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Abstract The singular stress, electric ﬁelds and magnetic ﬁelds in a rectangular magnetoelectroelastic body containing a moving crack under longitudinal shear are obtained. Fourier transforms and Fourier sine series are used to reduce the mixed boundary value problems of the crack, which is assumed to be permeable or impermeable, to dual integral equations, and then expressed in terms of Fredholm integral equations of the second kind. Results show that the stress intensity factors are inﬂuenced by the material constants, the geometry size ratio and the velocity of the crack, and the propagation of the crack possibly brings about branching phenomena. Ó 2006 Elsevier Ltd. All rights reserved. Keywords: Moving crack; Rectangular magnetoelectroelastic body; Longitudinal shear; Integral equation; Branch phenomena



1. Introduction Composites made of piezoelectric/piezomagnetic materials exhibit magnetoelectric eﬀects that are not present in single-phase piezoelectric or piezomagnetic materials. Consequently, they are extensively used as electric packaging, sensors and actuators, e.g., magnetic ﬁeld probes, acoustic/ultrasonic devices, hydrophones, and transducers with the responsibility of electromagnetomechanical energy conversion [1,2]. Studies of the properties of piezoelectric/piezomagnetic composites have been carried out by numerous investigators in recent years [3–8]. When subjected to mechanical, magnetic and electrical loads in service, these materials can fail due to some defects, e.g., cracks, holes, etc. arising during their manufacturing process. Therefore, there is a growing interest among researchers in solving fracture mechanics problems in media possessing coupled piezoelectric, piezomagnetic and magnetoelectric eﬀects, that is, magnetoelectroelastic eﬀects. Recently, Song and Sih [9] investigated crack initiation behavior in a magnetoelectroelastic composite under in-plane deformation. Gao et al. [10] presented an exact treatment of crack problems in a magnetoelectroelastic solid subjected to far-ﬁeld loadings. Wang and Mai [11] obtained the general two-dimensional solutions to the magnetoelectroelastic problem of a crack via the extended Stroh formalism. The same authors [12] also considered mode III *
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Nomenclature rij stress Di electrical displacement Bi magnetic induction fj body force fe electric charge density fm electric current density q mass density uj displacement vector cks strain Es electric ﬁeld Hs magnetic ﬁeld cijks elastic constants eiks piezoelectric constants hiks piezomagnetic constants bis electromagnetic constants kis dielectric permitivities 2is magnetic permeabilities / electric potential u magnetic potential (x, y, z) Cartesian coordinate system (X, Y, Z) ﬁxed coordinate system $2 = o2/ox2 + o2/oy2 two-dimensional Laplace operator in the variables x and y C speed of the magnetoelectroelastic shear wave l magnetoelectroelastic constant 2c length of crack v constant speed 2b width of the magnetoelectroelastic body 2h height of the magnetoelectroelastic body P0 uniform stress D0 uniform electrical displacement B0 uniform magnetic induction c0 uniform strain E0 uniform electric ﬁeld H0 uniform magnetic ﬁeld J0( ) zero order Bessel function of the ﬁrst kind I 0( ) modiﬁed zero order Bessel function of the ﬁrst kind KT(v) dynamic stress intensity factor (DSIF) KD(v) dynamic electric displacement intensity factor (DEDIF) KB(v) dynamic magnetic induction intensity factor (DMIIF) (r1, h1) polar coordinate system M Mach number Mc critical Mach number



crack problems in an inﬁnite magnetoelectroelastic medium using a complex variable technique. The dynamic behavior of two collinear interface cracks in magnetoelectroelastic materials under harmonic anti-plane shear wave loading was studied by Zhou et al. [13]. Qin [14] derived two-dimensional Green’s functions of defective magnetoelectroelastic solids under thermal loading, which can be used to establish boundary formulations and to analyze relevant fracture problems. Li [15] performed transient analysis of a cracked magnetoelectroelastic
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medium under anti-plane mechanical and in-plane electric and magnetic impacts. The volume fraction eﬀect of a magnetoelectroelastic composite on enhancement and impediment of crack growth was determined in [16]. The moving crack problem in an inﬁnite magnetoelectroelastic material under longitudinal shear was studied by Hu and Li [17]. However, the moving crack problem in a rectangular magnetoelectroelastic body, rather than an inﬁnite body, can more accurately reﬂect the reality as most engineering structures are in ﬁnite dimension. To the authors’ knowledge, such problems have not yet been reported in the literature. That is the motivation of this work. The objective of this paper is to seek the solution of the moving crack problem in a rectangular magnetoelectroelastic body under longitudinal shear. Fourier transforms and Fourier series are used to reduce the problem to the solution of dual integral equations. The solution of the dual integral equations is then expressed in terms of Fredholm integral equations of the second kind, and the series form solution of the integral equation is given. Explicit expressions of ﬁeld variables and the ﬁeld intensity factors are obtained, and results show that the corresponding ﬁeld intensity factors are inﬂuenced by the material constants, the geometry size ratio and the velocity of the crack. It can be demonstrated that problems of an inﬁnite magnetoelectroelastic material or of a magnetoelectroelastic strip containing a central crack under longitudinal shear are special cases of the general solution in this article. 2. Basic equations for magnetoelectroelastic media We consider a linear magnetoelectroelastic solid and denote the rectangular coordinates of a point by xj (j = 1, 2, 3). The equilibrium equations are given as follows [5]: rij;i þ fj ¼ q



o2 uj ; ot2



Di;i  fe ¼ 0;



Bi;i  fm ¼ 0



ð1Þ



where rij, Di and Bi are components of stress, electrical displacement and magnetic induction, respectively; fj, fe and fm are the body force, electric charge density, and electric current density, respectively; q is the mass density of the magnetoelectroelastic material; uj is the displacement vector; a comma followed by i (i = 1, 2, 3) denotes partial diﬀerentiation with respect to the coordinate xi, and the usual summation convention over repeated indices is applied. The constitutive equations can be written as rij ¼ cijks cks  esij Es  hsij H s Di ¼ eiks cks þ kis Es þ bis H s Bi ¼ hiks cks þ bis Es þ 2is H s



