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Introduction



The objective of this note is to provide sufficient conditions under which a supermodular incomplete information game has a unique Bayesian Nash equilibrium. We call a static incomplete information game supermodular, whenever the utility function satisfies supermodularity conditions and the action space is a lattice. This class of games has been extensively studied in the literature, see for example [Milgrom and Roberts, 1990], [Vives, 1990], [Zandt, 2010], etc. The main characteristic of this class of games is that there exists some type of complementarity between players’ actions. For example, in a Cournot competition game, if one firm increases the quantity produced the other firms’ best response is to do the same and increase its own production. To obtain the uniqueness result we make additional restrictions on player’s beliefs, and on the utility function, besides supermodularity and increasing differences. We suppose player’s beliefs have finite support, there are no irrelevant types; the utility function is concave and satisfies strict diagonal dominance. The no irrelevant types is a regularity assumption. It means that there is no type of other players that is considered impossible by all types of each player. Without this assumption, one step of the uniqueness proof is not well defined. We also need two assumptions on the utility function. The first assumption, is that the utility function is concave. The second assumption is strict diagonal dominance. This assumption requires the first order derivative of the player’s utility function over their own action to be more affected by a change in their own action than the sum of the impact of all other players’ actions. Several authors use the strict diagonal dominance condition to show uniqueness in complete information games, for example [Gabay and Moulin, 1980] and [Milgrom and Roberts, 1990]. The method of proof for the uniqueness theorem extends [Gabay and Moulin, 1980]’s proof for complete information games to supermodular incomplete information games. The first step in the ∗
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proof, is to show that the expected utility preserves the same properties of the utility function. The second and main step of the proof, is to show that the best response function is a weak contraction. Uniqueness proofs are useful, because in the class of games with unique equilibrium, comparative statics are not ambiguous. That is, in games with we cannot, ex-ante, point out which equilibrium will arise in the game once an exogenous variable changes. There are few equilibrium uniqueness result for incomplete information games in the literature. The most recent work is from [Mathevet, 2010]. The author shows when we can guarantee equilibrium uniqueness for global games. On the other hand, [Mason and Valentinyi, 2010]’s objective is to provide sufficient conditions for existence and uniqueness of monotone pure strategies. This note is composed by two sections. In the first section, we present the model, the sufficient conditions for uniqueness of interim Bayesian Nash equilibrium and prove the uniqueness theorem. In the second and last section we provide two applications of the main theorem, one for an arms race game under incomplete information and the other for a Cournot competition game under incomplete information about costs and linear demand.



2



Framework and Main Result



There is a finite set of players N = {1, · · · , n} facing uncertainty about the state of the world s ∈ S. We assume S is compact Polish, e.g. separable and completely metrizable. The interactive uncertainty about S is described by a type space, which is a tuple (S, N, (Ti , λi )i∈N ). λi : Ti → ∆(S × T−i ) is a mapping, and ∆(S × T−i ) is the set of probability distributions over S × T−i . We call a point ti ∈ Ti a type. The set Ti contains all possible types of player i and we endow it with its Borel σ-algebra. We call λi the belief mapping. It associates a probability distribution over S and the type of other players for each possible type of player i. Since S is a compact Polish space, it follows from [Mertens and Zamir, 1986] and [Brandenburger and Dekel, 1993] the existence of an universal type space1 from which T = ×Ti is a subset. Under the assumptions in this paper player’s beliefs may not necessarily come from a common prior. Given a probability distribution F over a product space X × Y , we define supp F as the smallest closed set A ⊂ X × Y such that F (A) = 1. Furthermore, we define mrgX F and mrgY F to be the marginal distribution of F with respect to X and Y respectively. Assumption 1 λi (ti ) has finite support for each ti ∈ Ti and i ∈ N . Assumption 2 The type space T = ×Ti satisfies the no irrelevant type property: ∪ti ∈Ti supp mrgT−i λi (ti ) = T−i for each i ∈ N . 1



A type space is universal whenever every type space can be embedded into it. See the references above for details.
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Under Assumption 2, there is no type profile of other players that is considered impossible by all types of player i for each i ∈ N . Each player has a set of actions Ai available. To simplify notation, we assume Ai is a compact subset of R. However, all results in this paper remain valid for the case where Ai is a compact metric lattice2 . Let ui : S × Ti × A → R be a bounded, S × T -measurable mapping. We call ui an utility function for player i. Assumption 3 The utility function ui is concave in ai , twice continuously differentiable with respect to A and has increasing differences with respect to (ai , a−i ), e.g.



