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Abstract To determine the similarity of two point sets is one of the major goals of pattern recognition and computer graphics. One widely studied similarity measure for point sets is the Hausdorff distance. So far, various computational methods have been proposed for computing the minimum Hausdorff distance. In this paper, we propose a new algorithm to compute the minimum Hausdorff distance between two point sets on a line under translation, which outperforms other existing algorithms in terms of efficiency despite its complexity of O((m+n)lg(m+n)), where m and n are the sizes of two point sets. 2



One dimension Hausdorff Distance
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Minimum Hausdorff Distance



Parameter t denotes the amount by which A is shifted. Goal: shift set A to get minimum Hausdorff distance 4



Huttenlocker's Algorithm Time Complexity: O(mn*log(mn)) ∣A∣=m ,∣B∣=n both are sorted f a , B t =d  ai t , B=min d  ai t , b j  i
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bj, A



j ∈J



t =d b j , At =min d a it , b j  i∈ I



1.Compute the m functions fa ,B(t), each having n minima. i



2.Compute the n functions fb ,A(t), each having m minima. j



3.Compute the upper envelope of the (m+n) functions. ● Sort the spikes according to their left endpoints and add them from left to right. ● We have O(mn) segments, need O(mn*log(mn)) time to sort them. 4.Find the global minimum. 5



A={0, 0.5, 2, 3} , B={0, 0.3, 1} a = 2 , f B(t) 2,



b = 1 , f A(t) 1,



The slope of all segments = 1 or -1 6
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When t = -1, the minimum Hausdorff distance = 1 7



Rote's Algorithm(Optimal) Time Complexity: O((m+n)*log(m+n)))



1.Sort A and B in increasing order, respectively. 2.Construct A* and B* from A and B. 3.Shift A* and B* such that the endpoints of them are superimposed. 4.Find spikes of each fa , B*(t) above the function g(t) = |t| i



5.Sort the spikes found by step 4. Because each(m+n) functions contributes at most two edges to g(t), we have at most O(m+n) spikes, need O((m+n)*log(m+n)) time to sort them. 6.Compute the minimum Hausdorff distance under translation. 8
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Hausdorff distance d(A, B) = max fa ,B*(t), ai belongs to A* i
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If we shift A* by t units, the left or the right endpoint will contribute at least |t| to the Hausdorff distance. g(t) = maxfa ,B*(t), ai belongs to A* i



We can get g(t) ≥|t| (low bound)



Lemma Each of the (m+n) functions d(ai+t, B*) contributes at most two edges to the function g(t)



g(t) ≥|t|
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A* = {0, 0,5, 2, 3, 15, 15.7, 16} B* ={0, 0.3, 1, 13, 14, 15.5, 16}



g(t) ≥|t|



When t = -1, the minimum Hausdorff distance = 1 11



The new Algorithm(Optimal) Time Complexity: O((m+n)*log(m+n))) 1.Denote A as the set with larger diameter and B as the other set. 2.Sort A and B in increasing order, respectively. 3.Shift A and B such that am = b1 = 0. 4.Find spikes of fa ,B(t) and fb ,A(t) above the function f(t) i



j



5.Sort the spikes found by step 4. 6.Compute the minimum Hausdorff distance under translation.
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When t < 0 fa ,B(t) = min d(ai+t, B) = min (t, -ai+bj), for all j belongs to J i



= min((-ai+bj)-t) = (-ai+b1-t) = -ai-t because a1fa ,B(t)>...>fa ,B(t) 1
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When t >(bn-a1) fa ,B(t) = min d(ai+t, B) = min (t, -ai+bj), for all j belongs to J i



= min((t-bj)+ai) = (t-bn) +ai > 0 Because a1
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Assume |a1 – am| ≥ |b1 – bn|, let f(t) be



So f(t) = max{fa ,B(t), fa ,B(t), fb ,A(t), fb ,A(t)} 1
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H(A+t, B) ≥ f(t), and the equality holds when t is sufficiently large or sufficiently small. A={-3, -2, -0.5, 0} B={0, 0.3, 1}



f(t)



15



How to Find spikes of fa ,B(t) and fb ,A(t) above i



j



the function f(t)



Lemma ∃t , f a , B f t ⇔ ∃! j ∈ J ∋−ai b j −a 1 and −a ib j−1 bn i



proof: f a , B t =d t ,−a i B=min d t ,−a ib j  i



j∈ J



f a , B t =0⇔ t∈ B−a i f a , B −a ib j =0 f a , B −a ib j −1 =0 When−a i b j −1t −a ib j  f a , B t forms a spike. The spike crosses f(t) ⇔−a ib j −a 1 and−a ib j−1 b n i
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How to Find spikes of fa ,B(t) and fb ,A(t) above the i



j



function f(t) Lemma ∃t , f b , A f t ⇔ ∃! i∈ I ∋b j −a i −a 1 and −b jai 1b n j



Let S contains the elements that satisfy previous and this lemma. All the spikes possibly contribute to the H(A+t, B)
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Algorithm Comparison



(a) uses Rote's algorithm, (b) uses the new algorithm Sizes of set A and B from {5, 10...595, 600} Randomly generated A and B in interval [0,1] for 400 times. Axis X, Y represent the sizes of set A and B Axis Z represents the number of spikes found by algorithm
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