 . If we use the method involving exponential generating functions and the Laplace transform (Doetsch, 1974), the initial values of Fd−1 result in a simpler solution than for the other Fi . The transform of the associated differential equation for Fd−1 is the reciprocal of the characteristic polynomial of equation (2.1).



3. A Generalization We consider the generalization of finding a formula for the function f : R → C which satisfies equation (1.1) for all x ∈ R. In this case, r : R → C is an arbitrary given function, and g : [0, d) → C is a given initial function that is equal to f over this interval. Given an initial function g whose domain is the interval [0, d), we can compute every value of the function f (x) where x ∈ R. Equation (2.8) becomes (  P 1 s0 + r(n +  − i)F0 (d + i) if n ≥ 0  f (n + ) = a10 10 P0≤i≤n−d (3.1) s − r(n +  + d + i − 1)F (1 − i) if n≤0 0 1 1≤i≤−n a0 P P where  ∈ [0, 1) and s01 = 0≤i
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Similarly, equation (2.9) has the following generalization  0 P s2 + P0≤i≤n−d r(n +  − i)Fd−1 (d − 1 + i) if n ≥ 0 f (n + ) = s02 − 1≤i≤−n r(n +  + d + i − 1)Fd−1 (−i) if n ≤ 0 P P where  ∈ [0, 1) and s02 = 0≤i


(3.2)



3.1. related generalizations Kuczma et al. (1990, Section 3.1) discuss finding continuous solutions of linear equations of order 1 in the general setting of iterative functional equations. The dth-order linear equation is discussed in Section 6.7. They describe a method that can sometimes reduce it to a system of d linear equations of order 1. Milne-Thomson (1933, Section 13.1) presents a method for finding the general solution of equation (1.1) when its domain is C and an initial function is not defined. This method solves a different problem than the one we consider. The method uses periodic functions, the roots of the characteristic equation associated with equation (1.1), and their multiplicities. To apply it in our context, we would need to find these three things first. Determining the periodic functions can be done by a method that is closely related to one for finding the coefficients of the complementary solution in the discrete case. Instead, we have given a formula for the general solution of the difference equation (1.1) when its domain is R. This formula uses an initial function directly, and does not use periodic functions or the roots of the characteristic equation. References Doetsch, G. (1974). Introduction to the Theory and Application of the Laplace Transformation, Berlin, Springer. Kuczma, M., Choczewski, B., Ger, R. (1990). Iterative functional equations, Encyclopedia of Mathematics and its Applications, volume 32. Cambridge, Cambridge University Press. Milne-Thomson, L. M. (1933). The Calculus of Finite Differences, New York, Macmillan.



Originally Received 16 April 1998 Accepted 28 June 1999



























[image: A Formula for the General Solution of a Difference ...]
A Formula for the General Solution of a Difference ...












[image: A mathematical model for cooling and rapid ... - Science Direct]
A mathematical model for cooling and rapid ... - Science Direct












[image: The Solution of Linear Difference Models under Rational ...]
The Solution of Linear Difference Models under Rational ...












[image: Student and Preceptor Perceptions of Factors in a ... - Science Direct]
Student and Preceptor Perceptions of Factors in a ... - Science Direct












[image: A solution to Karttunen's Problem1 - General Guide To Personal and ...]
A solution to Karttunen's Problem1 - General Guide To Personal and ...












[image: A General Solution to King Solomon's Dilemma* Motty ...]
A General Solution to King Solomon's Dilemma* Motty ...












[image: A solution to Karttunen's Problem1 - General Guide To Personal and ...]
A solution to Karttunen's Problem1 - General Guide To Personal and ...












[image: Two kinds of potential difference for a capacitor]
Two kinds of potential difference for a capacitor












[image: See the Difference: Direct Pre-Image Reconstruction ...]
See the Difference: Direct Pre-Image Reconstruction ...












[image: See the Difference: Direct Pre-Image Reconstruction ...]
See the Difference: Direct Pre-Image Reconstruction ...












