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Abstract We prove that a mixture continuous preference relation has a utility representation if its domain is a convex subset of a finite dimensional vector space. Our condition on the domain of a preference relation is stronger than Eilenberg [Eilenberg, S., 1941. Ordered topological spaces. American Journal of Mathematics 63, 39-45] and Debreu [Debreu, G., 1959. Theory of Value. John Wiley & Sons, New York; Debreu, G., 1964. Continuity properties of Paretian utility. International Economic Review 5, 285-293], but our condition on the continuity of a preference relation is strictly weaker than the usual continuity assumed by them. JEL classification: C60; D11; D81 ∗
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Introduction



In conjunction with the independence axiom, Herstein and Milnor [7] proved that every mixture continuous preference relation has an expected utility representation. The mixture continuity is a weaker notion than the usual continuity. It requires that a preference relation is continuous in the parameter space, and it is independent of the topology on the domain of a preference relation. As far as only utility representation is concerned, the independence axiom is dispensable. We prove that every mixture continuous preference relation on a convex subset of a finite dimensional vector space has a utility representation. Eilenberg [3] (see also Debreu [1] [2]) proved that every continuous preference relation on a connected, separable topological space has a continuous utility representation. Since any convex subset of a finite dimensional vector space is connected and separable with respect to the Euclidean topology, our condition on the domain of a preference relation is stronger than Eilenberg’s theorem. On the other hand, as Young and Young’s [12] example showed or as our example (Example 1) shows, the mixture continuity is strictly weaker than the usual continuity assumed in Eilenberg’s theorem. Since a mixture continuous preference relation may not be continuous, it may not have a maximal element in a compact set. This fact limits the application of the mixture continuity. For example, the mixture continuity is not sufficient for consumers’ demands to be nonempty. To resolve this problem, an additional property of a preference relation is needed. Inoue [9] proved that if a mixture continuous preference relation is convex or weakly monotone, it recovers the upper semi-continuity and, therefore, it has a maximal element in a compact set. The proof of our utility representation can be decomposed to two steps. In the first step, we prove that every mixture continuous preference relation is countably bounded, i.e., there exists a countable subset of vectors such that any vector can be preordered between some vectors in the countable set (Proposition 1). If we restrict a preference 2



relation onto a line segment, then the mixture continuity is equivalent to the usual continuity. Since any line segment is connected and separable, in the second step, by applying Eilenberg’s theorem repeatedly to the countable set obtained in the first step, we can obtain a utility representation. In a more general space, the countable boundedness is a necessary and sufficient condition for a mixture continuous or continuous preference relation to have a utility representation. Fishburn [5] proved that a convex, mixture continuous preference relation on a convex subset of a (possibly infinite dimensional) vector space has a utility representation if and only if it is countably bounded. Monteiro [11] proved that a continuous preference relation on a path connected topological space has a continuous utility representation if and only if it is countably bounded. In the case of a finite dimensional vector space, our proposition clarifies that the countable boundedness follows from the mixture continuity. The mixture continuity is defined independently of the topology on the domain of a preference relation. In a finite dimensional vector space, the Euclidean topology is the only Hausdorff linear topology. Hence, the mixture continuity is of special interest when the domain of a preference relation is infinite dimensional (see the introduction of Herstein and Milnor [7] and the notes of Chapter 4 of Debreu [1]). However, our utility representation theorem cannot be extended to an infinite dimensional case. Actually, a mixture continuous preference relation on an infinite dimensional vector space may not be countably bounded. Est´evez Toranzo and Herv´es Beloso [4] proved that in any nonseparable metric space, there always exists a continuous preference relation that is not countably bounded. Since every continuous preference relation is mixture continuous, in any non-separable, metrizable topological vector space, there exists a mixture continuous preference relation that is not countably bounded. Even in a separable, metrizable topological vector space, there can exist a mixture continuous preference relation that is not countably bounded. We give such an example (Example 3). This fact clarifies the difference between the mixture continuity and the usual continuity, because every continuous preference relation on a separable topological space is always countably bounded. Given a mixture continuous preference relation, if the set of its discontinuity points is 3



small, first, by Eilenberg’s theorem, we can obtain a continuous utility function on the set of continuity points, and second we can extend it to the whole domain of the preference relation. We discuss whether this method is valid for any mixture continuous preference relation in Section 4. This paper is organized as follows. In Section 2, we give the definition of the mixture continuity and give an example of a mixture continuous preference relation that is not continuous. In Section 3, we prove the utility representation theorem of a mixture continuous preference relation. In Section 4, we discuss the relationship between our utility representation theorem and Eilenberg’s theorem. In Section 5, we exemplify that our utility representation theorem cannot be extended to an infinite dimensional vector space.
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Mixture continuous preference relations



