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A Note on Strong Duality and Complementary Slackness Chee-Khian Sim Last updated: 27 August 2015 Abstract In this note, we consider the equivalence between strong duality and complementary slackness by studying the class of linear conic optimization problems. Keywords. Lagrangian function; Primal problem; Dual problem; Strong duality; Complementary slackness.
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Lagrangian Function and Primal-Dual Problem



We start off by considering a function, which we called the Lagrangian function, Φ : X × Y → 


while the dual problem (D) associated with this Lagrangian function is given by   max inf Φ(x, y) . y∈Y



(1)



y∈Y



x∈X



l Example 1.1 For x ∈ X ⊆ 


Φ(x, u, v) = f (x) +



m X



ui gi (x) +



i=1



l X



vi hi (x).



i=1



Then the primal problem (P) associated with Φ(x, u, v) is given by min f (x)



x∈


1



(2)



subject to gi (x) ≤ 0, i = 1, . . . , m, hi (x) = 0, i = 1, . . . , l, x ∈ X, since for x ∈ X,  sup Φ(x, u, v) = (u,v)∈Y



f (x) , if gi (x) ≤ 0, i = 1, . . . , m, hi (x) = 0, i = 1, . . . , l, +∞ , otherwise,



while the dual problem (D) associated with Φ(x, u, v) is given by max



u∈


θ(u, v)



subject to u ≥ 0, Pl P where θ(u, v) = inf{f (x) + m i=1 vi hi (x) ; x ∈ X}. See [1]. i=1 ui gi (x) + Now, it is clear the weak duality holds for the above Problem (1) and Problem (2), that is,     min sup Φ(x, y) ≥ max inf Φ(x, y) . x∈X



y∈Y



y∈Y



x∈X



Strong duality holds if the optimal values of both problems are equal, that is,     min sup Φ(x, y) = max inf Φ(x, y) . x∈X



y∈Y



y∈Y



x∈X



Given x ∈ X and y ∈ Y , we say that strong duality holds for (x, y) if sup Φ(x, y) = inf Φ(x, y). y∈Y



x∈X



Remark 1.1 It is easy to see that strong duality holds for (x, y) if and only if x an optimal solution for Problem (1) and y an optimal solution for Problem (2), with common optimal value. As a side note, we now relate strong duality with the Lagrangian function Φ(x, y). A solution (x, y) is called a saddle point of the Lagrangian function Φ(x, y) if x ∈ X, y ∈ Y , and Φ(x, y) ≤ Φ(x, y) ≤ Φ(x, y), for all x ∈ X, y ∈ Y. We have the following claim relating the saddle point of a Lagrangian function with the optimal solutions to its primal and dual problems, and which also relates strong duality with the function: 2



Claim 1.1 (x, y) is a saddle point of Φ(x, y) if and only if x is an optimal solution to (P) and y is an optimal solution to (D), and the primal and dual optimal values are equal (that is, strong duality holds). Furthermore, the common optimal value is given by Φ(x, y). Proof: (⇒) Note that Φ(x, y) = maxy∈Y Φ(x, y) and Φ(x, y) = minx∈X Φ(x, y). The conclusion then follows by Φ(x, y) = max Φ(x, y) y∈Y



≥ inf max Φ(x, y) x∈X y∈Y



≥ inf Φ(x, y) x∈X



= Φ(x, y) = max Φ(x, y) y∈Y



≥ max inf Φ(x, y) y∈Y x∈X



≥ inf Φ(x, y) x∈X



= Φ(x, y). (⇐) It follows from Φ(x, y) ≤ sup Φ(x, y) y∈Y



= min sup Φ(x, y) x∈X y∈Y



= Φ(x, y) = max inf Φ(x, y) y∈Y x∈X



=



inf Φ(x, y)



x∈X



≤ Φ(x, y), for all x ∈ X, y ∈ Y. 2
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Linear Conic Optimization Problem - A Consideration



We consider the following linear conic optimization problem: min hc, xiH1



x∈H1



subject to Ax = b, Bx − d ∈ K, 3



(3)



where x, c ∈ H1 , b ∈ H2 , d ∈ H3 , A is a linear map from H1 to H2 , B is a linear map from H1 to H3 , K ⊆ H3 is a nonempty closed convex cone. Here, H1 , H2 , H3 are finite dimensional Hilbert spaces. For x ∈ H1 , u ∈ H2 , v ∈ −K ∗ , we formed the Lagrangian function that arises from the above linear conic optimization problem as Φ(x, u, v) = hc, xiH1 + hu, Ax − biH2 + hv, Bx − diH3 , where K ∗ ⊆ H3 is the dual cone of K and is defined as K ∗ = {y ∈ H3 ; hy, wiH3 ≥ 0 ∀w ∈ K}. Note that we have K ∗∗ = K, since K is a nonempty closed convex cone (see for example [3]). The primal problem (P) associated to the above Lagrangian function is exactly the above linear conic optimization problem, since it is easy to see that sup



