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A Note on Discrete- and Continuous-time Optimal Policy Problems Galo Nuño Banco de España



Carlos Thomas Banco de España



The aim of this short note is to clarify some game-theoretical issues regarding alternative solution concepts when computing optimal policies. In a nutshell, dynamic games can be divided according to two di¤erent criteria. The …rst one is whether there is a ‘leader’with a …rst-mover advantage (Stackelberg equilibrium) or not (Nash equilibrium). The second is about which information players employ in order to set their strategies. In this respect in this note we only focus on two polar cases. In open-loop games the information set is limited to the initial state. This is a case with ‘commitment’as an agent announces his or her policy plan as a function excusively of calendar time (in deterministic games) and will not reevalute the optimality of the policies at any point in the future making the strategies potentilly time-inconsistent. In Markovian (or feedback) games, the information set is limited to the current state so that the problem is time-consisitent. In macroeconomics, open-loop Stackelberg equilibria have traditionally been denoted as Ramsey problems, whereas Markov Stackelberg ones have received the name of Markov Perfect, as in Klein, Krusell and Ríos-Rull (2008). The following table summarizes the classi…cation. In this note we do not focus on open-loop Nash equilibria, as they have received less attention by the macro literature.
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No Yes



Information set x0 xt Open-loop Nash Makov Nash Open-loop Stackelberg (Ramsey) Makov Stackelberg
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1 1.1



Three alternative solution concepts Model



Our setup is the same as in Klein, Krusell and Ríos-Rull (2008): a canonical model of public-goods provision embedded in a neoclassical growth framework. An in…nitely-lived representative household derives utility from private consumption (ct ) and public goods (gt ), and supplies one unit of labor inelastically. In a competitive equilibrium, the households chooses consumption and savings (kt+1 ) to maximize 1 X t u (ct ; gt ) t=0



subject to the budget constraint



ct + kt+1 = kt + (1



t )[wt



+ (rt



(1)



)kt ];



taking as given the wage and rental rates (wt ; rt ) and the tax rate on overall income ( t ). The …rst-order condition is uc (ct ; gt ) = uc (ct+1 ; gt+1 ) [1 + (1



t+1 ) (rt+1



)] :



(2)



A representative, perfectly competitive …rm operates a constant-returns-to scale production function, f (kt ; lt ). Pro…t maximization implies wt = fl (kt ; 1) and rt = fk (kt ; 1). In equilibrium the …rm makes zero pro…ts: f (kt ; 1) = wt + rt kt . The government balances its budget in each period, gt =



t [f (kt ; 1)



(3)



kt ]:



The aggregate resource constraint in this economy reads ct + kt+1 + gt = f (kt ; 1) + (1



1.2



)kt :



(4)



Commitment: the Open-loop Stackelberg problem



Assume that the government can commit to future policies at time 0. The (benevolent) government’s decision problem is therefore to choose a sequence of spending and tax rates fgt ; t g1 t=0 in order to maximize household utility, taking into account how the household’s consumption and savings decisions fct ; kt+1 g1 t=0 will respond to these taxes, taking as given the initial capital stock k0 . As explained before, in gametheoretical terms this is an open-loop Stackelberg problem, also known as Ramsey 2



problem, in which the government plays the role of the leader. It can be solved as an optimization problem in the space of discrete-time sequences. Formally, given the initial capital stock k0 , the government solves



fgt ;



max



1 t ;ct ;kt+1 gt=0



1 X



t



u (ct ; gt )



t=0



subject to the household’s …rst order condition (2) with rt+1 = fk (kt+1 ; 1), the government’s balanced-budget constraint (3) and the resource constraint (4), all three for each t 0.