∂ 2 ui ∂ai ∂aj



≥ 0 for i 6= j.



In the general case where Ai is a compact metric lattice we also need ui to be supermodular. Note that supermodulatity is trivially satisfied whenever the function’s domain is unidimensional. Assumption 4 The utility function ui satisfies strict diagonal dominance if 2 ∂ ui X ∂ 2 ui (t , s, a) > (t , s, a) i i ∂a2 ∂ai ∂aj i j6=i



for each (ti , s, a) ∈ Ti × S × A. A pure strategy for player i is a measurable mapping σi : Ti → Ai . It associates an action to be played by each possible type of player i. We denote the space of strategies for player i by Σi and of all players by Σ = ×Σi . As usual, when we refer to all players except i, we add the subscript −i. The interim expect utility is a mapping hi : Ti × S × Σ → R as follows: Z λi (ti )(s, t−i )ui (ti , s, σ(ti , t−i ))dsdt−i .



hi (ti , σ) =



(1)



S×T−i



A supermodular incomplete information game Γ is a tuple (N, S, (Ti , λi , Ai , ui )i∈N ) satisfying Assumption 3. An interim Bayesian Nash equilibrium is a strategy profile σ ∗ ∈ Σ such that σi∗ (ti ) ∈ ∗ ) for each t ∈ T and i ∈ N . arg maxai ∈Ai hi (ti , ai ; σ−i i i



Definition 2.1 Let f : X → X be a function over a metric space X. If dX (f (x), f (y)) < dX (x, y) for each x, y ∈ X with x 6= y, then we call f a weak contraction. In order to get uniqueness of Bayesian Nash equilibrium, it is enough to show that the best response function is a weak contraction. To get the intuition behind this result, consider the complete information setup where a strategy for player i is a point ai ∈ Ai . Let bri : A−i → Ai be the best response function for player i and br = (br1 , · · · , brn ) the best response function of all players. Suppose 2



A compact metric lattice is a lattice with a compact metrizable topology such that the lattice operations are continuous.
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for a complete information game, the best response is a weak contraction. In addition, suppose by way of contradiction that a1 6= a2 are equilibrium for this game. Then, since a1 = br(a1 ) and a2 = br(a2 ), we have maxi |a1i − a2i | = maxi |br(a−i )1 − br(a−i )2 | < maxi |a1i − a2i |, which is a contradiction to the fact that both strategies are equilibrium for this game. The second main step of the proof is to show that the best response for the incomplete information game is a weak contraction. Theorem 2.1 There exists a unique interim Bayesian Nash equilibrium for a supermodular incomplete information game satisfying Assumptions 1-4. Proof. Since the game satisfies Assumption 3, we can guarantee equilibrium existence using [Zandt, 2010]. Then, it remains to show that under assumptions 1 to 4 this interim Bayesian Nash equilibrium is unique. The proof is divided in two main steps. In the first we show that the expected utility is concave and satisfies strict diagonal dominance. In the second step, we show that the best response function is a weak contraction. Let a−i (σ−i ) = (at1 , · · · , atK ) be a matrix where atk = σ−i (tk−i ) for each tk−i ∈ supp mrgT−i λi (ti ). −i



−i



−i



We can interpret the entry atk as the vector of actions all players except i would choose if their true −i



type were tk−i . It follows from assumption 1 that this matrix has a finite number of columns, because there are only a finite number of types in the support of λi (ti ). |supp mrgT−i λi (ti )|



We can rewrite the expected utility of type ti as a mapping vti : Ai × A−i



→ R as



follows: vti (ai , a−i (σ−i )) =



X



λ(ti )(s, tk−i )ui (ti , s, ai , a−i,tk ). −i



(s,tk−i )∈S×{supp mrgT−i λi (ti )}



Since ui is concave and λ(ti )(s, tk−i ) ≥ 0 the function vti is also concave in ai . Next we show that vti satisfies strict diagonal dominance with respect to (ai , a−i (σ−i )). Consider the following inequalities:



