









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













A mean-field model in Quantum Electrodynamics Julien Sabin (Universit´e de Cergy-Pontoise) [email protected]



CERMICS – May 5, 2011



Julien Sabin (Cergy-Pontoise)



A mean-field model in QED



CERMICS – May 5, 2011



1 / 17



Outline



History: – QED = Dirac, Dyson, Feynman, Schwinger... – Mean-Field = Chaix, Iracane, Lions (1989), Bach, Barbaroux, Helffer, Siedentop (1999). – Model here = Hainzl, Lewin, S´er´e, Solovej (2005–2009) Quantum Physics, Many-Body, Relativistic model right physical context = QED (difficult). Mean-Field (Hartree-Fock) approximation. Existence of ground states for resulting model.
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One-Body Quantum Mechanics I Quantum particle described by C-Hilbert (H, h·, ·i) = {states} + ψ ∈ H, kψk = 1 : wave function. Example: Hydrogen Atom, H = L2 (R3 , C), wave Rfunction squared represents presence probability density of electron ( R3 |ψ|2 = 1). Postulate: physical measurable quantities a ↔ operators A on H, Mean value of a for ψ := hAψ, ψi.



Example: – Position X : ψ(x) 7→ xψ(x) b b – Impulsion P : ψ(p) 7→ p ψ(p). Note P = −i ∇. 1 – Energy H : ψ(x) 7→ − 2m ∆ψ(x) + V (x)ψ(x). E.g. V (x) = −Z |x|−1 (H=Hamiltonian of system). Ground State = ψ0 s.t. hHψ0 , ψ0 i = inf kψk=1 hHψ, ψi = inf Spec(H). Julien Sabin (Cergy-Pontoise)
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One-Body Quantum Mechanics II



0 0



Spec(−∆) Spec(−∆ + V )



Spectrum of Hamiltonian of single free particle VS single particle confined in potential V .
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Many-Body Quantum Mechanics N particles of same kind → HN = H ⊗ · · · ⊗ H (N times). Example: H = L2 (R3 ) ⇒ HN ≃ L2 (R3N )



Definition Fermions = indistinguishable particles with ψ s. t. ψ(x1 , . . . , xj , . . . , xi , . . . , xN ) = −ψ(x1 , . . . , xi , . . . , xj , . . . , xN ). Example: ψ(x1 , . . . , xN ) = ψ1 ∧ · · · ∧ ψN (x1 , . . . , xN ) = det (ψi (xj ))16i ,j6N . Csq: Pauli Principle → no fermions with ψi = ψj .



N-body Hamiltonian HN =



N „ X i =1



−



« 1 ∆xi + V (xi ) + 2mi



X



16i 


1 |xi − xj |



on



L2 (R3N )



Existence of ground-state (lowest energy state) for H N ? → difficult Julien Sabin (Cergy-Pontoise)
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Non-Relativistic Hartree-Fock Theory Minimisation of ψ 7→ hH N ψ, ψi over all fermionic ψ ∈ L2 (R3N ) difficult. Hartree-Fock approximation = restriction to ψ s.t. ψ = ψ1 ∧ · · · ∧ ψN , hψi , ψj iL2 = δij ∀1 6 i , j 6 N. For such ψ, hH N ψ, ψi takes the form



Hartree-Fock energy ZZ ZZ Z ργ (x)ργ (y ) |γ(x, y )|2 1 1 1 Tr ((−∆)γ) + ργ V + dxdy − dxdy , 2 2 |x − y | 2 |x − y | P P where γ(x, y ) = Ni=1 ψi (x)ψi (y ) and ργ (x) = γ(x, x) = Ni=1 |ψi (x)|2 . E (γ) =



2 3 N Rmk: ◮ γ = operator `√on L (R √ ) with ´ kernel γ(x, y ) = orthogonal proj. on span(ψi )i =1 . ◮ Tr ((−∆)γ) := Tr −∆γ −∆ . ◮ Blue term = exchange term (non convex), neglected from now on



(→reduced model).



