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abstract Consider a real-valued function that, on a convex subset of a real vector space, is continuous on line segments and has convex contour sets. Inspired by a compelling intuitive argument due to Aumann (1975), we provide a simple proof that no strictly increasing transformation of such a function can be concave unless all contour sets are parallel, i.e., unless for every pair of contour sets, either their affine hulls are disjoint or one of their affine hulls contains the other. © 2013 Elsevier B.V. All rights reserved.



1. The result Consider the function f (x1 , x2 ) = x2 +







x1 + x22 defined on



R2+ . Its contour sets are straight lines connecting the axes and it is strictly increasing in its arguments. Its upper contour sets are therefore convex and so f is quasiconcave. Importantly, its contour sets, although straight lines, are not parallel. Their slopes decrease as one moves outward from the origin. Fenchel (1953, III.7 and III.8) seems to be among the first to have shown that such a quasiconcave function is not concavifiable, i.e., that no monotone transformation renders it concave.1 A beautiful and remarkably simple intuition for this fact is provided by Aumann (1975, p. 629). Fig. 1—a reproduction of Aumann’s Fig. 8— depicts three contour sets of f . Aumann explains the nonconcavifiability of f as follows, where he supposes that u is any differentiable utility function with the same contour (or indifference) sets as f . ‘‘Let us think of (Fig. 1) as a contour map, the ‘‘height’’ being the differentiable utility u. The contour lines are closer at x than at y, which means the ground is steeper there. In particular, the ground rises faster along the dashed line perpendicular to the indifference curve at x than it falls along the parallel dashed line starting at y. So if one were to string a telegraph line along the long dashed line and pull it taut, it would pass over the indifference curve containing x and y. This means that u cannot be concave’’. Our original intention was to provide  a simple proof of the non-



intuition. However, with just a little additional effort a much more general nonconcavifiability result can be obtained, one that permits the ambient space to be infinite dimensional and requires only that a single pair of distinct contour sets fail to be parallel. Related results can be found, for example, in Grant et al. (2000), Kannai (1977), and Monteiro (2010). However, the present approach is simple and directly utilizes Aumann’s insight that ‘‘the ground is steeper’’ at x than at y. Aumann’s intuitive explanation is so clear, one wonders why a proof of nonconcavifiability is not immediate. The reason, it seems, is that any proof must somewhere involve a limit operation. For example, given any finite number of contour sets of f (x1 , x2 ) = x2 + 



x1 + x22 , Afriat’s (1967) theorem can be used to show that there



is a strictly increasing concave function having those sets as contour sets. Thus, any proof of the nonconcavifiability of f must make essential use of infinitely many contour sets of f . Say that a real-valued function f on a convex subset X of a real vector space is continuous on line segments if for every x, y ∈ X , f ((1 − t )x + ty) is continuous in t on [0, 1]. Say that two subsets of a real vector space are parallel if their affine hulls are disjoint or if one of their affine hulls contains the other.2 , 3



x1 + x22 based on Aumann’s



Theorem 1.1. Suppose that X is a convex subset of a real vector space and that f : X → R is continuous on line segments. If the contour sets of f are convex and at least two are not parallel, then there is no strictly increasing real-valued function g defined on the range of f such that g ◦ f is concave on X .



✩ I wish to thank Bob Aumann, Eddie Dekel, Faruk Gul, Ben Polak, and Todd Sarver for helpful discussions on this topic. Financial support from the National Science Foundation (SES-1227506, SES-0922535, SES-0617884) is gratefully acknowledged. E-mail address: [email protected]. 1 I am grateful to Andreu Mas-Colell for providing me with a copy of Fenchel’s



2 Bob Aumann suggested that we define parallel sets in terms of their affine hulls. A comment due to Todd Sarver led to our including the ‘‘one affine hull contains the other’’ portion of the definition, implying for example that a line is parallel to any plane that contains it. 3 Recall that the affine hull of a set consists of all finite linear combinations of



work.



points in the set with weights – positive or negative – summing to one.



