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A NOTE ON GROUP ALGEBRAS OF LOCALLY COMPACT GROUPS ASHISH K. SRIVASTAVA Dedicated to Don Passman on his 75th birthday



Abstract. In this paper we study group algebra of a locally compact group invariant under automorphisms of its (pure-) injective envelope.



1. Preliminaries Let R be a (not necessarily commutative) ring. Recall that a class X of right R-modules closed under isomorphisms is called an enveloping class if for any right R-module M , there exists a homomorphism u : M → X(M ), with X(M ) ∈ X , such that u is universal with respect to X in the following sense. Any other homomorphism from M to a module in X factors through u and, moreover, u is minimal in the sense that whenever u has a factorization u = h ◦ u, then h is an automorphism. This morphism u : M → X(M ) is called the X -envelope of M . If, in addition, u is a monomorphism, then this envelope is called a monomorphic envelope. For example, algebraic closure of a field is the X -envelope where X is the class of all algebraically closed fields; injective envelope is the X -envelope where X is the class of all injective modules; and pure-injective envelope is the X -envelope where X is the class of all pure-injective modules. Throughout this note, X will denote an enveloping class of modules. A module M having an X -envelope is called X -automorphism invariant when it is invariant under any automorphism of its X -envelope (see [4]). When X is the class of injective modules, X -automorphism invariant modules are simply called automorphism-invariant modules and when X is the class of pure-injective modules, X -automorphism invariant modules are called pureautomorphism-invariant modules. Clearly, if a ring R is (pure-) injective as a right R-module then it is also (pure-) automorphism-invariant as a right R-module. However, there are several examples of rings R that are (pure-) automorphism-invariant as a right R-module but not (pure-) injective as a right R-module. For example, if R is the ring of all eventually constant sequences of elements over the field F2 then it is automorphism-invariant as a module over itself, but not injective (see [3]). Automorphism-invariant group algebras were studied in [5] where it is shown that if K is any field with more than two elements then the group algebra K[G] is automorphism-invariant if and only if G is a finite group. The purpose of this note 2000 Mathematics Subject Classification. 16S34, 16D50, 16W20. Key words and phrases. automorphism-invariant modules. 1



2



ASHISH K. SRIVASTAVA



is to characterize when group algebra L1 (G) of a locally compact group is invariant under automorphisms of its injective envelope or pure-injective envelope. A topological group G is a group together with a topology such that the maps G × G −→ G where (α, β) 7→ αβ and G −→ G where α 7→ α−1 are continuous. A topological group G is called a locally compact group if it is locally compact as a topological space. Let G be a locally compact group with the left Haar measure m. The group algebra L1 (G) consists of all complex-valued functions on G which are integrable with respect to Haar measure m and the product is the convolution product *, defined as Z (ϕ ∗ ψ)(t) = ϕ(s)ψ(s−1 t) dm(s) (ϕ, ψ ∈ L1 (G), t ∈ G) G 1



We know that L (G) is a Banach algebra with with the norm given as Z ||ϕ|| = |ϕ(t)| dm(t) (ϕ ∈ L1 (G)), G



and approximate identity bounded by 1. Note that L1 (G) has identity if and only if G is discrete. Also, since L1 (G) is an algebra with involution, it has left-right symmetry. If G is a discrete group, then L1 (G) is the set of all formal sums (not necessarily finite) of the form Σg∈G ag g, with Σg∈G |ag | < ∞ and so clearly the complex group algebra C[G] embeds in L1 (G). For more details on the group algebra of a locally compact group, see [2] and [13]. In [9] it is shown that L1 (G) is injective as an L1 (G)-module if and only if G is finite.