2 X ∂ 2 ui ∂ ui ∂ai ∂aj (ti , s, ai , a−i,tk−i ) ∂a2 (ti , s, ai , a−i,tk−i ) > i j6=i 2 2 X ∂ ui k ∂ ui k λi (ti )(s, t−i ) 2 (ti , s, ai , a−i,tk ) ≥ λi (ti )(s, t−i ) (ti , s, ai , a−i,tk ) −i −i ∂ai ∂aj ∂ai j6=i 2 2 X X X ∂ ui ∂ ui λi (ti )(s, tk−i ) 2 (ti , s, ai , a−i,tk ) > λi (ti )(s, tk−i ) (ti , s, ai , a−i,tk ) −i −i ∂ai ∂aj ∂ai k k



(s,t−i )



(s,t−i ) j6=i



2 ∂ vti X X ∂ 2 vti > (a , a (σ )) (a , a (σ )) i −i −i i −i −i ∂a2 ∂ai ∂aj,tk i k t−i j6=i



(2)



−i



The first inequality is the definition of strict diagonal dominance for ui . We obtain the second inequality by multiplying by λi (ti )(tk−i ), which is bigger than zero if (s, tk−i ) is in the support of λi (ti ). 4



To get the third inequality, we sum over all types of other players in the support of λi (ti ). The last inequality is the definition of strict diagonal dominance for vti . Now we turn to the second step. Suppose by way of contradiction that the set of interim Bayesian Nash equilibrium is not a singleton. For instance, suppose σ 1 and σ 2 are equilibrium for this game. 1 (t ) 6= σ 2 (t ) Pick a player i ∈ N . There are two cases. Either there exists t−i ∈ Ti such that σ−i −i −i −i



or σi1 (ti ) 6= σi2 (ti ) for some ti ∈ Ti . Suppose the first case. Then, from assumption 2 there exists some type ti ∈ Ti such that t−i ∈ 1 (t ) 6= σ 2 (t ). supp mrgT−i λi (ti ) and σ−i −i −i −i



Define bri (σ−i ) = {σi ∈ Σi |σi (ti ) = arg maxai ∈Ai vti (ai , a−i (σ−i ))∀ti ∈ Ti } as the best response for player i and br(σ) = (br1 , · · · , brN ) the best response of all players. The best response bri is a function because for each type ti there exists a unique action that maximizes interim expected utility. Recall 2 ∂ vti that the expected utility is concave and strict diagonal dominance implies that ∂a2 (·) > 0. i



1 )(t ), a∗ = br (σ 2 )(t ). The case in which a∗ = a∗ is trivial. For instance Let a∗1 = bri (σ−i i i −i 2 2 1 i 1 1 )(t ) − br (σ 2 )(t )| = 0 < max 2 (t ) . Now suppose |a∗ − a∗ | > 0. |bri (σ−i σ (t ) − σ i i −i i j6=i,tj j j 2 1 j j 



Optimality of a∗1 and a∗2 implies that



∂vti ∗ 1 ∂ai (a1 , a−i )



=



∂vti ∗ 2 ∂ai (a2 , a−i )



1 )) and = 0. Let a1 = (a∗1 , a−i (σ−i



2 )). Let θ ∈ [0, 1], and define Ψ : [0, 1] → R as a2 = (a∗2 , a−i (σ−i



Ψ(θ) =



∂vti 1 [a + θ(a2 − a1 )]. ∂ai



It follows from the assumption that ui is twice continuously differentiable that Ψ is also continuously differentiable. In addition, Ψ(0) = Ψ(1) = 0. Hence using Rolle’s theorem3 there exists θ∗ ∈ (0, 1) such that Ψ0 (θ∗ ) =



XX tk−i j6=i



∂ 2 vti ∂ 2 vti 1 [a + θ∗ (a2 − a1 )](a∗2 − a∗1 ) = 0; [a1 + θ∗ (a2 − a1 )](a2j,tk − a1j,tk ) + −i −i ∂ai ∂aj,tk ∂a2i −i



hence, X X ∂ 2 vt ∂ 2 vti 1 i [a + θ∗ (a2 − a1 )](a∗2 − a∗1 ) = − [a1 + θ∗ (a2 − a1 )](a2j,tk − a1j,tk ). 2 −i −i ∂a ∂a ∂ai k i j,t k t−i j6=i