[image: Testing substitutability - Science Direct]
Testing substitutability - Science Direct












[image: Leadership training - Science Direct]
Leadership training - Science Direct












[image: short chain - a solution for current capitalization of ...]
short chain - a solution for current capitalization of ...















A Formula for the General Solution of a Difference ... - Science Direct






We give a formula for the general solution of a dth-order linear difference equation with constant coefficients in terms of one of the solutions of its associated ... 






 Download PDF 



















 176KB Sizes
 0 Downloads
 154 Views








 Report























Recommend Documents







[image: alt]





A Formula for the General Solution of a Difference ... 

J. Symbolic Computation (2000) 29, 79â€“82. A Formula for the General Solution of a. Constant-coefficient Difference Equation. D. A. WOLFRAM. Department of ...














[image: alt]





A mathematical model for cooling and rapid ... - Science Direct 

a completely solidified state as solid metal powder particles. Larger droplets contain a higher amount of thermal energy and impact during the state of phase ...














[image: alt]





The Solution of Linear Difference Models under Rational ... 

We use information technology and tools to increase productivity and facilitate new forms. of scholarship. For more information about JSTOR, please contact ...














[image: alt]





Student and Preceptor Perceptions of Factors in a ... - Science Direct 

programs to promote a positive teaching and learning .... major source of satisfaction for many nurses. .... (SPSS, Inc, Chicago, IL) computer program (Burns &.














[image: alt]





A solution to Karttunen's Problem1 - General Guide To Personal and ... 

Dowell, Daniel Drucker, Vera Flocke, Irene Heim, Matthias Jenny, Angelika Kratzer, Daniel Lassiter, Rose Lene- han, Sarah Murray, Dilip Ninan, Jacopo Romoli, ...














[image: alt]





A General Solution to King Solomon's Dilemma* Motty ... 

edge support from the U.S.-Israel Binational Science Foundation (Grant ... Ma (1989) provide a strikingly simple and elegant solution to Solomon's dilemma for ..... Working Paper TE/91/235, London School of Economics and Political Science.














[image: alt]





A solution to Karttunen's Problem1 - General Guide To Personal and ... 

I call Support, can explain the more familiar generalization that 'must'-claims are felicitous only if the ... ity, the New York Philosophy of Language Workshop, ArchÃ©, and Hampshire College; to reviewers for Sinn und. Bedeutung ... once we have Sup














[image: alt]





Two kinds of potential difference for a capacitor 

Sep 19, 2007 - this in the experiments performed for determination of charge and mass ... tween the two poles of the battery that has charged the capacitor.














[image: alt]





See the Difference: Direct Pre-Image Reconstruction ... 

Wei-Chen Chiu and Mario Fritz. Max Planck Institute for Informatics, SaarbrÃ¼cken, Germany. {walon, mfritz}@mpi-inf.mpg.de. Motivation. â€¢HOG descriptor [3] has ...














[image: alt]





See the Difference: Direct Pre-Image Reconstruction ... 

â€¢We realize that the associated feature computation of HOG is piecewise differentiable and ... Visualizing Object Detection Features. In CVPR, 2013. ... histogram binning as spatial filtering. HOG vector v. [v1,v2,v3,v4,v5,v6,Â·Â·Â·] v. / kvk+âˆˆ c














[image: alt]





Testing substitutability - Science Direct 

a Graduate School of Business, Stanford University, United States b McCormick School of ... Available online 2 December 2011. JEL classification: C62. C78.














[image: alt]





Leadership training - Science Direct 

system that could remain chaotic for many years to come; the emerg- ence of new trading blocs; and global competition. But I would like to discuss another challenge of ... others, will have to make room for women, even if it has to effect a radical c














[image: alt]





short chain - a solution for current capitalization of ... 

Vegetables market is one of the most important sectors of the global economy is an area characterized by multiple contradictions. According to contract concluded with MARD ICEADR runs from 2015- 2018, ADER project. 16.1.2 - "Models of development of 


























×
Report A Formula for the General Solution of a Difference ... - Science Direct





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















