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A Time-Space Hedging Theory Giovanni PECCATI LSTA, Universit`e Paris VI E-mail: [email protected] April 2, 2004 Abstract In the framework of a continuous-time Markovian economy, the problem of static and dynamic hedging of exotic options is systematically studied in an Hilbert space framework, and namely by using the notions of path-dependence and chaotic timespace decompositions. In particular, our results allow (i) to give a general characterization of trading strategies that replicate contingent claims with a given degree of path-dependence, and (ii) to obtain closed expressions for the quadratic risk faced by an investor who (statically) hedges the risk of a contract with a high degree of path-dependency (like a barrier option) merely by means of a portfolio of less complex contingent claims (like vanilla European options). The application of such results to other hedging problems in a Brownian setting is discussed. Key words – Hedging; Path-dependent options; Quadratic risk; Time space chaos; Black-Scholes type model. AMS 2000 classification – 60-99; 60G15; 91B28.
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Introduction



The aim of this paper is to illustrate how the notion of complexity, underlying the construction of time-space Brownian chaos, may serve as an effective tool for financial modelling. The concept of time-space chaos has been first introduced in [20], and then further studied in [21] and [22], and essentially consists in a new orthogonal decomposition of the space of square integrable Brownian functionals into subspaces of multiple stochastic integrals. In particular, we know from the above references that such an orthogonalization is realized by considering sequences of random variables that exhibit an increasing degree of pathdependence. This concept has been partially introduced in Section 2 of [21], and will be formally defined and explored in the first part of the present paper. We will show that it may serve as an actual complement to the usual “Hilbert space financial techniques” – as the ones developed e.g. in [1], [14] and [16]. More specifically, though they are a priori applicable to any hedging problem within a Brownian framework, both concepts of path-dependence and time-space chaos are used in the subsequent sections to study 1



some unanswered questions related to the replication of (exotic) options in a two assets economy, of the Black-Scholes type, in continuous time. Here are the two main problems addressed in the sequel. (i) Characterizing dynamic trading strategies that replicate claims with a given degree of path dependence – We propose a new (and partial) classification of contingent claims according to their degree of path-dependence, and of trading strategies according to their increasing complexity. More precisely, we give the following recursive definition: a contingent claim has a path-dependence degree (pdd) of order N , if (a) it can be approximated (in the L2 sense) by linear combinations of contracts whose payoffs depend on the realizations of the price process on at most N dates and (b) it has a non zero component that is orthogonal to the space of claims with pdd equal to N − 1 (the claims with zero pdd are the real constants); examples of claims with a pdd of order one are vanilla European options, as well as Asian options paying the mean value attained by the spot price over a fixed time interval, whereas a degree of order N is displayed e.g. by a lookback contract paying the maximum level reached by the spot price over a finite set of instants (t1 , ..., tN ) . Thanks to results contained in [8], we will show (see Proposition 2) that a generalized Black-Scholes model is complete, although there is no optimal level of path-dependence. This means that for every N there exists a bounded and non zero contingent claim that cannot be statically hedged (or even approximated) by any portfolio composed of contracts not exceeding a pdd of order N . Moreover, we will point out that, according to the theory of [20], in a standard Black-Scholes model an option has a pdd of order N if, and only if, its replicating trading strategy is representable as a sum of N time space integrals of order not greater than N . In Section 2, an alternative interpretation is provided in terms of bounded rationality within the framework of a generalized risk neutral BlackScholes economy. We show indeed (see Theorem 1) that in such a model a contingent claim has a pdd less or equal to N + 1 if, and only if, its replicating trading strategy may be approximated by linear combinations of predictable processes that depend, at each fixed time, on at most N instants of the past history of the underlying’s price process. In this way, we give a formal meaning to the intuitive claim that options with a too high degree of complexity cannot be hedged by investors that are unable to efficiently process the stream of data coming from the market. (ii) Calculating lower bounds for static hedging of exotic options – Suppose that an investor (most plausibly, over a short period of time) is forced to hedge the risk of a contract with a high degree of path-dependency (as a lookback option depending on a continuous maximum) merely by means of a static portfolio of less complex contingent claims (like vanilla European options, or Asian options where the mean is taken over a finite set of instants). Chaotic time space developments allow to give closed expressions of the intrinsic quadratic risk faced by such an agent in a standard Black-Scholes model, as a function of the target claim and of the hedging portfolio. In particular, Theorem 1 of Chapter 3 allows to calculate universal lower bounds for static hedging strategies with a low degree of path-dependency for Shigekawa-Malliavin differentiable functionals (see Corollary 3). 2