ð2Þ



where cks, Es and Hs are components of strain, electric ﬁeld and magnetic ﬁeld, respectively; cijks, eiks, hiks and bis are elastic, piezoelectric, piezomagnetic and electromagnetic constants, respectively; kis and 2is are dielectric permitivities and magnetic permeabilities, respectively. The following reciprocal symmetries hold: cijks ¼ cjiks ¼ cijsk ¼ cksij ; esij ¼ esji ; hsij ¼ hsji ; bij ¼ bji ; kij ¼ kji ; 2ij ¼ 2ji



ð3Þ



Gradient equations are 1 cij ¼ ðui;j þ uj;i Þ; 2



Ei ¼ /;i ;



H i ¼ u;i



ð4Þ



where / and u are electric potential and magnetic potential, respectively. The governing equations simplify considerably if we consider only the out-of-plane displacement, the inplane electric ﬁelds and in-plane magnetic ﬁelds, i.e., u1 ¼ u2 ¼ 0;



u3 ¼ wðX ; Y Þ



E1 ¼ EX ðX ; Y Þ; E2 ¼ EY ðX ; Y Þ; E3 ¼ 0 H 1 ¼ H X ðX ; Y Þ; H 2 ¼ H Y ðX ; Y Þ; H 3 ¼ 0



ð5Þ ð6Þ ð7Þ
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The constitutive equations for anti-plane magnetoelectroelastic material take the form of [17] 0 1 0 10 ow 1 0 1 0 10 ow 1 rZY c44 rZX c44 e15 h15 e15 h15 oY oX B C B CB o/ C B C B CB o/ C @ DY A ¼ @ e15 k11 b11 A@ oY A; @ DX A ¼ @ e15 k11 b11 A@ oX A ou ou BY h15 b11 211 BX h15 b11 211 oY oX



ð8Þ



In this case, if there is no body force, electric charge density and electric current density, the governing equations (1) simplify to c44 r2 w þ e15 r2 / þ h15 r2 u ¼ q



o2 w ot2



ð9Þ



e15 r2 w  k11 r2 /  b15 r2 u ¼ 0 h15 r2 w  b11 r2 /  211 r2 u ¼ 0 where $2 = o2/ox2 + o 2/oy2 is the two-dimensional Laplace operator in the variables x and y. Introducing two new functions U and W as U ¼ / þ m1  w;



W ¼ u þ m2  w



ð10Þ



where m1 ¼



b11 h15  211 e15 ; k11 211  b211



m2 ¼



b11 e15  k11 h15 k11 211  b211



ð11Þ



Eqs. (9) become r2 w ¼



1 o2 w ; C 2 ot2



r2 U ¼ 0;



r2 W ¼ 0



ð12Þ



211 e215 þ k11 h215  2b11 e15 h15 k11 211  b211



ð13Þ



where rﬃﬃﬃ l ; C¼ q



l ¼ c44 þ



C and l are the speed of the magnetoelectroelastic shear wave and the magnetoelectroelastic constant, respectively. 3. Problem statement and method of solution Consider a Griﬃth crack of ﬁnite length 2c moving at constant speed v in a rectangular magnetoelectroelastic body, which is subjected to mechanical, electrical and magnetic loadings as shown in Fig. 1. This type of crack is the so-called Yoﬀe-type moving crack which has been investigated by many researchers [17–26]. For convenience, let a Cartesian coordinate system (x, y, z) be attached to the moving crack and when t = 0 it coincides with the ﬁxed coordinate system (X, Y, Z). Since the problem is in a steady state, the Galilean transformation can be introduced, i.e., x ¼ X  vt;



y ¼ Y;



z¼Z



ð14Þ



With reference to the moving coordinates system, Eqs. (12) become independent of the time variable t and may be rewritten as k2



o2 wðx; yÞ o2 wðx; yÞ þ ¼ 0; ox2 oy 2



r2 Uðx; yÞ ¼ 0;



r2 Wðx; yÞ ¼ 0



ð15Þ



where k¼



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2 1  ðv=CÞ



ð16Þ
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Fig. 1. Moving crack in a rectangular magnetoelectroelastic body under mechanical, electrical and magnetic loads.



The poled magnetoelectroelastic body with z as the poling axis occupies the region (b 6 x 6 b, h 6 y 6 h), and is thick enough in the z-direction to allow a state of anti-plane shear. A crack of ﬁnite length 2c is situated along the plane (c < x < c, y = 0). Due to the assumed symmetry in geometry and loading, it is suﬃcient to consider the problem for 0 6 x 6 b, 0 6 y 6 h only. We consider eight possible cases of boundary conditions at the edges of the rectangular body: Case 1 : ryz ðx; hÞ ¼ P 0 ; Case 2 : cyz ðx; hÞ ¼ c0 ;



Dy ðx; hÞ ¼ D0 ; Ey ðx; hÞ ¼ E0 ;



By ðx; hÞ ¼ B0 By ðx; hÞ ¼ B0



ð17-1Þ ð17-2Þ



Case 3 : ryz ðx; hÞ ¼ P 0 ;



Ey ðx; hÞ ¼ E0 ;



By ðx; hÞ ¼ B0



ð17-3Þ



Case 4 : cyz ðx; hÞ ¼ c0 ;



Dy ðx; hÞ ¼ D0 ;



By ðx; hÞ ¼ B0



ð17-4Þ



Case 5 : ryz ðx; hÞ ¼ P 0 ; Case 6 : cyz ðx; hÞ ¼ c0 ;



Dy ðx; hÞ ¼ D0 ; Ey ðx; hÞ ¼ E0 ;



H y ðx; hÞ ¼ H 0 H y ðx; hÞ ¼ H 0



ð17-5Þ ð17-6Þ



Case 7 : ryz ðx; hÞ ¼ P 0 ;



Ey ðx; hÞ ¼ E0 ;



H y ðx; hÞ ¼ H 0



ð17-7Þ



Case 8 : cyz ðx; hÞ ¼ c0 ;



Dy ðx; hÞ ¼ D0 ;



H y ðx; hÞ ¼ H 0



ð17-8Þ



The mechanical conditions are rzy ðx; 0Þ ¼ 0



ð0 6 x < cÞ



wðx; 0Þ ¼ uz ðx; 0Þ ¼ 0 ðc 6 x < bÞ rzx ðb; yÞ ¼ 0 ð0 6 y < hÞ



ð18Þ ð19Þ



The electrical and magnetic conditions for the permeable crack case can be expressed as [10,17,27] Dy ðx; 0þ Þ ¼ Dy ðx; 0 Þ; Ex ðx; 0þ Þ ¼ Ex ðx; 0 Þ ð0 6 x < cÞ /ðx; 0Þ ¼ 0 ðc 6 x < 1Þ