1.3



Discretion (I): the Markov Nash Equilibrium



Assume now that the government cannot commit to any future policy. One possible solution concept is the Markov Nash Equilibrium (MNE), in which the government’s decision problem is to choose government spending and taxes in each period as a function of the current capital stock, gt = G(kt ); t = T(kt ), taking as given the optimal household consumption. Households, conversely, choose consumption in each period as a function of the current capital stock, ct = C(kt ), taking as given the optimal spending and taxes by the government. The household problem in this case is v H (kt ) = max u (ct ; G(kt )) + v H (kt+1 ) ct



subject to kt+1 = kt + (1



T(kt ))[fl (kt ; 1) + (fk (kt ; 1)



)kt ]



ct ;



taking as given gt = G(kt ); t = T(kt ), i.e. the government’s optimal choices. The government’s problem in turn is v (kt ) = max u (C(kt ); gt ) + v (kt+1 ) gt ;



t



subject to the resource constraint (4) and the government’s balanced-budget constraint (3), taking as given the household’s optimal consumption policy ct = C(kt ).



1.4



Discretion (II): the Markov Stackelberg Equilibrium



Assume again that the government cannot commit to future policies. Another possible solution concept, di¤erent from the MNE analyzed in the previous subsection, 3



is the Markov (or feedback) Stackelberg equilibrium, which Klein, Krusell and RíosRull (2008) refer to as Markov Perfect Equilibrium. In this case, in each period t the government chooses current policy as a function of the beginning-of-period capital stock kt , but assuming that it enjoys a …rst-mover advantage over the private sector in the current period, i.e. the government internalizes how its current choices a¤ect the household’s behavior. Formally, an equilibrium is a value function v and policy functions G; T; K; C such that, for all kt , gt = G (kt ) ; t = T (kt ) ; kt+1 = K (kt ) and ct = C (kt ) solve v (kt ) = max u (ct ; gt ) + v (kt+1 ) ; (5) gt ;



t ;kt+1 ;ct



subject to the aggregate resource constraint (4) and the household’s optimality condition expressed as uc (ct ; gt ) = uc (C(kt+1 ); G(kt+1 )) [1 + (1



T(kt+1 )) (fk (kt+1 ; 1)



)] ;



i.e. taking into account that next period’s policy-maker will choose policy in the same way as today’s policy-maker: gt+1 = G(kt+1 ), kt+2 = K(kt+1 ), ct+1 = f (kt+1 ; 1) + G(kt+1 ) T(kt+1 ). (1 )kt+1 K(kt+1 ) G(kt+1 ) C(kt+1 ), t+1 = f (kt+1 ;1) kt+1 Notice that this solution concept can be seen as an intermediary approach between MPNE and open-loop Stackelberg. As in the former case, the problem is timeconsistent. As in the latter case, in each period the government takes into account the household’s optimal response (equation 2). We will focus on this solution concept in the rest of this note.
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The Markov Stackelberg Equilibrium in discrete and continuous time



In this section we solve the Markov Stackelberg Equilibrium both in discrete, for an arbitrary time step , and in continuous time. We then show how the two solutions coincide when the time step tends to zero.



2.1



Discrete time



We cast the Klein, Krusell and Ríos-Rull (2008) model in discrete time, but allowing for an arbitrary time step denoted by . Let f (kt ; 1) f (kt ) for brevity. Assume also separable preferences for simplicity: the period utility ‡ow is u (ct ) + x (gt ). The household problem can be expressed as v H (kt ) = max [u (ct ) + x (gt )] kt+



4



+ v H (kt+ )



subject to ct t = (1 If we express



:=



1 1+



t ) [wt



+ (rt



) kt ]



+ kt



kt+ :



; the household’s optimality condition is



uc (ct ) =



1 + (1



) (rt+ 1+



)



t+



uc (ct+ ) ;



(6)



where rt = fk (kt ). The aggregate resource constraint is now 1



ct = f (kt ) +



kt



kt+



gt



t



C (kt ; kt+ ; gt ) ;



(7)



and the government’s balanced-budget constraint, gt =



t



[f (kt )



kt ] ,



t



=



gt f (kt )



kt



T (kt ; gt ) :



(8)



The policy functions are gt = G (kt ), kt+ = K (kt ). From now on, we drop t from the subscripts to simplify notation. The government’s policy problem is max [u (C (k; k+ ; g)) + x (g)]



g;k+



subject to



+



1 1+



v (k+ )