We observe by now that the measures of risk presented at point (ii) are close in spirit to [3], [4], [5], and [10], where perfect replication, or superreplication, of exotic options by means of vanilla contingent claims is obtained in the context of semi static hedging. Here, we shall note that the success of such semi static strategies hinges dramatically upon the liquidity of the market of vanilla European contracts; if this condition is not satisfied – i.e. if there are transaction costs or frictions – investors are forced to implement strategies of purely stating hedging (that is, form a portfolio and wait until maturity) over certain lapses of time, and our results give precisely an insight of the risk undertaken in such situations. As outlined in the previous discussion, the main contribution of this work resides in the formalization of the notion of path-dependence: in this way, we will provide a new description of the increasing complexity of financial random variables, according to a criterion that allows both an appealing economic interpretation (in terms of dynamic and static hedging), and a rigorous and explicit mathematical treatment. The material is organized as follows. In Section 2 we work in a framework that is more general than the usual BlackScholes model. In particular, in Paragraphs 2.1 and 2.2 we present a continuous-time and risk neutral financial model, where the price process of the risky asset is described by a suitably regular functional of a homogeneous diffusion. Under some regularity hypotheses, we propose a classification of integrable processes and trading strategies that are realizable in such an economy, according to their increasing complexity and from the standpoint of bounded rationality. Such a taxonomy is rather intuitive, and will be used in Paragraph 2.3 to establish the connection between the pdd of a given contingent claim and the representation of its replicating strategy as the limit of linear combinations of integrable processes with a finite level of complexity. In Section 3 we concentrate on the standard Black-Scholes model. In Paragraph 3.1, time space Brownian chaos is used to give a representation of the results of Section 2 in terms of time space multiple integrals. In Paragraphs 3.2 and 3.3 the main results of [20] and [21] are applied in our framework, and specific examples of path-dependent random variables are analyzed in detail. Section 5 discusses some possible extensions of our approach, along with some suggestions for further research.
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2.1



Re-interpreting F¨ ollmer-Wu-Yor spaces: bounded rationality, dynamic and static hedging in a risk neutral Markovian model The model



We consider a generalized Black-Scholes type economy over a finite time horizon, assuming for the moment that the risk neutral and the historical probabilities coincide. More 3



precisely, throughout this paper we denote {Xt , t ∈ [0, T ]}, T < +∞, the unique solution to the equation  dXt = σ (Xt ) dWt X0 = x ∈ < where {Wt , t ∈ [0, T ]} is a one dimensional, standard Brownian motion defined on a given (complete) probability space (Ω, F, P), and σ : < 7→ < is a Lipschitz continuous function having at most linear growth. The symbol Ft denotes the natural filtration of X enlarged with the P-null sets of F. Note that X is a homogeneous strong Markov process with respect to Ft . We assume in addiction that there exists δ > 0 such that, for every real x, |σ (x)| ≥ δ. This ensures in particular that for every measurable function g : < 7→ < such that, for every t ∈ [0, T ] and a ∈ 


(2)



where Pt is the semigroup associated to X, is an element of C 1,2 ([0, T ] ×  0 for every a,   Ea F (Xt )2 < +∞, t ∈ [0, T ] and a ∈ 


(4)



where the notation is that of (2), and the function F appears in Assumption I; a risk-free bond S 0 that we take to be constantly equal to one (this means that we work directly with discounted price processes). Remark – Assuming that a 7→ uF (t, a) is invertible, allows essentially to identify the space of square integrable functionals of S and that of square integrable functionals of X. Note that, by taking σ (a) = σ ∈ 


holding admissible portfolios. We start by defining a trading strategy as a pair (V0 , f1 ) where V0 ∈  0 such that the Ft predictable process f0 defined as Z t f1 (s) dSs − f1 (t) St , t ∈ [0, T ] f0 (t) = V0 + 0



is such that, a.s. - P, f0 (t) + f1 (t) St > −α for every t ∈ [0, T ] . Given a strategy (V0 , f1 ), we note φf1 (t) := f1 (t) St , t ∈ [0, T ], whereas A will be the subset of L (S) composed of processes f1 such that, for a given real V0 , (V0 , f1 ) is an admissible trading strategy. An admissible portfolio is a triplet (V0 , f0 , f1 ) such that (V0 , f1 ) is an admissible trading strategy and f0 is uniquely determined by the first equation in (\) and satisfies the subsequent boundedness condition: in particular, V0 represents the initial investment, f1 (t) and f0 (t) represent the holdings of the agent, respectively in S and S 0 , at the time t, whereas φf1 (t) is the value in t of the portion of the agent’s portfolio invested in the risky asset (f0 (t) + φf1 (t) is the total value of such a portfolio): note that (\) prevents the agents from having infinite losses, as discussed e.g. in [9]. Since our principal results will mainly hinge upon Hilbert space arguments, we concentrate on (dynamic and static) hedging problems associated to square integrable random variables: formally, in our model a contingent claim (or option) is a FT - measurable random variable H, such that E (H 2 ) < +∞ and there exists α > 0 such that H > −α a.s.- P. Differently said, H is an element of the class L2b (P), i.e. of the subset of L2 (FT , P) := L2 (P) composed of r.v.’s that are bounded from below. We stress again that Assumption I implies that L2 (P) coincides with the space of square integrable functionals of the process S. In the subsequent paragraphs we shall add further assumptions, ensuring that our model is also complete. Before doing this, and in order to obtain a first intuition of the notion of path-dependence, we shall characterize the above constructed model from the standpoint of bounded rationality. More specifically, we say that an economic agent is limited by bounded rationality constraints, whenever an optimal choice is theoretically available for him, but limited cognitive resources render the task of exactly calculating the best moves too hard. In the simple framework established above – where the “stream of data” coincides with Ft – we will use a very rough version of such a concept, and namely we will study the case of individual investors that can exclusively implement strategies (V0 , f1 ) such that, for every t, f1 (t) depends on the past only through a finite number of times. In other words, our perspective will be that of a continuous-time, frictionless economy without transaction costs, but where investors are not able to process the whole of the information coming from the “history” of the market. In the next paragraph we give a formalization of such concepts. 5