ð20Þ



Dx ðb; yÞ ¼ 0



ð21Þ



ð0 6 y < hÞ



756



K.-Q. Hu et al. / Engineering Fracture Mechanics 74 (2007) 751–770



By ðx; 0þ Þ ¼ By ðx; 0 Þ; H x ðx; 0þ Þ ¼ H x ðx; 0 Þ uðx; 0Þ ¼ 0 ðc 6 x < 1Þ Bx ðb; yÞ ¼ 0



ð0 6 x < cÞ



ð0 6 y < hÞ



ð22Þ ð23Þ



and the corresponding electrical and magnetic conditions for the impermeable crack are [12] Dy ðx; 0Þ ¼ 0



ð0 6 x < cÞ



/ðx; 0Þ ¼ 0 ðc 6 x < bÞ



ð24Þ



By ðx; 0Þ ¼ 0 ð0 6 x < cÞ uðx; 0Þ ¼ 0 ðc 6 x < bÞ



ð25Þ



Fourier transforms and Fourier sine series [28,29] are applied to Eqs. (15), and we obtain the results as     Z 1 X 2 1 cosh½ksðh  yÞ bn x by cosðsxÞ ds þ wðx; yÞ ¼ A1 ðnÞ B1 ðnÞ cosh ð26Þ sin n þ a0 y p 0 coshðkshÞ kh h n¼0     Z 1 X 2 1 cosh½sðh  yÞ bx by cosðsxÞ ds þ Uðx; yÞ ¼ A2 ðsÞ B2 ðnÞ cosh n sin n  b0 y ð27Þ p 0 coshðshÞ h h n¼0     Z 1 X 2 1 cosh½sðh  yÞ bn x by cosðsxÞ ds þ Wðx; yÞ ¼ A3 ðsÞ B3 ðnÞ cosh ð28Þ sin n  c0 y p 0 coshðshÞ h h n¼0 where Ai(n), Bi(n) (i = 1, 2, 3) are the unknowns to be solved and a0, b0, c0 are real constants which can be obtained by considering the edge loading conditions at y = h as given in the appendix, and bn = (2n + 1)p/2. A simple calculation leads to the stress, electric displacement and magnetic induction expressions:   Z 2 1 cosh½ksðh  yÞ cosh½sðh  yÞ þ ½e15 A2 ðsÞ þ h15 A3 ðsÞ rzx ¼  s lA1 ðsÞ sinðsxÞ ds p 0 coshðkshÞ coshðshÞ         1 X bn l bn x bn x bn y B1 ðnÞ sinh þ ½e15 B2 ðnÞ þ h15 B3 ðnÞ sinh sin ð29Þ þ kh h h h k n¼0  Z 1  2 sinh½ksðh  yÞ sinh½sðh  yÞ þ ½e15 A2 ðsÞ þ h15 A3 ðsÞ s klA1 ðsÞ cosðsxÞ ds rzy ¼  p 0 coshðkshÞ coshðshÞ         1 X bn bn x bn x bn y lB1 ðnÞ cosh ð30Þ þ þ ½e15 B2 ðnÞ þ h15 B3 ðnÞ cosh cos þ d0 kh h h h n¼0 Z 2 1 cosh½sðh  yÞ sinðsxÞ ds Dx ¼ s½k11 A2 ðsÞ þ b11 A3 ðsÞ p 0 coshðshÞ     1 X bn bn x by  ½k11 B2 ðnÞ þ b11 B3 ðnÞ sinh sin n ð31Þ h h h n¼0 Z 2 1 sinh½sðh  yÞ cosðsxÞ ds s½k11 A2 ðsÞ þ b11 A3 ðsÞ Dy ¼ p 0 coshðshÞ     1 X bn bn x by  ½k11 B2 ðnÞ þ b11 B3 ðnÞ cosh ð32Þ cos n þ k11 b0 þ b11 c0 h h h n¼0 Z 2 1 cosh½sðh  yÞ sinðsxÞ ds s½b11 A2 ðsÞ þ 211 A3 ðsÞ Bx ¼ p 0 coshðshÞ     1 X bn bx by  ½b11 B2 ðnÞ þ 211 B3 ðnÞ sinh n sin n ð33Þ h h h n¼0 Z 2 1 sinh½sðh  yÞ cosðsxÞ ds s½b11 A2 ðsÞ þ 211 A3 ðsÞ By ¼ p 0 coshðshÞ     1 X bn bn x by  ½b11 B2 ðnÞ þ 211 B3 ðnÞ cosh ð34Þ cos n þ b11 b0 þ 211 c0 h h h n¼0
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where d 0 ¼ la0  e15 b0  h15 c0 ð35Þ Substituting Eqs. (29), (31) and (33) into (19), (21) and (23), respectively, we obtain the following relations: Z 1 4 s A1 ðsÞ sinðsbÞ ds ð36-1Þ B1 ðnÞ ¼ pkh sinhðbn b=khÞ 0 s2 þ ðbn =khÞ2 Z 1 4 s Bi ðnÞ ¼ Ai ðsÞ sinðsbÞ ði ¼ 2; 3Þ ð36-2Þ ph sinhðbn b=hÞ 0 s2 þ ðbn =hÞ2 3.1. Permeable case solution Satisfaction of the three mixed boundary conditions (20) and (22) for a permeable crack leads to the result Ai ðsÞ ¼ mi1 A1 ðsÞ ði ¼ 2; 3Þ



ð37Þ



From the conditions (18), and using Eqs. (26), (30) and (36)–(37), we obtain the pair of dual integral equations of the following form:    Z 1  l l s tanhðkshÞ þ 1  tanhðshÞ A1 ðsÞ cosðsxÞ ds c c44 0 ( 44   Z 1 1 p X bn bn x 4l sA1 ðsÞ sinðsbÞ cosh ds  2 n¼0 kh kh c44 pkh sinhðbn b=khÞ 0 s2 þ ðbn =khÞ2 )   Z 1 1 X bn bn x 4ðc44  lÞ sA1 ðsÞ sinðsbÞ pd 0 þ cosh ð0 6 x 6 cÞ ð38-1Þ ds ¼ 2 2 h c kh ph sinhðb b=hÞ 2c 44 44 k s þ ðbn =hÞ 0 n n¼0 Z 1 A1 ðsÞ cosðsxÞ d ¼ 0 ðc 6 x 6 bÞ ð38-2Þ 0