concavifiability of f (x1 , x2 ) = x2 +
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convex, and strictly increasing on its domain [u0 , u1 ]. Because φx (τx (u)) = u on [u0 , u1 ], we have τx′ (u)φx′ (τx (u)) = 1 for all but u countably many u in [u0 , u1 ]. Therefore, u 1 τb′ (u)du = τb (u1 ) −



u 0 τb (u0 ) = 1 > λ = τa (u1 ) − τa (u0 ) = u01 τa′ (u)du implies τa′ (u∗ ) < τb′ (u∗ ) – and therefore that φa′ (τa (u∗ )) > φb′ (τb (u∗ )) – for some u∗ ∈ (u0 , u1 ).4 , 5 Therefore, for ε > 0 small enough, φb (τb (u∗ )) − φb (τb (u∗ ) − ε) φa (τa (u∗ ) + ε) − φa (τa (u∗ )) > . ε ε Multiplying by ε/2, rearranging and using the definition of φx gives u(a∗ + ε(b′ − b)) + u(b∗ − ε(b′ − b)) 2 Fig. 1. Aumann’s insight.



Proof. We use freely the fact that if a continuous function ψ(·) is concave or convex on any real interval I, then it is differentiable at



 s′



all but countably many points in I, and ψ(s ) − ψ(s) = s ψ (r )dr for every s′ and s in I. Let C and C ′ be distinct non-parallel convex contour sets of f , let c be a common member of their affine hulls, and let d and d′ be, respectively, members of C and C ′ such that d is not a member of A′ , the affine hull of C ′ , and such that d′ is not a member of A, the affine hull of C . Thus c is both an affine combination of some c1 , . . . , cn ′ in C and of some c1′ , . . . , cm in C ′ . It is always possible to define b ∈ C to be a convex combination of d, c1 , . . . , cn giving each ci strictly positive weight and such that b is not in A′ . For example, if c¯ = 1n c1 + · · · 1n cn is not a member of A′ , then we may define ′



1 1 c d is not a member of 2 2 1 d. Similarly, we may define b′ 2



b = c¯ . Otherwise, 1 c 2



¯+



′



A′ and we may



define b = ¯ + ∈ C ′ as a convex ′ ′ ′ ′ combination of d , c1 , . . . , cm giving the ci strictly positive weight and such that b′ is not in A. Then for 1 − λ > 0 sufficiently close to zero, a = λb + (1 − λ)c is a convex combination of d, c1 , . . . , cn , ′ and a′ = λb′ + (1 − λ)c is a convex combination of d′ , c1′ , . . . , cm . Fix any such λ ∈ (0, 1). Then a, b ∈ C \ A′ , a′ , b′ ∈ C ′ \ A, and a − a′ = λ(b − b′ ). In particular, f (a) = f (b) and f (a′ ) = f (b′ ), and we suppose without loss that f (a) = f (b) < f (a′ ) = f (b′ ). The points a, a′ , b, and b′ are fixed for the remainder of the proof. Suppose by way of contradiction that u(x) = g (f (x)) is concave on X for some strictly increasing g. We claim that u is strictly increasing as one moves from a to a′ on the line joining them. But let us first argue that u is one to one on the line. Otherwise, if for example u(x) = u(y) for distinct points x and y on the line, the convexity of contour sets and the concavity of u imply that u(x) = u(y) ≥ u(a′ ) so that f (x) = f (y) ≥ f (a′ ). The continuity of f on line segments and f (a) < f (a′ ) then imply that f (z ) = f (a′ ) for some z ̸= a′ on the line, implying that a is in the affine hull of z and a′ and so in the affine hull of C ′ , contradicting the definition of a. This demonstrates that u is one to one on the line joining a and a′ . But then f is one to one on the line as well and, being continuous on the line, f must strictly increase as one moves from a to a′ on the line because f (a) < f (a′ ). But then u also strictly increases as one moves from a to a′ on the line, as claimed. Similarly, u is strictly increasing as one moves from b to b′ on the line joining b and b′ . Let u0 = u(a) = u(b) and u1 = u(a′ ) = u(b′ ) so that u0 < u1 . The function φb (t ) = u(b + t (b′ − b)) is concave and, by the previous paragraph, strictly increasing on [0, 1]. Similarly, φa (t ) = u(a + t (b′ − b)) is concave and strictly increasing on [0, λ]—recall that a − a′ = λ(b − b′ ). Thus, for x ∈ {a, b}, φx (·), being concave and strictly increasing on its domain, possesses a convex and strictly increasing inverse which we denote by τx (·). Let us complete the proof first in the case when φa : [0, λ] → R and φb : [0, 1] → R are continuous. Then, τx (·) is continuous,