2.2



A taxonomy of trading strategies



Here is a partial classification of integrable processes and trading strategies according to their increasing complexity. Fix a natural n ≥ 0: we say that  f ∈ L (S) has memory of order n if there exists a (n + 1)-ple of measurable functions U (i) , i = 0, ..., n such that U (i) : [0, T ] × 


Remark – We stress that the above classification of trading strategies is really representative of their increasing complexity only when referred to a set of investors with homogeneous trading activities: if not, we would obtain the bizarre conclusion that a private investor who rebalances his position, say, every Wednesday, has a more complex activity than any professional delta-hedger of vanilla options, simply because on Tuesday his holdings are functions of last week’s prices. We now define L2 (S) := L2 [Ω × [0, T ] , P, P (dω) d hS, Sis (ω)] where P indicates the Ft predictable σ-field. On the other hand, the symbol Mn (S) denotes the collection of elements of L (S) that are finite linear combinations of processes f ∈ L2 (S) with memory of order n, whereas Mn (S) is the closure of Mn (S) in the space L2 (S); in particular, the space M0 (S) coincides hR with the subset ofi L2 (S) composed of processes of T the type f (s) = h (s, Ss ) with E 0 h (s, Ss )2 d hS, Sis < +∞. Of course, for every n, Mn (S) ⊂ L2 (S) and Mn (S) ⊂ Mn+1 (S). To deal with admissible strategies, we shall eventually introduce the following classes A2 : = L2 (S) ∩ A Mna (S) : = Mn (S) ∩ A = Mn (S) ∩ A2 . We now turn to the problem: which are (if there are), for a given N , the contingent claims that are not replicable by any trading strategy (V0 , f1 ) such that f1 belongs to MNa (S) (in particular, by any linear combination of trading strategies with memory of order N )? For instance, in a standard Black-Scholes model, it is rather intuitive that an option whose payoff is a linear combination of random variables, each depending on at most N instants, can be replicated by an element of the space MNa (S) (just check the second example of this section). However, it is natural to ask whether there is a precise characterization of the contingent claims that are replicable by aggregations of “boundedly rational investors” (i.e. able to implement strategies with a finite memory), as one may think – for instance – that in some cases there exists an optimal level of complexity for trading strategies, i.e. that, for a given N , MNa (S) is exhaustive of A2 . In the next paragraphs we give a complete solution to the above posed problems: this leads to the concept of path-dependence, and consists mainly in reinterpreting and extending the results of [8] and [20] from the standpoint of the above classification of integrable processes. We will work under the following Assumption II – For every (t, x) ∈ [0, T ] × 


2.3



Linking dynamic and (purely) static hedging



The key step to answer the questions of the previous paragraph is the introduction of the following sets: Π0 (Y ) := < and, for n ≥ 1, Πn (Y ) := v.s. {f (Yt1 , ..., Ytn ) : f (y1 , ..., yn ) ∈ B (


0



We finally define Πan (S) := Πn (S) ∩ L2b (P). Before stating the main result of the section, we introduce the last two assumptions on our model. Assumption III – For every 0 ≤ s < t ≤ T , there exists a functional Φs,t taking values in {0, 1}, measurable with respect to Fs,t := σ {Su , s ≤ u ≤ t} and such that E [Φs,t | Fs,t ] = E [Φs,t | Ss , St ] ∈ (0, 1) with probability one. Assumption IV – There exists a countable class G of functions on  t, the class   ∂ ug (v − t, Xt ) : g ∈ G , ∂x where the notation is the same as in (2), is total in L2 (Xt ) . 8



Remark – Assumption III coincides with the non degeneracy condition discussed in [8, Section 5]. As we will see, it implies that the FWY spaces associated to S are not trivial, in the sense that none of them coincides with L2 (P). Such an assumption in   is satisfied a standard Black-Scholes model. In this case, take indeed Φs,t := 1(a,b) Ws+ t−s where 2 a < b are real numbers. It is well known that a version of E [Φs,t | Ss , St ] = E [Φs,t | Ws , Wt ] is given by   Z b t−s Ws ,Wt pt−s 0, ; x dx 2 a where py,z v (s, t; x) (0 ≤ s < t < v) is the transition density, from the instant s to the instant t, of a one dimensional Brownian bridge of length v, from y to z: as a consequence, 0 < E [Φs,t | Ss , St ] < 1 a.s. - P. On the other hand, Assumption IV will play a crucial role in the proof of Theorem 1 below. It is satisfied in a Black-Scholes framework, where one can take the class G = {exp (λx) : λ ∈ Q} . Theorem 1 Let Assumptions I-IV prevail. Then, for any N ≥ 0,   Z T 2 f (s) dSs , f ∈ MN (S) ΠN +1 (S) = < ⊕ Y ∈ L (P) : Y = 0   Z T 2 a a ΠN +1 (S) = Y ∈ L (P) : Y = c + f (s) dSs ; c ∈ 