To solve Eqs. (38), let A1(s) be expressed in the following integral representation by a new function X(t): Z c A1 ðsÞ ¼ tXðtÞJ 0 ðstÞ dt ð39Þ 0



where J0( ) represents the zero order Bessel function of the ﬁrst kind. Upon substituting Eq. (39) into Eqs. (38), and considering the identical expressions [30,31],  1 Z 1 pﬃﬃﬃﬃﬃﬃﬃﬃ jxj < t t2 x2 J 0 ðstÞ cosðsxÞ ds ¼ ð40Þ 0 jxj > t Z0 1 s p J ðstÞ sinðsbÞ ds ¼ eðbn b=hÞ I 0 ðbn t=hÞ ð41Þ 2 0 2 2 s þ ðbn =hÞ 0 we ﬁnd that the auxiliary function X(t) should satisfy the Fredholm integral equation of the second kind in the form Z c pd 0 ð42Þ XðtÞ þ XðgÞ½K 1 ðt; gÞ þ K 2 ðt; gÞdg ¼ 2c 44 kN 0 where     Z g 1 l l ½tanhðshÞ  1 K 1 ðt; gÞ ¼ s ½tanhðkshÞ  1 þ 1  ð43Þ J 0 ðstÞJ 0 ðsgÞ ds N 0 c44 c44 k 1  gpbn X l eðbn b=khÞ I 0 ðbn g=khÞI 0 ðbn t=khÞ K 2 ðt; gÞ ¼ 2 Nkh n¼0 c44 k sinhðbn b=khÞ    l eðbn b=hÞ I 0 ðbn g=hÞI 0 ðbn t=hÞ ð44Þ þ 1 c44 sinhðbn b=hÞ c44 þ ðk  1Þl N¼ ð45Þ c44 k and I0( ) is the modiﬁed zero order Bessel function of the ﬁrst kind.
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Employing the following variables and functions to normalize the Fredholm integral equation of the second kind (42): g ¼ cH ;



s ¼ S=c; t ¼ cE pd 0 pd 0 NðEÞ; XðgÞ ¼ NðH Þ XðtÞ ¼ 2c44 kN 2c44 kN



ð46Þ ð47Þ



we obtain NðEÞ þ



Z



1



NðH Þ½L1 ðE; H Þ  L2 ðE; H Þ dH ¼ 1



ð48Þ



0



where          l kSh l Sh S tanh 1 þ 1  1 J 0 ðSEÞJ 0 ðSH Þ dS tanh c44 c c44 c 0 1  H pbn c2 X l eðbn b=khÞ L2 ðE; H Þ ¼ I 0 ðbn Hc=khÞI 0 ðbn Ec=khÞ 2 Nkh n¼0 c44 k sinhðbn b=khÞ    l eðbn b=hÞ þ 1 I 0 ðbn Hc=hÞI 0 ðbn Ec=hÞ c44 sinhðbn b=hÞ



H L1 ðE; H Þ ¼ N



Z



1







Substitution of Eqs. (46)–(47) into Eq. (39) gives Z 1 pd 0 c2 A1 ðsÞ ¼ ENðEÞJ 0 ðscEÞ dE 2c44 kN 0



ð49Þ



ð50Þ



ð51Þ



3.2. Impermeable case solution Using the mixed boundary conditions (18)–(19) and (24)–(25), we obtain the following simultaneous dual integral equations: Z 1 1 p X bn pT 1 B1 ðnÞ coshðbn x=khÞ ¼ ð0 6 x 6 cÞ sA1 ðsÞ tanhðkshÞ cosðsxÞ ds  2k n¼0 h 2 0 Z 1 A1 ðsÞ cosðsxÞ ds ¼ 0 ðc 6 x 6 bÞ ð52Þ 0 Z 1 1 pX bn pT i Bi ðnÞ coshðbn x=hÞ ¼ ði ¼ 2; 3; 0 6 x 6 cÞ sAi ðsÞ tanhðshÞ cosðsxÞ ds  2 h 2 0 n¼0 Z 1 Ai ðsÞ cosðsxÞ ds ¼ 0 ðc 6 x 6 bÞ ð53Þ 0



where T 1 ¼ a0 =k;



T 2 ¼ b0 ;



T 3 ¼ c0



ð54Þ



It is easily seen from Eqs. (53) and (54) that A3 ðsÞ ¼



c0 A2 ðsÞ b0



Substituting Eq. (55) into Eqs. (52)–(53) and letting Z pT i c2 1 Ai ðsÞ ¼ EPi ðEÞJ 0 ðscEÞ dE ði ¼ 1; 2Þ 2 0



ð55Þ



ð56Þ
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we ﬁnd that the auxiliary functions Pi(E) (i = 1, 2) are governed by the Fredholm integral equations in the form, Z 1 Pi ðEÞ þ Pi ðH Þ½F i1 ðE; H Þ  F i2 ðE; H Þ dH ¼ 1 ði ¼ 1; 2Þ ð57Þ 0



where F i1 ðE; H Þ ¼ H



Z



1



S½tanhðk i Sh=cÞ  1J 0 ðSEÞJ 0 ðSH Þ dS



ð58Þ



0



F i2 ðE; H Þ ¼



1 H pbn c2 X 2



ðk i hÞ



n¼0



eðbn b=ki hÞ I 0 ðbn Hc=k i hÞI 0 ðbn Ec=k i hÞ sinhðbn b=k i hÞ



ð59Þ



and  ki ¼



k



ði ¼ 1Þ



ð60Þ



1 ði ¼ 2Þ



4. Field intensity factors The singular parts of the stresses, the electric displacements and the magnetic inductions near the right crack tip in the permeable boundary case are   rﬃﬃﬃﬃ K T ðvÞ r1 cosð~ h1 =2Þ  q cosðh1 =2Þ rzy ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ ð1 þ qÞ ~r1 2pr1   rﬃﬃﬃﬃ T K ðvÞ ð1 þ qÞ r1 rzx ¼  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ ð61Þ sinð~ h1 =2Þ  q sinðh1 =2Þ ~r1 k 2pr1     K D ðvÞ h1 K D ðvÞ h1 Dy ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ cos ; Dx ¼  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ sin ð62Þ 2 2 2pr1 2pr1     K B ðvÞ h1 K B ðvÞ h1 By ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ cos ; Bx ¼  pﬃﬃﬃﬃﬃﬃﬃ sin ð63Þ 2 2 2pr1 2pr where j ¼ k þ ðk  1Þa; q¼



a ¼ l=c44  1 ¼



211 e215 þ k11 h215  2b11 e15 h15 c44 ðk11 211  b211 Þ



a 211 e215 þ k11 h215  2b11 e15 h15 ¼ 2 j c44 ðk11 211  b11 Þk þ ð211 e215 þ k11 h215  2b11 e15 h15 Þðk  1Þ



and r1, ~r1 , h1 and ~ h1 are deﬁned respectively as qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ y 



