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A Quantitative Theory of Unsecured Consumer Credit with Risk of Default Satyajit Chatterjee Federal Reserve Bank of Philadelphia Dean Corbae University of Texas Makoto Nakajima University of Illinois Jose-Victor Rios-Rull University of Minnesota



We develop a model of consumer bankruptcy with the following features: • People can default on unsecured consumer credit in accordance with U.S. bankruptcy rules (Chapter 7) • People who declare bankruptcy are typically in poor financial shape • Post-bankruptcy, people have diﬃculty getting new unsecured loans for a period of about 10 years • There is a large amount of unsecured consumer debt outstanding • A large number of people declare bankruptcy each year • The consumer loan industry is competitive



Why do this?



• Bankruptcy is an interesting real-world risk-sharing institution so we want to study it.



• We can say something about the consequences of changes in bankruptcy-related laws — We examine the consequences of a proposed law that seeks to limit the bankruptcy option to debtors with below-median earnings — The impact of usury laws can also be analyzed



Closely Related Literature on Bankruptcy



• Kehoe and Levine (1993, 2001), Kocherlakota (1998), Alvarez and Jermann (2000) analyze models where “default” happens oﬀ eq. path and endogenous borrowing constraint binds in high income state.



• Zame (1993).With noncontingent contracts, default expands risk-sharing opportunities and may improve eﬃciency.



• Athreya (1999). Similar environment, but borrowers with low prob. of default subsidize borrowers with high prob. of default.



• Livshits, McGee and Tertilt (2001). OLG environment with competitive lenders, but no exclusion in the period (of length 3 years) following default.



Some Facts



• Unsecured consumer credit ≈7% of GDP & b/w 0.5-1% of households legally default each year; defaulters are in poor financial shape.



• Under Chapter 7 of the Bankruptcy Code, a bankrupt person’s (non-exempt) assets are liquidated to pay creditors; (most) remaining debts are discharged; future labor earnings are protected from creditors; and after 10 years the record of bankruptcy is deleted from the person’s credit history (a stipulation in the Fair Credit Reporting Act).



• In 2000, 838,576 people filed for bankruptcy under Ch.7 (and 378366 more under Ch. 13)



Individuals (Simplified Version) nP o t ∞ • Preferences: E0 t=0 β u (ct)



• Earnings: — (E, B(E), µ), µ is atomless. — E = [e, e¯] with ∞ > e¯ > e > 0. • Borrowing/Saving via Pure One-Period Discount Bonds — A finite set of face values L, typical element. . — For — For



≥ 0, q = qb > β.



b < 0, q ∈ [0, q].



b and max large. — min ≤ −e/(1 − q)



The Bankruptcy Option



• If < 0, and h = 0 (no bankruptcy on record) then default implies —



= 0 (debts written oﬀ)



— 0 = 0 (cannot save in the filing period). — h0 = 1 (start next period with bankruptcy on record).



• If h = 1, (bankruptcy on record) then — 0 ≥ 0 (cannot borrow) — h0 = 0 with probability 1−λ (record of bankruptcy deleted w/ some prob.) — e(1 − γ) (fraction of earnings disappears).



Unsecured Credit Industry (Simplified Version)



• Zero cost competitive firms — make one-period loans of size q ≥ 0,



∈ L at price



— observe a household’s total asset position and credit history ( , h), — are legally prohibited from lending to households with bankruptcy on record.



• Free entry implies zero expected profits on loans of every size: b — For < 0, q = q(1−p ), where p is objective probability of default on a loan of size .



— For



b ≥ 0, q = q.



Recursive Formulation of the Household’s Problem Notation



• State variables: e, , and h. b NL . • Prices: q ∈ Q ≡ [0, q]



• Value function: v ,h(e, q). R



• Expected Value Function: w ,h = E v ,h(e, q)dµ, the expected value (over e) of starting a period with , h.



• (w ,h(q)) ≡ w(q).