In particular, the model is complete. Remark – For instance, Theorem 1 states that if we can implement only strategies with no memory (such as delta-hedging), then we can uniquely replicate contingent claims that are the limit of linear combinations of vanilla European options: moreover, if an option is not attainable by means of a strategy with zero memory, then it is not a member of the class Π1 (S) defined above. Theorem 1 furnishes the announced link between dynamic and static hedging of path dependent contingent claims: to fully appreciate its implications, we present a result whose proof is an adaptation of an argument in [8, Th. 5.1]: it shows in particular that under our assumptions, for every N , ΠN (S) does not exhaust L2 (P) , and ΠaN (S) does not exhaust L2b (P). Proposition 2 For every N ≥ 1 there exists a non zero and bounded functional Φ, measurable with respect to F and such that E [Φ | St1 , ..., StN ] = 0 for every 0 < t1 < ... < tN ≤ T. As a consequence, ΠN (S) is not dense in Lq (P), for every q ≥ 1.



9



Proof. For a given N ≥ 1 consider an (N + 2)-ple of instants (l0 , ..., lN +1 ) such that 0 = l0 < l1 < l2 < ...lN < lN +1 = T and consider, for every i = 1, ..., N + 1, the functional Φli−1 ,li that appears in the statement of Assumption III. Call such a functional Φi and define, for every i, F(li−1 ,li )c = σ {Xu : u ≤ li−1 } ∨ σ {Xu : u ≥ li } so that the Markov property of X implies       E Φi | F(li−1 ,li )c = E Φi | Xli−1 , Xli = E Φi | Sli−1 , Sli .



(7)



As a consequence of Assumption III, we have moreover that   0 < E Φi | Xli−1 , Xli < 1, (∗∗) a.s. - P for every i. Now set Φ :=



N +1 Y



   Φi − E Φi | Sli−1 , Sli ,



i=1



and observe that Φ 6= 0 a.s. - P, due to relation (∗∗), and |Φ| ≤ 1. Moreover, consider (t1 , ..., tN ) as in the statement: it is clear that there exists at least one i ∈ {1, ..., N + 1} such that tj ∈ (li−1 , li )c for every j = 1, ..., N , and this yields     E [Φ | St1 , ..., StN ] = E E Φ | F(li−1 ,li )c | St1 , ..., StN = 0 since, thanks to (7), Y     E Φ | F(li−1 ,li )c = Φk − E Φk | Slk−1 , Slk × k6=i



    ×E Φi − E Φi | Sli−1 , Sli | F(li−1 ,li )c = 0.



A consequence of Theorem 1 is that for every admissible portfolio (V0 , f0 , f1 ) such that f1 ∈ MNa (S), and for Φ like in the statement of Proposition 2,   E [Φ − (f0 (T ) + f1 (T ) ST )]2 ≥ E Φ2 > 0, and note how the right side of the first inequality does not depend on the portfolio, as long as f1 is chosen inside the class MNa (S).
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2.4



Proof of Theorem 1



We start by considering the sequence of FWY spaces associated to X, noted Πn (X) for every n ≥ 0, and defined as in Section 2.3. The following result will help in proving the first part of the claim: is a generalization of Proposition 4 in [20]. Lemma A – A random variable H belongs to the first FWY space associated to Xif, and only if, there exists a deterministic function h : [0, T ] × < 7→ < such that  RT RT 2 2 E 0 h (s, Xs ) σ (Xs ) ds is finite and H = E (H) + 0 h (s, Xs ) dXs . Proof. Take g ∈ C 2 ( 0, for every x.  Now take H ∈ Π1 (S). Lemma A and Assumption II implyh immediately that there i RT exists a deterministic function e h : [0, T ] × 


 Z H ∈


T



 f (s) dSs , f ∈ M0 (S) .