u(a∗ ) + u(b∗ )



>



2



,



where a∗ = a + τa (u∗ )(b′ − b) and b∗ = b + τb (u∗ )(b′ − b). But the definitions of τa (·) and τb (·) imply u(a∗ ) = u∗ = u(b∗ ) and so the convexity of the u(·) = u∗ contour set yields u(a∗ + ε(b′ − b)) + u(b∗ − ε(b′ − b))



u(a∗ ) + u(b∗ )



>



2



 =u



2  a∗ + b ∗ 2



,



contradicting the concavity of u(·) and proving the desired result when φa and φb are continuous. Suppose now that φa (·) or φb (·) is not continuous. Being strictly increasing and concave, each φx (·) is continuous except possibly at t = 0. Because each φx (·) is strictly increasing and f is continuous on line segments, for every ε ∈ (0, 1) we may choose δ ∈ (0, 1) so that f ((1 − ε)a + ε a′ ) = f ((1 − δ)b + δ b′ ). Choose any such ε, δ so that (1 − ε)λ < 1 − δ , where it should be recalled that λ ∈ (0, 1). Define a˜ = (1 − ε)a + ε a′ and b˜ = (1 − δ)b + δ b′ . ˜ b˜ − b′ ) where λ˜ = Then, f (˜a) = f (b˜ ) < f (a′ ) = f (b′ ), a˜ − a′ = λ( ˜ (1−ε)λ/(1−δ) < 1, and both φa˜ : [0, λ] → R and φb˜ : [0, 1] → R are continuous, being reparametrizations of the restrictions respectively of φa and φb to subsets of their domains excluding t = 0. Hence, we may proceed with the proof as in the continuous case ˜ and λ with λ˜ .  replacing a with a˜ , b with b, Remark 1. The hypothesis that f is continuous on line segments cannot be dispensed with. For example, the concave function f (x1 , x2 ) = x1 + x2 if x1 > 0 and f (x1 , x2 ) = 0 if x1 = 0 for (x1 , x2 ) ∈ X = R2+ , which is not continuous on line segments, has convex contour sets and pairs of non-parallel contour sets, e.g., the f = 0 contour set is not parallel to any other contour set. Remark 2. The line-segment continuity hypothesis can be replaced with the hypothesis that X is the relative interior of a convex set. In this case, for every x, y ∈ X , the linear combination (1−t )x+ty is an element of X for all t in an open interval containing [0, 1]. Therefore, if u = g ◦ f is concave, u must be continuous on line segments. The proof then goes through by using the continuity of u where the continuity of f is currently used. Thus, our results can be summed up as follows. Theorem 1.2. Suppose that X is a convex subset of a real vector space, that f : X → R, and that one of the following two conditions holds. (i) f is continuous on line segments, or (ii) X is the relative interior of a convex set.



4 This is the formal expression of Aumann’s intuition. On the u∗ contour set, the ‘‘ground is steeper’’ at the point a∗ = a + τa (u∗ )(b′ − b) than at the point b∗ = b + τb (u∗ )(b′ − b) in the direction b′ − b. 5 In fact there are a continuum of such u∗ ∈ (u , u ), but we shall need only one. 0
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If the contour sets of f are convex and at least two are not parallel, then there is no strictly increasing real-valued function g defined on the range of f such that g ◦ f is concave on X . References Afriat, S.N., 1967. The construction of utility functions from expenditure data. International Economic Review 8, 67–77.
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