Recursive Formulation of the Household’s Problem (Continued)



• For






v ,h(e, q; w) = max



(



u(e) + βw0,1 maxc, 0∈B ,0,0(e,q) u(c) + βw 0,0



where B ,0,0(e, q) = {c ∈ R+, 0 ∈ L : c + q 0 · 0 ≤ e + }. — if B ,0,0(e, q) = ∅ v ,h(e, q; w) = u(e) + βw0,1



Recursive Formulation of the Household’s Problem (Continued)



• For



≥0&h=0 v ,h(e, q; w) =



• For



max



c, 0 ∈B ,0,0(e,q)



≥0&h=1



v ,h(e, q; w) =



c,



max



0 ∈B



,1,0



u(c) + βw 0,0



h



u(c)+β λw 0,1 + (1 − λ)w 0,0 .



where B ,1,0(e, q) = {c ∈ R+, 0 ∈ L+ : c + q 0 · 0 ≤ e(1 − γ) + }. Recursive formulation requires, for each (admissable) , h, the existence of unique functions w∗,h(q) such that w∗,h(q) =



Z



E



i



v ,h(e, q; w∗(q))dµ f orallq



Recursive Formulation of the Household’s Problem (Continued) Let W be the set of all continuous vector-valued functions from Q to RNX (where NX is the total number of admissable ( , h) pairs) such that the coordinate functions satisfy



∈ • w ,h(q) (boundedness)



·



u((1−γ)e) u(¯ e+ max− min ) , 1−β 1−β



¸



• u((1 − γ)e) + βw0,1(q) > u(0) + βw max,0(q) (default is better than zero consumption) • w ,h(q) is increasing in , h and q (monotonicity) and equip the set with norm k w(q) k= max{sup | w ,h(q) |}. q ,h



Recursive Formulation of the Household’s Problem (Continued) Theorem : Let u(c) : R+ → R be a strictly increasing, concave function such that u((1 − γ)e) − u(0) ≥



(1) (2)



β (3) [u(¯ e + max − min) − u((1 − γ)e)]. 1−β Then ∃ a unique w∗(q) ∈ W such that



w∗(q) =



Z



v(e, q; w∗(q))dµ.



Proof. • (W, k · k)is a complete metric space. • The operator (implicitly) defined by the functional R equation w(q) = v(e, q; w(q))dµ maps elements of W into W and is a contraction.



Characterizing Default Sets



For



¯ (q) be the default set < 0, let D



   



   



B ,0,0(e, q) = ∅ or e: .   ∗     maxc, 0∈B ,0,0(e,q) u(c) + βw∗0,0 ≤ u(e) + βw0,1 That is, the set of earnings for which default is the only option or for which it is (weakly) optimal to default.



Theorem :



¯ (q ∗) is a closed interval (possibly empty) in • D E, ¯ 1 (q ∗) ⊆ D ¯ 2 (q ∗). • If 0 > 1 > 2, D



value ∗`0 ,0 v`0,0,s(e; q, w)



`0 > `1



v`∗0,1 0 ,0,s (e; q, w) = v`∗0,1 1 ,0,s (e; q, w)



∗`0 ,0 v`1,0,s(e; q, w)



e (labor efficiency)



∗



D`0,0,s(q, w) ∗



D`1,0,s(q, w)



Characterizing Default Sets



Proof.



• (i) follows from the following two facts: ¯ (q ∗)c and e > eb. If e ∈ D ¯ (q ∗) then — Let eb ∈ D cb ,0(eb, q ∗) > eb. ¯ (q ∗)c and e < eb. If e ∈ D ¯ (q ∗) then — Let eb ∈ D cb ,0(eb, q ∗) < eb.



• (ii) follows because the value from not defaulting is increasing in but the value from defaulting is independent of .



Existence of Equilibrium (Simplified) q ∗ ∈ Q is a competitive equilibrium if • (i) given q ∗, HH optimization induces default sets D (q ∗) and (hence) default probabilities µ(D (q ∗)) • (ii) profit maximizing firms that charge q ∗ obtain zero profits. Theorem : A competitive equilibrium exists. Proof. via Kakutani FPT applied to q. • The key is to guarantee that any change in q never changes µ(D (q)) discontinuously; a sufficient condition is that µ be atomless (as assumed).