0



n o RT To show that ΠN +1 (S) ⊂ < ⊕ Y : Y = 0 f (s) dSs , f ∈ MN (S) for a generic N , we use a recurrence argument: assuming indeed that such an inclusion is true for a given N , consider a r.v. H such that  H = f (St1 , ...., StN ) g StN +1 11



for f ∈ B (


  R t where h is such that g StN +1 = E g StN +1 + 0 N +1 h (s, Ss ) dSs , as well the recurrence assumption, imply that H is included in the set   Z T 2 f (s) dSs , f ∈ MN (S) ; < ⊕ Y ∈ L (P) : Y = 



0



the conclusion for a generic element of ΠN +1 (S) is then achieved by a density argument. The first part of the nproof implies that o our model is complete. As a matter of fact, the increasing sequence ΠN (S) : N ≥ 0 generates L2 (P). It follows by a density argument that for every option H there exists an admissible portfolio (V0 , f0 , f1 ) such that f0h(T ) + f1 (T ) ST = iH, a.s. - P, i.e., such that (V0 , f1 ) replicates H, and moreover RT E 0 f1 (s)2 d hS, Sis is finite. Of course, V0 = E [H]. Since, by definition of admissibility, Z T H = f0 (T ) + f1 (T ) ST = E [H] + f1 (s) dSs 0  Z T ∂ = E [H] + f1 (s) uF (T − s, Xs ) dXs , ∂x 0 where the notation is that of (4), every H ∈ L2 (P) there exists a hRwe deduce that for i 2 T predictable process φH such that E 0 φH (s) σ (Xs ) ds < +∞, and Z H = E [H] +



T



φH (s) dXs .



(8)



0 H We n call φ Rthe Itˆo integrand associated o to H. To prove that, for every N , ΠN +1 (S) ⊃ T < ⊕ Y : Y = 0 f (s) dSs , f ∈ MN (S) we will use a result that extends [8, Prop. 3.3]



Lemma B – Consider a functional H ∈ L2 (P) having an Itˆo representation as in (8) with E (H) = 0. Then H is orthogonal to the N th FWY space associated to X (N ≥ 1) if, and only if,   E φH (s) | Xs1 , ..., XsN −1 ; Xs = 0 (9) for ds-almost all s, for every s1 < ... < sN −1 < s. Proof. It is easily seen that if H satisfies (9), then, for every 0 ≤ t1 < .... < tn ≤ T ( ) n Y H⊥ Y :Y = φi (Xti ) , φi ∈ Cb∞ (


12



where Cb∞ is the class of infinitely differentiable bounded functions with bounded derivatives. Since the class obtained by letting (t1 , ..., tn ) vary in the set on the right is total in Πn (X), we obtain H ⊥ Πn (X). Now consider H ⊥ Πn (X), fix 0 ≤ t1 < .... < tn ≤ T and take f ∈ B (


where m ≥ 1, hj ∈ B (


since such processes as (t, ω) 7→ f [t, St (ω) ; (St1 , ..., StN ) (ω)] 1(t ,T ] (t) are total in MN (S) N by definition, this yields H = 0, and therefore the desired conclusion. The second equation in the statement of Theorem 1 is straightforward, and the proof is therefore finished.



2.5



Two equivalent notions of risk



Now consider a set A ⊂ L2b (P) (not necessarily a vector space), as well as an option H ∗ : we say that an investor implements a strategy of (purely) static A-hedging of H ∗ , if in 0 he writes H ∗ and forms a portfolio PA of elements of A, and then waits until time T without changing his positions. It is clear that the terminal wealth of our agent is given by PA (T ) − H ∗ + c, where PA (T ) is the value in T of the portfolio PA and the constant c gives the difference between the prices of H ∗ and PA . We therefore call the intrinsic quadratic risk of the static A-hedging of H ∗ the quantity



h i 



Qs (A, H ∗ ) = inf kH − H ∗ kL2 (P) = π H ∗ , V (A)⊥ 2 H∈V (A)



L (P)



where V (A) is the closed vector subspace generated by A and 


∗ QD (J, H ∗ ) = inf f − f H L2 (S) f ∈V (J)



T



Z =



f (s) − f



inf E



φ∈V (J)



H∗



2 (s) d hS, Sis



 21



0 ∗



where V (J) is the L2 (S)-closed subspace generated by J, and f H ∈ L2 (S) is such that Z T ∗ ∗ ∗ H = E (H ) + f H (s) dSs 0 ∗



Of course, if f H ∈ V (J), then QD (J, H ∗ ) = 0. To justify the terminology, note moreover that if (V0 , f0 , f1 ) is an admissible portfolio, with V0 = E (H ∗ ) and f1 ∈ J, then



Z T 



  ∗ H



f (s) − f (s) dS kf0 (T ) + f1 (T ) ST − H ∗ kL2 (P) = 1 s 



0



L2 (P)



∗



≥ QD (J, H ) . A consequence of Theorem 1 and Proposition 2 is therefore the following 14



Corollary 3 Let the notation of this paragraph prevail. Then, for any option H ∗ in a risk neutral economy as the one analyzed in this section, the intrinsic quadratic risks, respectively of the dynamic MN (S)-hedging and of the static ΠN +1 (S)-hedging of H ∗ coincide for every N , more precisely:   h i ⊥ 



∗ ∗ ∗ Qs (ΠN +1 (S) , H ) = QD MN (S), H = π H , ΠN +1 (S) . L2 (P)