2 r1 ¼ ðx  cÞ þ y 2 ; h1 ¼ arctan x c  qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ky ~r1 ¼ ðx  cÞ2 þ ðkyÞ2 ; ~ h1 ¼ arctan xc



ð64Þ



ð65Þ ð66Þ



KT(v), KD(v) and KB(v) are the dynamic stress intensity factor (DSIF), the dynamic electric displacement intensity factor (DEDIF), and the dynamic magnetic induction intensity factor (DMIIF), respectively. These ﬁeld intensity factors can be deﬁned as pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ ð67Þ K T ðvÞ ¼ limþ 2pðx  cÞrzy ðx; 0Þ ¼ d 0 pcNð1Þ x!c



pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ e15 T e15 d 0 pﬃﬃﬃﬃﬃ K ðvÞ ¼ pcNð1Þ 2pðx  cÞDy ðx; 0Þ ¼ x!c c44 j c44 j pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ h15 T h15 d 0 pﬃﬃﬃﬃﬃ K ðvÞ ¼ pcNð1Þ K B ðvÞ ¼ limþ 2pðx  cÞBy ðx; 0Þ ¼ x!c c44 j c44 j



K D ðvÞ ¼ limþ



ð68Þ ð69Þ
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For this particular problem, the stresses, electric displacements and magnetic inductions at the crack tip show inverse square root singularities. It is clear that the DSIF, DEDIF and DMIIF under the permeable crack condition are dependent on the velocity of the moving crack, the geometry size of the rectangular body, the load conditions and the material constants. Using the polar coordinate system (r1, h1) deﬁned near by the crack tip, the DSIF along the orientation h1 can be obtained as pﬃﬃﬃﬃﬃ K T ðv; h1 Þ ¼ d 0 pcF 1 ðv; h1 Þ ð70Þ where ( F 1 ðv; h1 Þ ¼



"



~ h1 ð1 þ qÞXðh1 Þ cosðh1 Þ cos 2



!



rﬃﬃﬃﬃ r1 1 ¼ pﬃﬃﬃ 2 Xðh1 Þ ¼ ; ~r1 4 4k þ ð1  k 2 Þ cos2 ðh1 Þ



~h1 1 þ sinðh1 Þ sin k 2



!#



 ) h1  q cos Nð1Þ 2



ð71Þ



tanð~h1 Þ ¼ k tanðh1 Þ



To illustrate the inﬂuence of the velocity of the moving crack on the DSIF, a Mach number as the ratio of the velocity to the magnetoelectroelastic shear wave speed, M = v/C, is introduced. It can be observed from Eqs. (64) and (68)–(69) that the magnitudes of KD(v) and KB(v), in the case of permeable condition will become inﬁnity when qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ c44 ðk11 211  b211 Þ½c44 ðk11 211  b211 Þ þ 2ð211 e215 þ k11 h215  2b11 e15 h15 Þ M ¼ Md ¼ ð72Þ c44 ðk11 211  b211 Þ þ 211 e215 þ k11 h215  2b11 e15 h15 In the case of b11 = 0 and h15 = 0, our results are exactly reduced to the corresponding piezoelectric solutions, and are in agreement with the results of Kwon and Lee [23]. This shows that our solutions are correct and universal. For the impermeable crack case, the asymptotic ﬁelds in the neighborhood of the propagating crack tip can be written as  rﬃﬃﬃﬃ  K IT ðvÞ r1 rzy ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ R cosð~ h1 =2Þ þ ð1  RÞ cosðh1 =2Þ ~r1 2pr1 ð73Þ  rﬃﬃﬃﬃ  IT K ðvÞ R r1 ~ ﬃﬃﬃﬃﬃﬃﬃﬃﬃ p rzx ¼  sinðh1 =2Þ þ ð1  RÞ sinðh1 =2Þ 2pr1 k ~r1 ! ! ~ ~h1 h1 K ID ðvÞ K ID ðvÞ Dy ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ cos ; Dx ¼  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ sin ð74Þ 2 2 2p~r1 2p~r1 ! ! ~ ~ h1 h1 K IB ðvÞ K IB ðvÞ ; Bx ¼  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ sin ð75Þ By ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ cos 2 2 2p~r1 2p~r1 where KIT(v), KID(v) and KIB(v) are the DSIF, the DEDIF and DMIIF, respectively; these ﬁeld intensity factors can be deﬁned as pﬃﬃﬃﬃﬃ ð76Þ K IT ðvÞ ¼ ½la0 P1 ð1Þ  ðe15 b0 þ h15 c0 ÞP2 ð1Þ pc pﬃﬃﬃﬃﬃ ID K ðvÞ ¼ ðk11 b0 þ b11 c0 ÞP2 ð1Þ pc ð77Þ pﬃﬃﬃﬃﬃ IB K ðvÞ ¼ ðb11 b0 þ 211 c0 ÞP2 ð1Þ pc ð78Þ and R are given by R¼



la0 P1 ð1Þ la0 P1 ð1Þ  ðe15 b0 þ h15 c0 ÞP2 ð1Þ



ð79Þ
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The DSIF for the impermeable crack along the orientation h1 can be obtained as pﬃﬃﬃﬃﬃ K IT ðv; h1 Þ ¼ ½la0  ðe15 b0 þ h15 c0 Þ pcF 2 ðv; h1 Þ where



"



~ h1 F 2 ðv; h1 Þ ¼ pP1 ð1ÞXðh1 Þ cosðh1 Þ cos 2 la0 p¼ la0  ðe15 b0 þ h15 c0 Þ



!



h~1 1 þ sinðh1 Þ sin k 2



!#



  h1 þ ð1  pÞP2 ð1Þ cos 2
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ð80Þ