Default Functions, Sets, and Probabilities



• For



< 0, ∆∗(e, q) is a default correspondence if



∆∗(e, q) =



              



{1} {1}



 {0, 1}            {0}  



if B ,0,0(e, q) = ∅ if maxc, 0∈B ,0,0(e,q) u(c) + βw∗0,0 ∗ < u(e) + βw0,1 if maxc, 0∈B ,0,0(e,q) u(c) + βw∗0,0 ∗ = u(e) + βw0,1 if maxc, 0∈B ,0,0(e,q) u(c) + βw∗0,0 ∗ > u(e) + βw0,1



• Given a default function ∆∗(e, q), D(∆∗(e, q)) ≡ {e : ∆∗(e, q) = 1} is the associated default set and µ[D(∆∗(e, q))] is the associated default probability.



• Given < 0 and q there are potentially many default sets and default probabilities.



Existence of a Competitive Equilibrium For < 0, M ∗(q) is the set of default probabilities consistent with optimizing behavior, given the price vector q. Then, q ∗ ∈ Q is a competitive equilibrium if (i) q ∗ = qb for all ≥ 0 and (ii) for all < 0 there b − m). exists m ∈ M ∗(q ∗) such that q ∗ = q(1 Theorem A competitive equilibrium exists.



Proof. Define   



qb b − m)f orsome {q : q = q(1 ϕ (q) =   m ∈ M ∗(q)}. Q



f or ≥ 0 f or < 0



and ϕ(q) as ϕ (q). Then, ϕ(q) is convex-valued and has a closed graph. Since Q is a compact and convex set, by Kakutani’s FPT there exists q ∗ such that q ∗ ∈ ϕ(q ∗).



Characterizing Equilibrium Loan Price Schedule



Theorem : In any competitive equilibrium, • q ∗ = qb for



≥0



• if the grid on L is suﬃciently fine, there exists 0 < 0 such that q ∗ = q, b 0



— Follows from γ > 0



• q ∗1 ≥ q ∗2 for 0 > 1 > 2, and • q∗



min



=0



b — Follows from min ≤ −e/(1 − q)



Computation • We find equilibria by successive approximations on q. b 1. Set initial discount price vector q 0 to q.



2. Given q k , solve the HH problem and find the maximal default prob. for every ∈ L. (a) “Closed interval” property of maximal default sets makes this relatively simple.



¯ (q k )), zero profit condib − µ(D 3. Set q k+1 = q(1 tion. If “equal to” q k go to 4 otherwise repeat 2 with q k+1. 4. Compute the steady-state distribution of individuals over and h by successive approx. and compute its relevant statistics.



Complete Model • Households can be of type η ∈ S (a finite set) and a household’s type evolves stochastically according to a Markov transition law Γηη0 . — A household learns of it’s type for next period, η 0, at start of period t. — The realization of η 0 aﬀects the households utility function in the current period and the probability distribution from which it’s earnings will be drawn next period. • Households die with prob. (1 − δ) and a measure δ of newborns arrive with zero assets, distributed over η according the limiting dist. of Γηη0 . • Loan price schedules facing households are indexed on η 0 and there are perfect annuity markets.



Mapping the Model to Data



• From1998 Survey of Consumer Finance data, all households except those — with head older than 65, or — in the top wealth quintile, or — with debt more than 120% of HH earnings



• For this set: As a % of Average Earnings Value Total assets 153.00 Avg. Assets of HH w/ Neg. Net Worth 2.80 % of HH w/ Neg. Net Worth 11.4 Earnings Gini 0.44 Mean to Median Earnings 1.19 Wealth Gini 0.63 Mean to Median Wealth 1.86



Only some Default/Debt within our Theory



• Percentage of Ch. 7 filers in U.S. pop. 2000 = 0.426



• Of Ch.7 filers, reasons cited (Chakravarty & Rhee, 1999) Reasons Cited for Filing Loss of job Marital Distress : Credit Mismanagement Health Care Lawsuits & Harassment



% 12.2 14.3 41.3 16.4 15.9



• Our target, 0.426 × 32 × 0.84 ≈ 0.5% of filers.
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UNSECURED CONSUMER CREDIT TABLE IV EXTENDED MODEL ECONOMY: STATISTICS AND PARAMETER VALUES Statistic