Remarks – (a) In other words, the combination of Proposition 2 and Corollary 3 says that – for every N ≥ 1 – there are contingent claims that cannot be statically hedged by any investor able to hold options whose payoffs depend at most on the realizations of the price process of S in N dates (even if the dates vary from option to option): moreover, the intrinsic risk faced by such an investor is the same encountered by a boundedly rational dynamic hedger, who can merely implement trading strategies with a memory of order N − 1. (b) In particular, Corollary 3 may clarify some assertion in the literature: as a matter of fact, we read in [14] that, in a standard Black-Scholes model and according to a result of Dupire [7], “a continuum of calls generates L2 (...). If there existed such a market on options, a perfect static hedge could be performed”. In the light of our results this claim is slightly ambiguous, as one can L prove that a continuum of calls generates Π1 (S) but has a non-zero orthogonal in n≥2 Πn (S) (containing, e.g., the r.v. Φ constructed in Proposition 2 for N = 1). If we take for instance the r.v. H := H1 + H2 studied in the second example of Paragraph 2.2, we can immediately conclude – since H can be only replicated by a trading strategy with memory of order 1 and according to Corollary 3 – that it is not possible to realize a perfect static hedge of such a contract only by means of vanilla European options. The right framework for the above claim is indeed that of semi-static hedging: as a matter of fact, one can show that, if static hedgers are allowed to buy and sell contingent claims between 0 and T , then it is possible to replicate contracts outside the class Π1 (S), by means of elements of the class Π1 (S) (see e.g. [4], [5] or [10]). In the next section we use the theory developed in [20] and [21] to provide explicit formulae for a standard Black-Scholes model. In particular, we are able to represent the above introduced objects in terms of time space Brownian chaos.



3 3.1



Time-space chaotic decompositions and path dependence in a classic Black-Scholes model Financial interpretations of time space chaos



We now concentrate on the standard Black-Scholes model. This means that in the following paragraphs we set Xt = Wt , t ∈ [0, T ], where W is a standard Brownian motion initialized at zero. Moreover, the price process of the risky asset is given by   σ2 St = S0 exp σXt − t , t ∈ [0, T ] , 2 15



where σ is a fixed real constant and S0 > 0. We recall that in the previous section it is proved that Assumptions I-IV are satisfied in this case. We refer to [20] and [21] for any unexplained notation used in this section. As before, for a fixed u ∈ (0, T ] we consider the process Z t∧u Xu − Xs (u) Xt := Xt − ds, t ∈ [0, T ] , u−s 0



(10)



and moreover we introduce the measure on 


0



0



where ψ ∈ L2 (µn ) . As usual, Kn indicates the collection of r.v.’s that are representable in the form (11), with K0 the set of real constants, and we will use the notation JnX (ψ) to indicate an element of the class Kn , i.e. a multiple time space integral of the type (11), where ψ ∈ L2 (µn ) .  X (φ) = δn,m hφ, ψiL2 (µn ) , where δ is Kronecker’s Recall that we have E JnX (ψ) Jm symbol and h., .i indicates inner product, and that in Theorem 1 of [20] the following relations are established Πn (X) =



n M



Ki



i=0



Kn = Πn (X) Πn−1 (X) '



M



L2 (µn )



n 2



L (P) =



M n



Kn '



M



2



L (µn )



n



where.“'” stands for an Hilbert space isomorphism. It follows notably that for every F ∈ L2 (P) there exists a unique sequence of functions ψnF , n ≥ 1 , where ψnF ∈ L2 (µn ) for every n, such that X  F = E (F ) + JnX ψnF (12) n≥1



in L2 (P) . Thanks to these results, we can give an exhaustive characterization of the classes MN (S) and ΠN +1 (S) for every N ≥ 0: as a matter of fact, we may state the following general version of Lemma A in Paragraph 2.4.
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Theorem 4 Let the above conventions and notation prevail. Then, for every N ≥ 0 and for f ∈ L2 (S) , the following two conditions are equivalent (i) f ∈ MN (S) ; n o (ii) there exists a unique set of functions ψkf , k = 1, ..., N , such that ψkf ∈ L2 (µk ) for every k and the equality " N Z u X f f (u) = ψ1 (u, Xu ) + ... 0



k=2



Z



uk−1



...



ψkf



0



k−2 ) (u, Xu ; ...; uk , Xuk ) dXu(ukk−1 ) dXu(uk−1 ...dXu(u) 2







(σSu )−1 dSu



holds a.e. dP⊗du on Ω × [0, T ] . Analogously, for every N ≥ 1 and for F ∈ L2 (P), the following conditions are equivalent (i’) F ∈ ΠN (S) = ΠN (X);  (ii’) there exists a unique set of functions ψkF , k = 1, ..., N , such that ψkF ∈ L2 (µk ) for every k and F = E (F ) N Z X + k=1



T



0 N Z X k=1



Z ... 0



uk−1



Z



ψkF



...



0



= E (F ) +



u1



Z



0



0 T



Z



(u1 , Xu1 ; ...; uk , Xuk ) dXu(ukk−1 ) ...dXu(u2 1 )



dXu1



u1



... 0



uk−1



ψkF







(u1 , Xu1 ; ...; uk , Xuk ) dXu(ukk−1 ) ...dXu(u2 1 )



−1



(σSu1 )



 dSu1 .