ð81Þ



It can be seen from Eqs. (71) and (81) that the functions F1 (v, h1) and F2(v, h1) are independent of the crack length 2c, and the crack length does not aﬀect the distribution of the DSIF on the circumference. Therefore, analyzing the functions Fi (v, h1) (i = 1, 2) would provide a good model to understand crack propagation orientation. For this particular problem, the stresses, electric displacements and magnetic inductions at the crack tip show inverse square root singularities. It is clear that the DSIF, DEDIF and DMIIF under the permeable or impermeable crack conditions are dependent on the velocity of the moving crack, the geometry of the rectangular body, the load conditions and the material constants. 5. Numerical results and discussion From expressions (67)–(69) and (71) we know that the determination of the dynamic ﬁeld intensity factors for the permeable crack case must require the solution of the function N(1) = N(E)jE=1. The solution of the Fredholm integral equation (48) may be given as 1 X Nn ðEÞ ð82Þ NðEÞ ¼ n¼0



in which N0 ðEÞ ¼ 1;



Nnþ1 ðEÞ ¼



Z



1



ðL2  L1 ÞNn ðH Þ dH ;



n ¼ 0; 1; 2; . . .



ð83Þ



0



Following the procedure given in [28] and using the following identities H 2 þ E2 2 H 4 þ 4H 2 E2 þ E4 4 S þ S   J 0 ðSEÞJ 0 ðSH Þ ¼ 1  4 64      2  4 b Hc b Ec H 2 þ E2 bn c H 4 þ 4H 2 E2 þ E4 bn c I0 n þ þ  I0 n ¼1þ h h h h 4 64 tanhðkSh=cÞ ¼ 1  2e2kSh=c þ 2e4kSh=c  2e6kSh=c þ   



ð84-1Þ ð84-2Þ ð84-3Þ



we can obtain the solution of the function N(1) in series form for the higher values of the ratio h/c, i.e., (       1 X 1 p2 c 2 l 1 7p4 c 2 l 1 enpb=2kh  1  1þ 1þ  1 þ Nð1Þ ¼ 1 þ N 48k h c44 k c44 k 3 5120k h sinh npb n¼1;3... 2kh  2 



   2 



) 







3 4 npb=2h 3 4 l np c 2 3n p c 4 e l np c 2 3n p c 4 npb 1   þ þ þ c44 4 kh c 128 kh 4k h 128k h sinh 2h 44 (    1 1 1 X X X 1 np4 c 4 l 1 mnp4 c 4  1 þ D 1 þ Dn Dm : þ 2 n 2 2 c44 k h N n¼1;3... 96k h m¼1;3... n¼1;3 16k   2 ) c 6 p4 c 4 l 1  1 þ 1 þ ð85Þ þ O c44 k h 2304k 2 h
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where Di ¼



  eipb=2kh l eipb=2h l  ipb ipb 1  þ c44 sinh 2kh c44 k sinh 2h



ði ¼ m; nÞ



ð86Þ



The solution of a magnetoelectroelastic strip with a central crack parallel to the strip edges may be derived from Eqs. (48)–(50) by considering b ! 1 and noticing lim



b!1



enpb=2kh ¼0 sinh ðnpb=2khÞ



ð87Þ



the function N(E) should satisfy the Fredholm integral equation of the second kind in the form, Z 1 NðEÞ þ NðH ÞL1 ðE; H Þ dH ¼ 1



ð88Þ



0



where the function L2(E, H) in the Fredholm integral equation (48) automatically vanishes, and the function N(1) can be found in series form as (       1 p2 c 2 l 1 7p4 c 2 l 1 1  Nð1Þ ¼ 1 þ 1þ 1þ 1 N 48k h c44 k c44 k 3 5120k h   2 ) c 6 p4 c 4 l 1 þ 1 1þ ð89Þ þO 2 c44 k h 2304k h Letting h ! 1, and noticing lim tanhðkSh=cÞ ¼ 1;



h!1



lim ðpc=hÞ ¼ dS;



h!1



lim tanhðSh=cÞ ¼ 1



h!1



npc ¼S 2h



ð90Þ



we may obtain the solution of a strip containing a central crack perpendicular to its edges. In this case, the corresponding Fredholm integral equation becomes Z 1 NðEÞ þ NðH ÞL3 ðE; H Þ dH ¼ 1 ð91Þ 0



where



 Z 1 H l S½1  cthðSb=kcÞI 0 ðSH =kÞI 0 ðSE=kÞ dS Nk c44 k 0   Z 1 l þ 1 S½1  cthðSb=cÞI 0 ðSH ÞI 0 ðSEÞ dS c44 0



L3 ðE; H Þ ¼



The function N(1) in this case takes the series form         2 1 l l 1 p2 c 2 p4 c 4 1 l l 1 p4 c 4 Nð1Þ ¼ 1 þ þ 1 þ þ 1 þ 2 N c44 c44 k 24 b c44 k 576 b 640 b N c44 



c 6 c 1 þO b b



ð92Þ



ð93Þ



We can obtain the solution for a constant crack moving in an inﬁnite piezomagnetoelectric material if we let h ! 1 and b ! 1, with N(1)  1; which agrees with the result in [17]. Letting v = 0 or k = 1, the static solution of a ﬁnite rectangular magnetoelectroelastic body with a central crack under longitudinal shear may be easily deduced from (48)–(50), (85) and (86). The corresponding Fredholm integral equation is Z 1 NðEÞ þ NðH Þ½L4 ðE; H Þ  L5 ðE; H Þ dH ¼ 1 ð94Þ 0
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where L4 ðE; H Þ ¼ H L5 ðE; H Þ ¼ H



Z



1



S½tanhðSh=cÞ  1J 0 ðSEÞJ 0 ðSH Þ dS



0 1 X



pbn



n¼0



c 2 h



ð95Þ



eðbn b=hÞ I 0 ðbn Hc=hÞI 0 ðbn Ec=hÞ sinhðbn b=hÞ



ð96Þ



and the function in series form is  2  p 7p4 c 2 p4 c 4  þ Nð1Þ ¼ 1 þ 48 5120 h 2304 h   1 1 X np4 enpb=2h c 4 X enpb=2h np2 c 2 3n3 p4 c 4 npb npb þ þ þ 96 sinh 2h h 4 h 128 h sinh 2h n¼1;3... n¼1;3... þ