Target



Model



Parameter



Value



Targets determined independently Average years of life Coefficient of risk aversion Labor share of income Depreciation rate of capital Average years of punishment



40 20 064 010 10



40 20 064 010 10



ρ σ θ δ λ



Targets determined jointly: Inequality Earnings Gini index Earnings mean/median Percentage of earnings in 2nd quintile Percentage of earnings in 3rd quintile Percentage of earnings in 4th quintile Percentage of earnings in 5th quintile Percentage of earnings in top 2–5% Percentage of earnings in top 1% Autocorrelation of earnings Wealth Gini index Wealth mean/median Percentage of wealth in 2nd quintile Percentage of wealth in 3rd quintile Percentage of wealth in 4th quintile Percentage of wealth in 5th quintile Percentage of wealth in top 2–5% Percentage of wealth in top 1%



061 157 40 130 229 602 158 153 075 080 403 13 50 122 817 231 347



061 212 41 97 202 640 180 153 074 073 322 30 63 150 754 146 323



Γ11 Γ21 Γ23 Γ33 ϕ e1max /e3min e1min /e3min e2max /e3min e2min /e3min e3max /e3min



0019 0001 0222 0969 0387 14,599.2 7,661.5 709 238 180



β γ Prob of η η Prob of ζ ζ



0913 0035 0012 1680 0003 1150



Targets determined jointly: Savings, debt, and default Percentage of defaulters 054 Percentage in debt 67 Percentage of defaults due to divorces 0077 Percentage of defaults due to hospital bills 017 Capital–output ratio 308 Debt–output ratio 00067



054 50 0074 017 308 00068



0975 2000 0640 0100 0900



This discrepancy is hard to eliminate because in the model, households that borrow are very prone to default, implying a high default premium on loans. This increases interest rates on loans and reduces the participation of households in the credit market.28 One important difference between the model and the U.S. economy is that a typical indebted household has both liabilities and 28



There are also some other factors that may account for this discrepancy. There are 3.2% of households with exactly zero assets due in part to the discrete nature of periods (all newborns have zero wealth); this makes the number of indebted people in the model lower than it ought to be. Also, upon being hit by either a liability or a preference shock, households default immediately, while in the data it takes longer.



Properties of Equilibrium Loan Price Schedule



• Fig. 2: For small values of debt (up to 40% of annual earnings), households pay low rates (no default). — As size of debt grows, more default occurs, and higher rates. — Eventually, (almost 250% of annual earnings) default occurs with probability one. — This endogenous credit limit is much lower than min.



• Since agents who have high MUC in current period (η 0) will have low future MUC (η 00), they are less likely to default and prices are similar.



UNSECURED CONSUMER CREDIT
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FIGURE 6.—Loan prices for blue and white collar households in the extended economy.



5.4. Accounting for Debt and Default These properties of default and loan price schedules indicate different roles of blue collar and white collar households in accounting for aggregate filing frequency and consumer debt. Blue collar households receive (on average) lower earnings every period and frequently borrow to smooth consumption. On the other hand, if they receive a sequence of bad earnings shocks, they find it beneficial to file for bankruptcy and erase their debt. Since they are more likely to default, blue collar households have to pay a relatively high default premium and the premium soars as the size of the loan increases. As a result, blue collar households borrow relatively frequently in small amounts and constitute the majority of those who go bankrupt, but because they borrow small amounts, they account for only a small portion of aggregate consumer debt. In contrast, white collar households face a lower default premium on their loans because they earn more on average. Therefore, they borrow a lot more than blue collar households when they suffer a series of bad earnings shocks. The households with large amounts of debt in our extended model consist of these white collar households. As long as these households remain white collar, they maintain access to credit markets, but they file for bankruptcy if their socioeconomic status changes to blue collar because they then face an extremely high default premium on their debt. This story resembles the plight of some members of the



How Does the Model Account for Debt and Default?



• Fig. 3: Probability of default of η loans conditional on η 0 shock. Normal shocks generate low prob. of default.