Φ(x, u, v) =



u∈H2 ,−v∈K ∗



sup u∈H2 ,−v∈K ∗



 =



hc, xiH1 + hu, Ax − biH2 + hv, Bx − diH3



hc, xiH1 , if Ax = b, Bx − d ∈ K ∗∗ = K, +∞ , otherwise.



Let us now find the dual problem (D) associated to this Lagrangian function. Observe that for u ∈ H2 and v ∈ −K ∗ , inf Φ(x, u, v) =



x∈H1



inf hc, xiH1 + hu, Ax − biH2 + hv, Bx − diH3



x∈H1



inf hc + A∗ u + B ∗ v, xiH1 − hu, biH2 − hv, diH3  −hu, biH2 − hv, diH3 , if c + A∗ u + B ∗ v = 0, = −∞ , otherwise. =



x∈H1



where A∗ , B ∗ are the adjoint of A, B respectively. Hence, the dual problem (D) is given by: max



u∈H2 ,v∈H3



−hu, biH2 − hv, diH3



(4)



subject to c + A∗ u + B ∗ v = 0, v ∈ −K ∗ . Let us equate the objective function values of Problem (3) and Problem (4). Upon algebraic manipulations using primal and dual feasibilities, the following holds: −hu, biH2 − hv, diH3 = hc, xiH1 ⇔ −hu, AxiH2 − hv, diH3 = h−A∗ u − B ∗ v, xiH1 ⇔ −hA∗ u, xiH1 − hv, diH3 = −hA∗ u, xiH1 − hv, BxiH3 ⇔ hv, Bx − diH3 = 0. 4



We called hv, Bx − diH3 = 0 the complementary slackness condition for Problems (3) and (4), and we say complementary slackness condition holds for (x, u, v). Remark 2.1 As a rule of thumb, the complementary slackness condition can be obtained easily for a given primal-dual linear conic program pair by forming “inner product” of the primal cone constraint “left-hand side” with the corresponding dual cone constraint “left-hand side”, and setting the “inner product” equal to zero. The main result for this note then follows immediately: Claim 2.1 Given x feasible to Problem (3), and (u, v) feasible to Problem (4), complementary slackness condition holds for (x, u, v) if and only if strong duality holds for (x, u, v). Remark 2.2 In practice, to find primal and dual optimal solutions, we only need to find (x, u, v) that is primal and dual feasible and also satisfies the complementary slackness condition. Then Claim 2.1 holds, and it then follows from Remark 1.1 that x is an optimal solution to Problem (3) and (u, v) is an optimal solution to Problem (4), with common optimal value. Example 2.1 (Linear Program) H1 = H3 = 


x∈


subject to Ax = b, x ≥ 0, and Problem (4) becomes max



u∈


−bT u



subject to c + AT u + v = 0, v ≤ 0. The complementary slackness condition is then the usual complementary slackness condition, xT v = 0, that is considered in linear programming. Analogous semi-definite program example to the above linear program example can be obtained in a similar manner. A natural question to ask next is: “Under what conditions do we have strong duality?”. A reason we ask this is that if we have strong duality, then we can for example use 5



primal, dual feasibility conditions and complementary slackness condition to attempt to “solve” for primal and dual optimal solutions. It is well-known that with certain constraint qualifications, such as the existence of x ∈ H1 with Ax = b and Bx − d ∈ int(K), that is, Problem (3) has a strictly feasible solution, then strong duality holds and there exists an optimal solution to Problem (4) (see for example [2]) . We will consider this aspect of strong duality (or equivalently complementary slackness) in future.



References [1] M. S. Bazaraa, H. D. Sherali & C. M. Shetty, Nonlinear Programming: Theory and Algorithms, 2nd Edition, John Wiley & Sons, Inc., 1993. [2] S. Boyd & L. Vandenberghe, Convex Optimization, Cambridge University Press, 2004. [3] R. T. Rockafellar, Convex Analysis, Princeton Landmarks in Mathematics, Princeton University Press, 1970.
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