Interest: ψ ∈ L2 (R3N ) γ : L2 (R3 ) → L2 (R3 ), Tr(γ) = N (easier numerically) + N = ∞ allowed. Julien Sabin (Cergy-Pontoise)
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Relativistic Quantum Mechanics ◮ Heavy atoms: necessary to take relativistic effects into account (e.g. if not, gold would have the same colour as silver). ◮ How? → Replace −∆/(2m) by Dirac op. D. Free (no potential V ) electron: Non Relativistic Classical Quantum



E=



p 2 /(2m)



Relativistic E2



= c 2 p 2 + m2 c 4



D 2 = −c 2 ∆ + m2 c 4



H = −∆/(2m)



Dirac Operator D=



3 X k=1



−icαk ∂k + βmc 2



on



L2 (R3 , C4 ),



where, αk , β are 4 × 4 Hermitian matrices (Pauli matrices). Julien Sabin (Cergy-Pontoise)
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Difficulties of Many-Body Relativistic models Spectrum of the Dirac Operator Spec(D) = (−∞, −mc 2 ] ∪ [mc 2 , +∞) −mc 2



0



mc 2



−mc 2



0



mc 2



Spec(D)



Spec(D + V )



◮ In general, energy not bounded below (even for one particle models). ◮ (Physical) Meaning of negative kinetic energy states? 0



Spec(Dx + Dy + |x − y |−1 )



◮ With interaction between particles, existence of eigenvalues not known. Julien Sabin (Cergy-Pontoise)
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Dirac Interpretation Dirac’s Idea All the negative energy states are already occupied by “virtual” particles with a charge distribution invisible to us because of its uniformity ⇒ the vacuum is not empty, it is composed of infinitely many charged particles. Csq: Real particles cannot have negative kinetic energy by Pauli Principle.



Physical predictions E > 2mc 2 −mc 2



Vacuum Polarisation



mc 2



Electron-Positron Pair Creation



Drawback: infinite number of particles to deal with. Goal: To build a model implementing Dirac’s interpretation Julien Sabin (Cergy-Pontoise)
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Relativistic Hartree-Fock Theory Building Relativistic HF Theory from Non-Relativistic HF Theory: NRHF



RHF (formal)



Hilbert H



L2 (R3 , C)



L2 (R3 , C4 )



Variable



γ = γ 2 = γ ∗ , Tr(γ)



γ = γ 2 = γ ∗ , Tr(γ)=∞



Convex Hull



0 6 γ 6 1, Tr(γ)


0 6 γ 6 1, Tr(γ)=∞



Energy +



R



ργ V +



1 2



RR



ργ (x)ργ (y) |x−y|



dxdy



+



R



ERV (γ) = Tr (Dγ)



ργ V +



1 2



RR



ργ (x)ργ (y) |x−y|



dxdy



Rmk: ERV (γ − 1/2) exactly the energy derived from QED Hamiltonian evaluated on quasi-free states on fermionic Fock space. Problem: ERV (γ − 1/2) strongly ill-defined & “∀γ, ERV (γ) = −∞”.



Idea [HLSo]: Substract formally (infinite) energy of minimizer for ER0 (:= free vacuum). Julien Sabin (Cergy-Pontoise)
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The Free Vacuum P 0 Goal: To find reference state representing free vacuum, i.e. minimizer for ER0 (γ



1 − 1/2) = Tr(D(γ − 1/2)) + 2



Three crucial facts: R RR ρ(x)ρ(y ) |x−y | dxdy = 4π inf {Tr(Aγ),



|b ρ(k)|2 dk |k|2



ZZ



ργ−1/2 (x)ργ−1/2 (y ) dxdy . |x − y |



= D(ρ, ρ) > 0.



0 6 γ 6 1} = Tr(Aχ(−∞,0] (A)).



Note P 0 = χ(−∞,0] (D), then ρP 0 −1/2 ≡ 0.



=⇒ P 0 − 1/2 formal minimizer for ER0 since ∀γ,



ER0 (γ − 1/2) − ER0 (P 0 − 1/2) = Tr(D(γ − P 0 )) + D(ργ−1/2 , ργ−1/2 ) > 0.



Rmk: – Full model → free vacuum not P 0 but P 0 = χ(−∞,0] (D 0 + VP 0 ). – Can be rigorously justified by a thermodynamic limit [HLSo]. Julien Sabin (Cergy-Pontoise)
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Bogoliubov-Dirac-Fock Energy Choose V = −ν ⋆ | · |−1 with ν density of charge (e.g. ν > 0, ν ∈ L1 or ν = Z δ0 for a punctual charge).