• Fig. 4: Distribution of wealth has general OLG shape, newborn have zero wealth. — Mass of agents at very high interest rates is low.



UNSECURED CONSUMER CREDIT
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FIGURE 5.—Default probabilities by household types in the extended economy.



Table V shows the number of people filing for bankruptcy by earning quintiles as a fraction of the entire population and as a fraction of those in debt. Across the two economies, the conditional probability of bankruptcy for households in the lowest three earnings quintiles is very similar, but declines sharply in the fourth quintile, and there are few defaulters in the top quintile (nobody defaults in the top quintile of the baseline economy, while some do in the extended economy; recall that the liability shock is large and can hit all agents). The last two columns of Table V show the difference made by the liability shocks by comparing the fraction of those in debt due to past debts alone that default (fourth column) or the fraction of those in debt due to all reasons including this period’s liability shocks. In the extended model economy, 0.27% of households get hit by the liability shock, of which 0.17% default. The aggregate size of the liability shock (or aggregate medical services) is 0.58% of output, while actual medical expenditure is 0.31% of output (implying via equation (17) that the markup m is 87%). An additional aspect of default behavior that is not evident in these tables is that in every case, households below some earnings threshold default. Although the theory allows for a second (lower) threshold below which people pay back, that does not happen in the equilibrium of these calibrated economies.
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CHATTERJEE, CORBAE, NAKAJIMA, AND RÍOS-RULL



FIGURE 4.—Wealth histogram in the extended model.



or white collar and on whether they are hit by the preference or the liability shock in the next period.32 We wish to make four points. First, the probability of filing for bankruptcy is higher for blue collar than white collar households for every level of debt. This is a natural consequence of white collar households receiving higher earnings on average than blue collar households. For instance, at a debt level of average income, no white collar worker is expected to default, while more than 90% of blue collar workers are expected to default. Second, the default probabilities for both types of households are rising in the level of debt, which is consistent with Theorem 4. Third, no one is expected to file for bankruptcy with a level of debt near zero, which is consistent with Theorem 6(ii). In particular, even the blue collar households are not expected to default if their debt is less than about one-tenth of average income unless they are hit by the liability shock. Fourth, the threshold debt level below which there is no default for white collar households that are not hit by the liability or preference shocks is 135% of average annual income, and a fraction of white collar households hit by the liability shock do not default. 32 For instance, in Figure 5 the line associated with blue collar agents plots the value of d∗ 0s (e ; q∗  w∗ )Φ(e |s ) de , where s = {ξ3  1 0}; the line associated with white collar agents: liability shock is the same expression with s = {ξ2  1 ζ}.







Policy Experiment #1



• Reducing the FCRA stipulation to 5 years. Statistic Baseline 5 years Pr(h0 = 0 |h = 1) 0.1 0.2 Earnings 100.00 100.00 Total Assets 153.204 154.043 Debt 2.524 2.449 Total Amount Defaulted 0.522 0.614 Percentage of Filers 0.541 0.654 % with Bad Credit Rating 4.422 2.980



• Welfare: — Percentage of popular support = 5.4. — Average willingness to pay = −1% of average earnings (lump sum).



Policy Experiment #2



• Earnings Limits for Filers. Statistic Baseline Limit Max Earnings of filers no limit 89 Earnings 100.00 100.00 Total Assets 153.204 124.823 Debt 2.524 6.879 Total Amount Defaulted 0.522 0.816 Percentage of Filers 0.541 0.523 % with Bad Credit Rating 4.422 4.273



• Welfare: — Percentage of popular support = 99.99. — Average willingness to pay = 25% of average earnings (lump sum).



Summary • Constructed a computable model of default consistent with U.S. bankruptcy rules and consumer credit and bankruptcy facts. • Used the model to answer questions about changes in policy with regard to bankruptcy. Next? • Study the consequence of relaxation of usury laws in the late 1970s for the subsequent path of consumer credit and bankrupcties (both rose over time). See Livshits, et. al. paper about “trend”. • More careful study of post-bankruptcy acquisition of unsecured consumer credit. See Chatterjee, et. al. paper about “scoring”.
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