In other words, Theorem 4 states that – just like processes with no memory are defined by a deterministic function on [0, T ] × 
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Proposition 5 Let F have a time space decomposition of the form (12); then, for every N ≥0  2 X 2



ψnF 2 . QD MN (S), F = Qs (ΠN +1 (S) , F )2 = L (µn ) n≥N +2



We will show in the nextparagraphs that, thanks to the results of [21], one can obtain explicitly the sequence ψnF n≥1 for a regular r.v. F .



3.2



Explicit formulae for weakly differentiable functionals



 To simplify the discussion, from now on we assume that (Ω, F, P) = C[0,T ] , C, W where C[0,T ] is the canonical space, endowed with its Borel σ-field, and W is Wiener measure. For every k ≥ 1 we define the space Dk,2 , to be the space of k times differentiable functionals in the sense of Shigekawa-Malliavin (the notation is borrowed [18], but see also T from ∞,2 k,2 [19] for the correct references), and we set as usual D := k D . When F ∈ Dk,2 , we note Dtk1 ,...,tk F , (t1 , ..., tk ) ∈ [0, T ]k , its kth derivative process: recall moreover that   Dk F ∈ L2 Ω × [0, T ]k , dP⊗dt1 ...dtk . We recall the following result, corresponding to Theorem 1 and Proposition 7 in [21]. Theorem 6 Suppose that F ∈ DN,2 ∩ ΠN (X), for N ≥ 1: then the nth integrand in the chaotic time space decomposition of F is given by  ψnF (u1 , Xu1 , ..., un , Xun ) = E α(n) Dun1 ,...,un F | Xu1 , ..., Xun , (u1 , ..., un ) ∈ ∆n , n ≤ N and is 0 for n > N , where the operators α(n) are defined as at the end of Section 3 in [21]. If F ∈ D∞,2 , then  ψnF (u1 , Xu1 , ..., un , Xun ) = E α(n) Dun1 ,...,un F | Xu1 , ..., Xun , (u1 , ..., un ) ∈ ∆n for every n ≥ 1. Recall that, as discussed in [21], the correct interpretation of Theorem 6 is that of an iteration of the Clark-Ocone formula, applied at the kth step to the standard Brownian motion X (uk ) : it must moreover be compared to the classic Stroock formulae for Wiener chaos (see [28], and [1] for several financial applications). The next result shows that the calculation of the time space decomposition of a smooth functional can be obtained rather easily. It will be used in the next section, where explicit calculations are performed for path dependent contingent claims. Before stating them, 18



we shall introduce the following notation: given f (x1 , ..., xn ) ∈ C m (


fi1 ...ik (x1 , ..., xn ) :=



∂k f (x1 , ..., xn ) ∂xi1 ...∂xik



for every k ≤ m, for every (i1 , ..., ik ) ∈ {1, ..., n}k . We also set Cpm (


(13)



where 0 ≤ t1 < ... < tn ≤ T and f ∈ Cbm (


j=1



k



σ φti1 ,...,tik (u1 , ..., uk ) , where t0 := 0, and φti1 ,...,tik (u1 , ..., uk ) :=



k Y j=1



3.3



(uj ) 1(ti ,ti k−j k+1−j )



k Y uj−1 − tik+1−j j=2



uj−1 − uj



.



(14)



Examples



As an illustration, we will consider the case of contingent claims are elements of the space Π2 (S). The extension of our examples to any n > 2 can be achieved rather straightforwardly. Suppose, in particular, that an option has the form H = f (St1 , St2 ), where  2 2 f ∈ Cb c) (St2 − K)+ . Then, Proposition 7 yields the following relation 1   Z t2 Z t1 h i u1 − t1 (u1 ) dXu1 dXu2 σ × π H, Π2 (S) = u1 − u 2 t1 0   ∂2 ×E f (St1 , St2 ) St1 St2 | Xu1 , Xu2 ∂x1 ∂x2 19



and therefore  !2  Z M X   E H− hi (Szi ) ≥



t2



 du2



du1



t1



i=1



t1



Z 0



u1 − t1 σ u1 − u 2



"  ×E E



2 ×



2



(15) 2 #



∂ f (St1 , St2 ) St1 St2 | Xu1 , Xu2 ∂x1 ∂x2   2 Z t1 Z t2 u1 − t1 ∂2 du2 σ E f (St1 , St2 ) St1 St2 du1 ≥ u1 − u 2 ∂x1 ∂x2 0 t1 for every M , every (z1 , ..., zM ) ∈ [0, T ]M and every (h1 , ..., hM ) such that hi (Szi ) ∈ L2 (P) for every i. Note that the right side of the inequality does not depend on the replicating   S +S portfolio (h1 , ..., hM ). Now we apply (15) to an Asian option of the type H = φ t1 2 t2 where φ ∈ Cb2 (


t2



t1



t1



 σ u1 − t1 × dXu1 4 u 1 − u2 0     St1 + St2 00 ×E φ St1 St2 | Xu1 , Xu2 2 Z



dXu(u2 1 )