BDF Energy EνBDF (Q) = “ERV (γ − 1/2) − ER0 (P 0 − 1/2)” ZZ ZZ ρQ (x)ν(y ) 1 ρQ (x)ρQ (y ) = Tr(DQ) − dxdy + dxdy , |x − y | 2 |x − y | with Q = γ − P 0 , 0 6 γ 6 1, and P 0 = χ(−∞,0] (D). Rmk: EνBDF (Q) = Tr(DQ) + 21 D(ρQ − ν, ρQ − ν) − 12 D(ν, ν) > − 21 D(ν, ν). If D(ρQ , ρQ ) neglected, process ⇔ normal ordering [BBHS]. Can be rigorously justified by a thermodynamic limit [HLSo]. Problem: inf −P 0 6Q61−P 0 EνBDF (Q) = − 21 D(ν, ν) [HLS´ e] ⇒ No minimizer if ν 6= 0 since it would verify Q = 0, ρQ = ν. Solution: Introduce an ultraviolet cutoff Λ. Julien Sabin (Cergy-Pontoise)
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Functional Setting Recall Sp (H) = {A : H → H, Tr(|A|p ) < ∞},



|A| :=



√



A∗ A.



Necessity of an ultraviolet cut-off Λ: HΛ := {ϕ ∈ L2 (R3 , C4 ), supp(ϕ) b ⊂ B(0, Λ)},



Problem: Minimizer ∈ / S1 (HΛ ). → Relaxed notion of trace = “P 0 -trace”.



Q−− := P 0 QP 0 , Q++ := (1 − P 0 )Q(1 − P 0 ), 0 SP1 (HΛ ) := {Q ∈ S2 (HΛ ), Q++ , Q−− ∈ S1 (HΛ )} ⊃ S1 (HΛ ), 0



TrP 0 (Q) := Tr(Q++ + Q−− ) for Q ∈ SP1 (HΛ ) (= Tr(Q) if Q ∈ S1 ) → Replace Tr(DQ) by TrP 0 (DQ) in EνBDF (Q),



Minimisation set of the BDF Energy n 0 K = Q ∈ SP1 (HΛ ),



Q = Q ∗,



o −P 0 6 Q 6 1 − P 0 .



Difficulty: Space of infinite rank operators, non-linear and possibly non-convex model. Julien Sabin (Cergy-Pontoise)



A mean-field model in QED



CERMICS – May 5, 2011



13 / 17



Global Minimisation of the BDF Energy: Polarized Vacuum Theorem (Hainzl, Lewin, S´er´e - 2005) The BDF energy EνBDF is strongly continuous, bounded below, and coercive on K.



If ν = 0, Q = 0 (ie γ = P 0 ) is the unique minimizer (free vacuum).



If ν 6= 0, there exists a minimizer, not necessarily unique ( polarized vacuum). Rmk: When exchange term not neglected, same result but proof more involved. In this case, minimizer unique satisfying the self-consistent equation ( γ = χ(−∞,0] (Dγ ), ) 1 − (γ−1/2)(x,y . Dγ = D + (ργ−1/2 − ν) ⋆ |·| |x−y | R Pb: Polarization not yet quantized: ρQ 6= 0? ρQ ? Julien Sabin (Cergy-Pontoise)
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Minimisation of the BDF energy on charge sectors: Atoms & Molecules Define K(N) = {Q ∈ K,



TrP 0 (Q) = N} (Charge Sectors) and E ν (N) =



inf



Q∈K(N)



EνBDF (Q) .



Theorem (Binding Condition & Existence of a BDF Minimizer) The two following assertions are equivalent: 1 2



E ν (N) < inf{E ν (N − K ) + E 0 (K ),



E ν (N)



K 6= 0},



Each minimizing sequence for is precompact in K and converges, up to a subsequence, to a minimizer of E ν (N).



Rmk: – Difficult because K(N) is not weakly closed: the limit of a minimizing sequence could lose charge. Idea of the proof: “concentration-compactness” type by localizing infinite rank operators. – Usual condition in many-body theories (e.g. HVZ Theorem). – Interpretation: electron = minimizer for E ν (1). – Two situations where (1) holds: weak coupling (α ≪ 1) and non-relativistic limit (c ≫ 1). Julien Sabin (Cergy-Pontoise)
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Perspectives



Removing the cut-off Λ → Charge Renormalization. Behaviour of ρQ : Study of Vacuum Polarization. Study of Electron/Positron Pair Creation: is the polarized vacuum “charged” when ν is strong? Crystals with defects (Canc`es, Deleurence, Lewin – 2008).
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