2. Automorphism-invariant group algebras of locally compact groups In this section we would like to characterize when group algebra L1 (G) of a locally compact group is automorphism-invariant or pure-automorphism-invariant. Firstly, we note that any endomorphism of L1 (G) is linear and continuous. Furthermore, End(L1 (G)) can be made into a Banach algebra with identity, the norm being the usual operator norm. We denote by M (G), the Banach algebra of bounded regular Borel measures on G and call it the measure algebra of G. Clearly, L1 (G) is a ∼ subalgebra of M (G). The adjoint operation ∼ on M (G) is given by µ(E) = µ(E −1 ) −1 for µ ∈ M (G) and E measurable with E also measurable in G. We will denote by r(x), the spectral radius of an element x in any Banach algebra. It is known ∼ that for µ(6= 0) ∈ M (G), r(µ ∗ µ) 6= 0. We begin with a lemma that is proved in a more general setting in [9]. For the sake of completeness and clarity, we give the proof by adapting the arguments of [9] for L1 (G). Lemma 2.1. M (G) is embeddable in End (L1 (G))/J(End (L1 (G))) as an algebra. Proof. Wendel’s theorem [2] gives us that M (G) is isomorphic to the left multiplier algebra of L1 (G). In fact, the map ϕ : M (G) −→ End(L1 (G)) given by ν 7−→ ϕν , where ϕν (f ) = ν ∗ f , for f ∈ L1 (G), is a norm-preserving isomorphism from M (G) onto the Banach subalgebra ϕ(M (G)) of End(L1 (G))). Let µ(6= 0) ∈ M (G). Then
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we have ||µ|| = ||ϕ(µ)|| = ||ϕµ ||. Also, then ||ϕnµ || = ||µn ||. As a consequence, ∼ r(ϕµ ) = r(µ). Thus, r(ϕ∼ ) = r(µ ∗ µ) 6= 0. µ∗µ We claim ϕµ ∈ / J(End(L1 (G))). Assume to the contrary that ϕµ ∈ J(End(L1 (G))). Then ϕ∼ ϕ ∈ J(End(L1 (G))). This gives ϕ∼ ∈ J(End(L1 (G))). Hence r(W∼ )= µ µ µ∗µ µ∗µ 1 0, a contradiction. Thus, ϕµ ∈ / J(End(L (G))) as claimed. Let π be the canonical epimorphism from End(L1 (G)) to End(L1 (G))/J(End(L1 (G))). Then the composition π ◦ ϕ : M (G) −→ End(L1 (G))/J(End(L1 (G))) is a one-toone homomorphism and so M (G) embeds in End(L1 (G))/J(End(L1 (G))) as an algebra.  Proposition 2.2. Let X be an enveloping class of modules and u : L1 (G) → X be a monomorphic X -envelope of L1 (G) such that End (X)/J(End (X)) is a von Neumann regular right self-injective ring and idempotents lift modulo J(End (X)). If L1 (G) is X -automorphism invariant then G is finite and consequently, L1 (G) = C[G]. Proof. Let L1 (G) be X -automorphism invariant. By [4], End(L1 (G))/J(End(L1 (G))) is von Neumann regular. We know, by [10], that End(L1 (G)) can be considered as a Banach subalgebra of the Banach algebra of bounded operators on L1 (G). Hence, End(L1 (G))/J(End(L1 (G))) is a Banach algebra. Kaplansky [11] showed that a von Neumann regular Banach algebra is finite-dimensional. Thus End(L1 (G))/J(End(L1 (G))) is finite-dimensional. By the above lemma, it follows that M (G) is finite-dimensional. Hence, G is finite. Therefore, L1 (G) = C[G].  Connell [1] proved that the group algebra C[G] is injective if and only if G is finite (see [12]) and later Zimmermann [14] proved that C[G] is pure-injective if and only if G is finite. In [9] it is shown that L1 (G) is injective if and only if G is finite. Now we are ready to prove our main theorem that extends these results. Theorem 2.3. The following are equivalent: (1) L1 (G) is automorphism-invariant. (2) L1 (G) is pure-automorphism-invariant. (3) G is finite. Proof. If X is the class of injective modules, then End(X)/J(End(X)) is a von Neumann regular right self-injective ring and idempotents lift modulo J(End(X)). Thus, if L1 (G) is automorphism-invariant, then by above proposition, G is finite. On the other hand, if G is finite then L1 (G) = C[G] is clearly injective and hence automorphism-invariant. This shows equivalence of (1) and (3). Similarly, if X is the class of pure-injective modules, then End(X)/J(End(X)) is a von Neumann regular right self-injective ring and idempotents lift modulo J(End(X)). Thus, if L1 (G) is pure-automorphism-invariant, then by above proposition, G is finite. If G is finite then L1 (G) = C[G] is pure-injective and hence pure-automorphism-invariant. This establishes equivalence of (2) and (3).  3. Generalized group algebras of locally compact groups Let A be a Banach algebra with identity of norm 1 and let G be a locally compact group with the left Haar measure m. The generalized group algebra L1 (G, A)
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consists of all A-valued Bochner integrable functions on G, with the norm given as Z ||ϕ||1 = ||ϕ(t)|| dm(t) (ϕ ∈ L1 (G, A)), G