(we note that the right side is equal to zero when φ is linear) and  !2  2  Z t2 Z t1 M X u − t σ 1 1 × (16) E H − hi (Szi )  ≥ du1 du2 4 u − u 1 2 t 0 1 i=1 "    2 # S + S t t 1 2 ×E E φ00 St1 St2 | Xu1 , Xu2 2    2  Z t2 Z t1 St1 + St2 σ u1 − t1 00 St1 St2 E φ , du1 du2 ≥ 4 u 1 − u2 2 t1 0 and we observe that the last integral is different from 0 whenever φ is strictly convex. To have a further idea of the lower 1+ε bounds that can be calculated by our techniques, take ε H = ((St1 + St2 ) /2 − K)+ , ε > 0, so that some simple manipulations in (16) entail  !2     M X t 2 2 ε 2 4 E H − hi (Szi )  ≥ σ (1 + ε) K t1 t2 − t1 1 + log , t 1 i=1 and, by passing to the limit (for ε tending to zero), we obtain the following bound for the static hedging of an Asian call  !2       M X St1 + St2 t2 2 4   −K − hi (Szi ) ≥ σ K t1 t2 − t1 1 + log E 2 t1 + i=1 20



We now ask which is the best L2 approximation of H by means of contracts with the form c1 φ (St1 ) + c2 φ (St2 ). To have an answer, set φ (Sti ) − E (φ (Sti )) , i = 1, 2 φe (Sti ) = 1 Var (φ (Sti )) 2 e φe (St1 ) = φe (St1 )   e e e φ (St2 ) − E φ (St1 ) φ (St2 ) φe (St1 ) ee φ (St1 , St2 ) = h   i2 1 E 2 φe (St2 ) − E φe (St1 ) φe (St2 ) φe (St1 ) e and note that φe (St1 , St2 ) is a linear function of the φ (Sti )’s. Again from Proposition 7, we can immediately derive that the best approximation of H is given by the formula e e c1 φe (St1 ) + c2 φe (St1 , St2 ) where t1



Z c1 = 0



     0  St1 + St2 σ2 ee 0 E φ (St1 + St2 ) | Xu E φ (St1 ) St1 | Xu du E 2 2 



and c2



4



t1



    St1 + St2 σ2 0 E φ (St1 + St2 ) | Xu × E = 2 2 0    ∂ ∂ ee + St2 φ (St1 , St2 ) | Xu du ×E St1 ∂x1 ∂x2     Z t2  2   σ St1 + St2 ∂ ee 0 + E E φ St2 | Xu E St2 φ (St1 , St2 ) | Xu du. 2 2 ∂x2 t1 Z







Applications to other models



To conclude, we shall briefly illustrate how the above described techniques may be applied to the dynamic and/or static hedging of path-dependent options in more general financial models. (a) Non risk neutral models – If in the classic Black-Scholes model the price process of S is substituted by St = F (t, Xt ) where F (., .) is a measurable, real valued, strictly positive and deterministic function on [0, T ]×


ψnH 2 Qs (ΠN (S) , H)2 ≥ L (µn ) n≥N +1
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(17)



where the ψnH ’s are the components of the time space decomposition of H. If H is regular, or can be approximated in L2 by regular functionals, one can apply the results of Paragraphs 3.3 and 3.4 to get explicit formulae for the sequence ψnH , n ≥ 1. It is also clear that if, for each t, the application x 7→ F (t, x) is invertible, then FtS = Ft , ΠN (S) = ΠN (X), and the inequality in formula (17) becomes an equality. In particular, if we take F (t, x) = exp [σx + (µ − σ 2 /2) t], we obtain a non risk neutral version of the Black-Scholes model analyzed in Section 2. In this case, a measure of the risk of static hedging may be calculated by means of formula (17) and the discussion contained in Section 3, whereas the results of Section 2 may be used to give a characterization of the trading strategies that replicate options belonging to the class L2 (FT , Q), where Q is the unique martingale measure of the model. (b) Time dependent coefficients – Again in the usual Black-Scholes framework, one can also substitute the process σXt with the following one, Z t σ Xt := σs dXs , t ∈ [0, T ] 0



RT where σs , s ∈ [0, T ], is a measurable, deterministic function on [0, T ] s.t. 0 σs2 ds < +∞ and |σs | > 0 for every s, and still obtain analogous results. As a matter of fact, the Dambis-Dubins-Schwarz Theorem (see [25, Ch. V]), or a more direct Gaussian martingale argument, ensures the existence of a standard Brownian motion βt with respect to the Rt 2 filtration Gt := FΣ−1 (t) , where Σ (t) := 0 σs ds, such that Xtσ = βΣ(t) , t ∈ [0, T ] ; it follows that for every N ≥ 1 ΠN (X) = ΠN (β) = : v.s. {f (βt1 , ..., βtN ) : f ∈ B (


0
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