(k; k+ ; g) = 0 (with associated Lagrange multiplier ), where



(k; k+ ; g)



uc (C (k; k+ ; g)) 1 + [1 T (k+ ; G (k+ ))] (fk (k+ ) 1+



)



uc (C (k+ ; K (k+ ) ; G (k+ ))) ;



and to v (k)



[u (C (k; K (k) ; G (k))) + x (G (k))]



+



1 1+



v (K (k)) :



The FOC with respect to g and k+ are [xg (g) uc (c) +



1 1+



uc (c)]



+



vk (k+ ) +



5



g



(k; k+ ; g) = 0; k+



(k; k+ ; g) = 0;



where we have used Cg = 1, Ck+ = 1= . Combining both, we obtain " # vk (k+ ) g (k; k+ ; g) g (k; k+ ; g) uc (c) + xg (g) = : (1 + ) k+ (k; k+ ; g) k+ (k; k+ ; g) Derivatives of



function, g



k+



(9)



(k; k+ ; g) =



(10)



ucc (c) ;



ucc (c)



(k; k+ ; g) =



(1



) fkk (k+ ) uc (c+ ) 1+ [Tk (k+ ; g+ ) + Tg (k+ ; g+ ) Gk (k+ )] (fk (k+ ) ) + uc (c+ ) 1+ [1 + (1 ) ] 1 + ) (fk (k+ ) ucc (c+ ) fk (k+ ) + (11) 1+ Kk (k+ ) [1 + (1 ) ] + ) (fk (k+ ) ucc (c+ ) Gk (k+ ) : 1+ Multiplying (11) by



on both sides and taking the limit



lim



!0



Dividing (9) by " uc (c)



+



(k; k+ ; g) =



k+



ucc (c) [2



! 0 yields



Kk (k)] :



(12)



, we obtain g (k; k+ ; g) k+ (k; k+ ; g)



Taking the limit



#



1 + xg (g) =



vk (k+ ) 1+



(k; k+ ; g) : k+ (k; k+ ; g) g



(13)



! 0, and using (12), uc (c)



2



1 Kk (k)



1 + xg (g) =



vk (k) : [2 Kk (k)]



Since Kk (k) ! 1 in the continuous time limit (as lim xg (g) = vk (k) :



6



!0



(14)



k+ = k), we …nally have (15)
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Continuous time



We analyze now the Markov Stackelberg problem in continuous time. As explained by Basar and Olsder (1999, p. 413), one way to solve for the continuous-time feedback Stackelberg equilibrium is to consider that, given any arbitrary horizon T > 0; the interval [0; T ] is divided in N subintervals of length t := T =N . In each subinterval, say [t; t + t), the government plays open-loop Stackelberg, taking as given the initial capital stock kt , and internalizing the fact that policy in the next subinterval [t + t; t + 2 t) will be chosen in the same way. A continuous-time feedback Stackelberg problem is then the limit when N ! 1; or equivalently t ! 0. Formally, the government’s problem in a given interval [t; t + t) is to solve v (kt ) =



fks ;



max



s ;gs ;cs gs2(t;t+



t]



Z



t+ t



e



(s t)



[u (cs ) + x (gs )] ds + e



t



v (kt+ t ) ;



t



subject to the resource constraint dks = f (ks ) ds



cs



ks



gs ;



the household Euler equation1 dcs uc (cs ) = [ ds ucc (cs )



(1



s ) (fk



(ks )



)] ;



and the government budget constraint s



[f (ks )



ks ] = gs :



Notice, as in the discrete-time case, that by choosing the controls in the interval (t; t+ t] the government is determining the capital stock inherited by the government in the next subinterval, kt+ t . 1



The continuous-time limite of (6) is = =



1 d [uc (ct )] + (1 t ) (rt uc (ct ) dt ucc (ct ) dct + (1 ): t ) (rt uc (ct ) dt



7



)



The Lagrangian of the above problem is Z t+ t max e (s t) [u (cs ) + x (gs )] ds + e fks ;



+



Z



s ;gs ;cs gs2(t;t+



t+ t



(s t)



e



(s t)



e



(s t)



dks + f (ks ) cs ks ds dcs uc (cs ) + [ (1 ds ucc (cs )



s



t



+



Z



t+ t s



t



+



Z



v (kt+ t )



t



t]



e



t



gs ds s ) (fk



(ks )