1 1 c 6 X X mnp4 c 4 eðmþnÞpb=2h npb mpb þ O h 16 h sinh 2h sinh 2h m¼1;3... n¼1;3



ð97Þ



The static solution of an inﬁnitely long magnetoelectroelastic strip containing a central crack parallel to the strip edges [32] can be derived from Eqs. (48)–(50) by considering b ! 1, and letting v = 0. In this case, the function N(E) is governed by Z 1 NðEÞ þ NðH ÞKðE; H Þ dH ¼ 1 ð98Þ 0



with KðE; H Þ ¼ H



Z



1



S½tanhðSh=cÞ  1J 0 ðSEÞJ 0 ðSH Þ dS



ð99Þ



0



Determination of the dynamic ﬁeld intensity factors for the impermeable crack case requires solution of the functions Pi(E) (i = 1, 2). The solution of the Fredholm integral equations (57) may be given in series form for higher ratio h/c as  2  2 p2 c 7p4 c Pi ð1Þ ¼ 1 þ  48 k i h 5120 k i h "  2  4  4 # 1 npb=2k i h X e np2 c 3n3 p4 c np4 c 



þ þ þ npb 4 kih 128 k i h 96 k i h n¼1;3... sinh 2k i h



1 X



þ



1 X



m¼1;3... n¼1;3



 4 c 6 eðmþnÞpb=2ki h mnp4 c 







þO npb h 16 k i h sinh mpb sinh 2k 2k i h ih



ð100Þ



where ki (i = 1, 2) was deﬁned in Eq. (60). By considering b ! 1 in Eqs. (57)–(59), we can obtain the solution for a central crack in a magnetoelectroelastic strip under impermeable conditions, and the auxiliary functions Pi(E) (i = 1, 2) satisfy the Fredholm integral equations in the form Z 1 Pi ðEÞ þ Pi ðH ÞF i1 ðE; H Þ dH ¼ 1 ði ¼ 1; 2Þ ð101Þ 0



and the functions Pi(1) (i = 1, 2) can be given as  2  2 c 6 p2 c 7p4 c  þO Pi ð1Þ ¼ 1 þ h 48 k i h 5120 k i h



c h



1 







ð102Þ
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We may obtain the solution of a strip containing a central impermeable crack perpendicular to its edges by letting h ! 1. In this case, the corresponding Fredholm integral equation becomes Pi ðEÞ þ



Z



1



Pi ðH ÞF i3 ðE; H Þ dH ¼ 1



ði ¼ 1; 2Þ



ð103Þ



0



where F i3 ðE; H Þ ¼ H



Z



1 0



1 S½1  cthðSb=k i cÞI 0 ðSH =k i ÞI 0 ðSE=k i Þ dS k 2i



Fig. 2. F1(h1) versus h1 when 0 6 M < Md for permeable crack case.



Fig. 3. F1(h1) versus h1 when Md < M < Mc2 for permeable crack case.



ð104Þ
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and ki (i = 1, 2) was deﬁned in Eq. (60). The functions Pi(1) (i = 1, 2) in this case are deﬁned as 



c 6 c p2 c 2 19p4 c 4 1 Pi ð1Þ ¼ 1 þ  þO b b 24 b 5760 b
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ð105Þ



The Fredholm integral equations (48) and (57) can also be solved by computer with the use of Gaussian quadrature formulas. Once this is done, the ﬁeld intensity factors can be found from Eqs. (67)–(71) and (76)–(81). Consider a transversely isotropic material exhibiting full coupling between elastic, electric, and magnetic ﬁelds, with a unique axis along the x3-direction. The material constants we used are given as [5]:



Fig. 4. F1(h1) versus h1 when Mc2 < M < Mc3 for permeable crack case.



Fig. 5. F1(h1) versus h1 when Mc3 < M < 1 for permeable crack case.
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c44 ¼ 4:53  1010 ðN=m2 Þ; k11 ¼ 0:8  10



e15 ¼ 11:6 ðC=m2 Þ;



10



ðC =N m Þ;



11



ðN s=VCÞ



b11 ¼ 0:5  10



2



2



211 ¼ 5:9  10



4



h15 ¼ 550 N=A m ðN s2 =C2 Þ



ð106Þ



By analyzing the extreme value of the function F1(h1), we ﬁnd the Mach number exhibits a critical value when Mc1 = 0.087. While 0 6 M 6 Mc1 and 0° 6 h1 6 180°, F1(h1) decreases monotonically with increase of h1 (see Fig. 2). The maximum value of the DSIF KT(v, h1) occurs at the crack axis h1 = 0°. This means that the crack has a tendency to propagate along its original plane when the criterion of the maximum tensile stress is used. For the case of Mc1 < M < Md (while q ! 1, M ! Md = 0.2275) and 0° 6 h1 6 180°, F1 (h1) increases with the increase of h1 at ﬁrst and then decreases after it reaches a certain peak value. It is shown that the orientation of the maximum DSIF makes a branch angle of hb with the crack axis, and the higher the crack propagation speed, the larger the branch angle. This conclusion is in agreement with that obtained by Hu and Li [17] when our solution reduces to the inﬁnite magnetoelectroelastic material case.



Table 1 Values of F1(h1) against M and maximum value F1(hb) for permeable crack case M



h1 0°



30°



60°



90°



120°



F1(hb)



0 (hb = 0°) 0.1 (hb = 53°) 0.2 (hb = 105°) 0.22 (hb = 108°) 0.25 (hb = 111°) 0.45 (hb = 117°) 0.5 (hb = 0°) 0.85 (hb = 0°) 0.9 (hb = 0°) 0.95 (hb = 101°)