(3)



−i



Combining equations (2) and (3) we get 2 X X ∂ 2 vt ∂ vti 1 i ∗ ∗ 2 1 ∗ 1 ∗ 2 1 ∗ [a + θ (a − a )] |a2 − a∗1 | ≤ [a + θ (a − a )] |a2 − a1 | < 2 ∂a ∂a ∂ai i j,tk−i tk−i j6=i X X ∂ 2 vt i ≤ [a1 + θ∗ (a2 − a1 )] a2j,tk − a1j,tk −i −i ∂a ∂a k i j,t k t−i j6=i



(4)



(5)



−i



3



The Rolle’s theorem states that if a function is continuous on a closed interval [a, b] and differentiable on the open interval (a, b), then there exists c ∈ (a, b) such that f 0 (c) = 0.
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since a∗1 6= a∗2 . Hence, |a∗2 − a∗1 | < max σj1 (tj ) − σj2 (tj ) = max σi1 (ti ) − σi2 (ti ) . i,ti



j6=i,tj



(6)



1 (t ) = σ 2 (t ) for each t In the second case ti is such that σ−i −i −i ∈ supp mrgT−i λi (ti ). Then, it −i j 1 )(t ) = br (σ 2 )(t ) because br (·) has an unique maximizer. Therefore must be that bri (σ−i i i −i i i



1 2 bri (σ−i )(ti ) − bri (σ−i )(ti ) = 0 < max σi1 (ti ) − σi2 (ti ) i,ti



(7)



for each ti ∈ Ti since σ 1 6= σ 2 . 



Define σ 1 − σ 2 ∞ = maxi,ti σi1 (ti ) − σi2 (ti ) . As the same argument holds for every type ti and every player i we have:



1 







σ − σ 2 = br(σ 1 ) − br(σ 2 ) < σ 1 − σ 2 ∞ ∞ ∞ a contradiction. Corollary 2.1 Suppose there exists an interim Bayesian Nash equilibrium for an incomplete information game satisfying assumptions 1,2,4 where the utility function is concave in ai and twice continuously differentiable with respect to A. Then, the equilibrium is unique.
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Example: Arms Race under Incomplete Information



This example is based on [Milgrom and Roberts, 1990]. Suppose there are two countries engaged in arms race. Each country has an initial arms stock level of yn ∈ [0, ymax ], which is privately known. Their beliefs about y−n are summarized by λn (yn ). This game is static and they choose an arms level xn ∈ [0, xmax ]. Strategy is a mapping σn : [0, ymax ] → [0, xmax ] and ex-post payoff given by: fn (yn , xn , x−n ) = −C(xn + yn ) + B(xn + yn − x−n − y−n ). The function C(·) is smooth strictly concave and B(·) is smooth concave. In addition, whenever −C 00 (xn + yn ) + B 00 (xn + yn − x−n − y−n ) > −B 00 (xn + yn − x−n − y−n ) this game satisfies strict diagonal dominance and if beliefs satisfy Assumption 2 the equilibrium is unique.
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Example: Cournot Competition under Incomplete Information



There are two firms in a Cournot competition. Each firm chooses the quantity to be produced qi ∈ [0, M ], where M is a large number. Firms profit is given by ui = qi (θi − qi − qj ), where the other firms do not observe its cost of production θi . Hence, firm’s belief about θ−i is summarized by a probability measure λi . We cannot apply the uniqueness theorem for this game, because it does not have increasing differences (



∂ 2 ui ∂qi ∂qj



= −1). Still, we know an equilibrium exists for this game. In fact, firms profit is



concave and it satisfies the strict diagonal dominance condition: 2 2 ∂ ui ∂ ui = | − 1|. | − 2| = 2 > ∂qi ∂qj ∂qi



(8)



Whenever λi satisfies Assumption 3, we can apply the corollary to show that there exists a unique interim Nash equilibrium for this game.
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