and equipped with the convolution product *, where Z (ϕ ∗ ψ)(t) = ϕ(s)ψ(s−1 t) dm(s) (ϕ, ψ ∈ L1 (G, A), t ∈ G) G



We know that L1 (G, A) is a Banach algebra with approximate identity bounded b by 1 and L1 (G, A) can be viewed as the projective tensor product L1 (G)⊗A, the completion of the algebraic tensor product L1 (G) ⊗ A equipped with the projective tensor-norm. In this section we would like to characterize when L1 (G, A) is automorphisminvariant. First, we have the following useful lemma. Lemma 3.1. Let R be a ring and G be a group. If the group ring R[G] is right automorphism-invariant, then R is right automorphism-invariant. Proof. Let R[G] be automorphism-invariant. By [3] we know that R is right automorphism-invariant if and only if any monomorphism from a right ideal I of R to RR extends to an endomorphism of RR . Let I be a right ideal of R. Then I[G] is a right ideal of R[G]. Let f : I −→ RR be a monomorphism. Then f 0 : I[G] −→ R[G] given by f 0 (Σg∈G ag g) = Σg∈G f (ag )g for ag ∈ I and g ∈ G, is a monomorphic R[G]-module homomorphism. But since R[G] is right automorphism-invariant, f 0 extends to g : R[G] −→ R[G]. Then g|R : RR −→ RR extends f . Therefore, R is right automorphism-invariant.  Theorem 3.2. If the generalized group algebra L1 (G, A) is right automorphisminvariant, then A is right automorphism-invariant and G is finite. Proof. Assume that L1 (G, A) is right automorphism invariant. By [4], we know that End(L1 (G, A))/J(End(L1 (G, A))) is von Neumann regular. We know, by [10], that End(L1 (G), A) can be considered as a Banach subalgebra of the Banach algebra of bounded operators on L1 (G, A). Hence, End(L1 (G, A))/J(End(L1 (G, A))) is a Banach algebra. As End(L1 (G, A))/J(End(L1 (G, A))) is a von Neumann regular Banach algebra, it is finite-dimensional. As is already shown in [9], M (G) is embeddable as an algebra in End(L1 (G, A))/J(End(L1 (G, A))). Thus it follows that M (G) is finite-dimensional. Hence, G is finite. Therefore, L1 (G, A) = A[G]. By Lemma 3.1, A is right automorphism-invariant. 



4. Open Problems It is well-known that if R is a right self-injective ring and G is a finite group, then the group ring R[G] is right self-injective [1]. Motivated by this, we would like to ask the following question. Question 1. Let R be right automorphism-invariant ring and G be a finite group. Is the group ring R[G] right automorphism-invariant?
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In [5] it is shown that if K is any field with more than two elements then the group algebra K[G] is automorphism-invariant if and only if G is a finite group. We would like to ask the following. Question 2. If F2 [G] is automorphism-invariant, must G be a finite group? We believe that the answer to both the above questions is “yes”. Finally, we would like to propose the following conjecture. Conjecture 4.1. The group ring R[G] is right automorphism-invariant if and only if R is right automorphism-invariant and G is finite.
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