)] ds



t+ t s



[



s



[f (ks )



ks ]



gs ] ds;



t



Integrating by parts,2 the Lagrangian can be expressed as Z t+ t L = max e (s t) [u (cs ) + x (gs )] ds + e fks ;



+



Z



s ;gs ;cs gs2[t;t+ t)



t



v (kt+ t )



t



t+ t



e



(s t)



e



(s t)



e



(s t)



e



(s t)



s



[f (ks )



s



uc (cs ) [ ucc (cs )



s



[



cs



ks



gs ] ds



t



+



Z



t+ t



t



+



Z



(1



s ) (fk



(ks )



)] ds



t+ t s



[f (ks )



ks ]



d ds



+ cs



gs ] ds;



t



+



Z



t+ t



t



ks



d ds



ds



e



(s t)



ks



t+ t s t



e



The Gateaux derivative in the direction ht with respect to k yields Z t+ t d t 0 e (s t) s [fk (ks ) e v (kt+ t ) ht+ t + ]+ hs ds ds t Z t+ t uc (cs ) (1 e (s t) s s ) fkk (ks ) hs ds ucc (cs ) t Z t+ t t+ t + e (s t) s s [fk (ks ) ] hs ds e (s t) hs s t : t



Since the above expression must be zero for any ht 2 L2 (t; t + d = ds 2



e



s



[



rs ]



s



uc (cs ) (1 ucc (cs )



s ) fkk



(ks )



In the integration by parts formula, u = e s dcs .



(s t)
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s s



(s t)



s,



[fk (ks )



t] we have



] ; s 2 [t; t+ t); (16)



dv = dks and similarly for udv =



(s t)



cs



t+ t s t



:



and vk (kt+ t ) =



t+ t ;



where we have applied the fact that ht = 0 as kt is predetermined. The Gateaux derivative with respect to s is Z t+ t uc (cs ) (fk (ks ) ) hs ds e (s t) s ucc (cs ) t Z t+ t e (s t) s [f (ks ) ks ] hs ds; + t



and hence s



uc (cs ) (fk (ks ) ucc (cs )



)=



s



ks ] ; s 2 (t; t +



[f (ks )



The Gateaux derivative with respect to gs is Z t+ t e (s t) [x0 (gs )



(17)



t]:



s ] hs ds;



s



t



and hence xg (gs )



s



s



= 0; s 2 [t; t +



(18)



t):



Finally, the Gateaux derivative with respect to cs is Z t+ t @ uc (cs ) e (s t) uc (cs ) [ (1 s+ @c ucc (cs ) t Z t+ t d t+ t ; e (s t) hs s t e (s t) s hs ds ds t



s ) (fk



(ks )



)] hs ds



s ) (fk



(ks )



)] ;



and thus d = ds t = 0;



s



u0 (cs ) + t+ t



s



@ @c



uc (cs ) ucc (cs )



[



(1



(19)



= 0:



If we now take the limit as N ! 1 ( t ! 0) in a given interval [0; T ]; equation (19) results in t = 0; for all t 2 [0; T ]; and combining this result with equation (17) we obtain t



= 0; for all t 2 [0; T ]; 9



and equation (16) simpli…es to t



d dt



= vk (kt ) ; =



t



[



rt ] ; for all t 2 [0; T ]:



If we take the limit as T ! 1 and include the transversality condition limT !1 e T vk (kt ) = 0 then (16) is just the Euler equation associated to the household’s problem. Finally, the …rst order condition with respect to g, equation (18) results in xg (gt ) =



t



= vk (kt ) ;



which coincides with the limit of the discrete-time solution derived before (equation 15).



References [1] Basar T. and G. J. Olsder (1999). Dynamic Noncooperative Game Theory. 2nd Edition. Society for Industrial and Applied Mathematics. [2] Klein, P., Krusell, P. and Rios-Rull, J.V. (2008). "Time-consistent public policy," Review of Economic Studies, 75(3), 789-808.
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