1.0503 1.0538 1.1028 1.3183 0.9713 1.0302 1.0312 1.0260 1.0213 1.0124



1.0141 1.0661 1.7750 4.8589 0.1159 0.7595 0.7824 0.8913 0.9083 0.9264



0.9080 1.0740 3.3639 13.3538 2.7705 0.0316 0.0940 0.3681 0.4366 0.5443



0.7394 1.0076 4.7437 21.0835 5.3003 0.7721 0.6924 0.6708 0.7443 0.9088



0.5198 0.8011 4.7199 21.8565 5.8139 1.0614 0.9760 0.8628 0.8699 0.8685



1.0503 1.0759 4.9585 22.6464 5.9442 1.0651 1.0312 1.0260 1.0213 1.1637



Fig. 6. F2(h1) versus h1 for impermeable crack case.
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For the case of M > Md and 0° 6 h1 6 180°, the Mach number also exhibits two critical values when Mc2 = 0.468 and Mc3 = 0.908. From Fig. 3, it can be seen that the maximum magnitude of F1(h1) occurs at an angle h1 5 0° when Md < M < Mc2. This means that the crack will deviate from its original plane. At higher crack velocity, the maximum magnitudes of F1(h1) always occur at angle h1 = 0° when Mc2 < M < Mc3. This means that the crack will propagate along its original plane, see Fig. 4. At higher Mach numbers Mc3 < M < 1, the crack will deviate from the original plane h1 = 0°, as shown in Fig. 5. Some results are listed in Table 1 for the magnitudes of F1 (h1) and the branch angle hb when M varies near the three critical values Mci (i = 1, 2, 3). It should be noted that in the above discussion we have used the ﬁnite geometry size of the rectangular body as h/c = 4, b/c = 3, without loss of generality. By calculating the extreme values of F2(h1) for the impermeable crack case, we obtain the critical Mach number, Mc = 0.083. At lower mach numbers M 6 Mc, F2(h1) monotonically decrease with the increase of h1 (see Fig. 6); In the case of Mc < M < 1, the function F2(h1) ﬁrst increases with the increase of h1 and then



Table 2 Values of F2(h1) against M and maximum value F2(hb) for impermeable crack case M



0.6 (hb = 106°) 0.65 (hb = 106°) 0.7 (hb = 106°) 0.75 (hb = 105°) 0.8 (hb = 104°) 0.85 (hb = 103°) 0.9 (hb = 101°) 0.95 (hb = 99°) 0.97 (hb = 97°) 0.99 (hb = 94°)



h1 0°



30°



60°



90°



120°



F2(hb)



1.0875 1.1058 1.1358 1.1881 1.2868 1.4947 2.0144 3.8143 6.0844 14.0501



2.9470 3.3236 3.7518 4.2457 4.8349 5.5909 6.7374 9.3318 12.0737 21.0273



8.4760 10.2640 12.4354 15.1154 18.5047 22.9608 29.2532 39.8752 47.8126 66.8716



14.9217 18.9339 24.2339 31.5217 42.1584 59.2195 91.6022 181.8718 295.4318 830.7227



15.3023 19.4050 24.7558 31.9775 42.2272 57.9679 85.7607 153.2221 225.9347 497.7983



16.1716 20.6181 26.5085 34.6350 46.5249 65.6380 101.9269 202.8757 329.2586 917.8544



Fig. 7. F2(hb) versus c/b for diﬀerent Mach numbers in impermeable crack case.
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Fig. 8. F2(hb) versus c/h for diﬀerent Mach numbers in impermeable crack case.



decreases after it reaches a certain peak value. Some results for the magnitudes of F2 (h1) and the branch angle hb for higher Mach numbers are listed in Table 2. To study boundary eﬀect of the rectangular domain with side lengths 2b and 2h, diﬀerent ratios of c/b and c/h of the rectangular domain are considered and Figs. 7 and 8 exhibit the variation of the function F2(hb) against the length ratio c/b and c/h with ﬁxed h (h/c = 4) and b (b/c = 4) values, respectively. It is evident that the function F2(hb) increases with the increase of the c/b and c/h at ﬁxed h and b values, respectively. The eﬀects of the length ratio c/b on the function F2(hb) are greater than those of the length ratio c/h. It is also found from the two ﬁgures that the results from the proposed solution are almost the same as those from the solution of the same cracked body but with inﬁnite domain when both c/b and c/h are less than 0.4. 6. Concluding remarks The magnetoelectroelastic problem of a ﬁnite crack in a rectangular magnetoelectroelastic body under longitudinal shear has been analyzed theoretically. A closed-form solution to the anti-plane crack problem has been obtained. Explicit expressions of ﬁeld variables and the ﬁeld intensity factors for permeable or impermeable cracks under eight possible loading conditions are derived. The stresses, electric displacements and magnetic inductions at the crack tip exhibit inverse square root singularities. In the case of permeable crack conditions, the crack will propagate along its original plane when 0 6 M 6 Mc1 and Mc2 < M < Mc3, whereas in the range of Mc1 < M < Md, Md < M < Mc2 and Mc3 < M < 1, the propagation of the crack possibly brings about the branching phenomenon. For the impermeable crack case, the crack will deviate from the original plane when Mc < M < 1. Numerical results show that the velocity of the crack and the geometry size of the rectangular body signiﬁcantly inﬂuence the crack branching behavior. Acknowledgements The authors are grateful for the ﬁnancial support of Foundation for Young Teachers in Tianjin University, and the reviewers for their valuable comments in improving the paper.
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Appendix The constants a0, b0 and c0 can be obtained by considering the edge loading conditions as 0 1 0 1 0 1 l e15 h15 1 P 0 a0 B C B C B C Case 1 : @ b0 A ¼ @ 0 k11 b11 A @ D0 A 0



c0 Case 2 : a0 ¼ c0 ; 0



a0



1



0



c0



c0 0



a0



¼



1



0



1 b11



l



e15



k11



b11



b11



211



l



e15



B C B Case 5 : @ b0 A ¼ @ 0



k11



c0



0



m2



B0



1 ½B0 þ b11 ðm1 c0  E0 Þ 211 11 0 1 0 E0 C B C 211 A @ B0 A



b0 ¼ E0  m1 c0 ;



m1 B C B Case 3 : @ b0 A ¼ @ 0 a0 ¼ c 0 ! Case 4 : b0



211



b11



c0 ¼



h15



!1



D0



h15



!



Case 8 : a0 ¼ c0 ;



m2 b0 ¼



0



P0



1



C C B b11 A @ D0 A



1



ðA:3Þ



ðA:4Þ



ðA:5Þ



H0



Case 6 : a0 ¼ c0 ; b0 ¼ E0  m1 c0 ; c0 ¼ H 0  m2 c0 11 0 0 1 0 1 a0 l e15 h15 P0 C B B C B C Case 7 : @ b0 A ¼ @ m1 1 0 A @ E0 A c0



ðA:2Þ



P0



B0 11 0



1



ðA:1Þ



ðA:6Þ



ðA:7Þ



H0



1 ½D0 þ b11 ðm2 c0  H 0 Þ; k11



c0 ¼ H 0  m2 c0



ðA:8Þ
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