Let X be a nonempty convex subset of the L-dimensional vector space RL which is equipped with the Euclidean topology.1 A preference relation % on X is a reflexive, transitive, and complete binary relation on X. Given a preference relation %, we define binary relations  and ∼ on X as follows: x  y if and only if not y % x; x ∼ y if and only if x % y and y % x. A utility function representing a preference relation % or a utility representation of % is a real-valued function u on X such that x % y if and only if u(x) ≥ u(y). In their expected utility representation, Herstein and Milnor [7] used the mixture continuity,2 a weaker notion than the usual continuity. It requires that a preference 1



As we see below, the mixture continuity is defined independently of the topology on X. In order



to discuss the relationship between the mixture continuity and the usual continuity, we equip X with the Euclidean topology. Note that any Hausdorff linear topology on a finite dimensional vector space is equivalent to the Euclidean topology. 2



This terminology is commonly used in decision theory in which X = {x ∈ RL +|



PL



i=1



x(i) = 1} is



a set of lotteries. For lottery x = (x(1) , . . . , x(L) ) ∈ X, x(i) represents the probability of consequence i occurring, and for lotteries x, y ∈ X and for t ∈ [0, 1], (1 − t)x + ty represents the mixed lottery of lotteries x and y with the respective probabilities 1 − t and t.
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relation is continuous in the parameter space. For x, y ∈ X, let I(x, y) = {t ∈ R | (1 − t)x + ty ∈ X}. Since X is convex, I(x, y) is an interval containing [0, 1]. Definition 1. A preference relation % on X is mixture continuous if for every x, y, z ∈ X, the sets {t ∈ I(x, y) | (1 − t)x + ty % z} and {t ∈ I(x, y) | z % (1 − t)x + ty} are closed in I(x, y) with respect to the Euclidean topology on R. Remark 1. For x, y ∈ X, let X(x, y) be the straight line in X which passes through x and y, i.e., X(x, y) = {(1 − t)x + ty | t ∈ R} ∩ X = {(1 − t)x + ty | t ∈ I(x, y)}. A preference relation % on X is mixture continuous if and only if for every x, y, z ∈ X, the sets {w ∈ X(x, y) | w % z} and {w ∈ X(x, y) | z % w} are closed in X(x, y). Note that point z may not lie on X(x, y). Thus, the mixture continuity of % is not equal to the continuity of % |X(x,y) for every x, y ∈ X, where % |X(x,y) is the restriction of % onto X(x, y) × X(x, y). Actually, the lexicographic ordering on R2 is not mixture continuous but its restriction onto any straight line is continuous. Remark 2. If a preference relation % on X is continuous, i.e., for every x ∈ X, the sets {y ∈ X | y % x} and {y ∈ X | x % y} are closed in X, then % is mixture continuous. The inverse of Remark 2 is not true. Actually, the binary relation generated from Young and Young’s [12] function is mixture continuous but is not continuous. We will give a different example from Young and Young’s one. Like Young and Young’s example, our example is generated from a real-valued function continuous with respect to every straight line. Definition 2. A real-valued function u : X → R is continuous with respect to every straight line if for every α ∈ R and every x, y ∈ X, the sets {t ∈ I(x, y) | u((1 − t)x + ty) ≥ α} and {t ∈ I(x, y) | α ≥ u((1 − t)x + ty)} are closed in I(x, y). Note that u : X → R is continuous with respect to every straight line if and only if for every x, y ∈ X, the restriction u|X(x,y) of u onto X(x, y) is continuous. Note also that even if u is a utility representation of a continuous preference relation, u may not be continuous. For example, the usual ordering ≥ on R is continuous and any 5



increasing function on R is a utility function representing ≥, but increasing function may be discontinuous at some points. Therefore, the continuity of a preference relation and the continuity of its utility representation are not equivalent. The following remark gives the relationship of continuities between a preference relation and its utility representation. Given a real-valued function u : X → R, a preference relation %u on X is defined by x %u y if and only if u(x) ≥ u(y). It is clear that u is a utility representation of %u . Remark 3.



(1) If u : X → R is continuous with respect to every straight line (resp.



continuous at x ∈ X), then %u is mixture continuous (resp. continuous at x).3 (2) Let % be a mixture continuous preference relation (resp. a preference relation continuous at x ∈ X) and let u be its utility representation. If u(X) is an interval, u is continuous with respect to every straight line (resp. continuous at x). Now, we are ready to give an example which illustrates that the mixture continuity is strictly weaker than the continuity. Example 1. A real-valued function u on R2 is defined by  2   2x y if (x, y) 6= (0, 0), x4 + y 2 u(x, y) =   0 if (x, y) = (0, 0). Clearly, u is continuous on R2 \ {(0, 0)}. At (0, 0), u is not continuous, because u(0, 0) = 0 and u(x, x2 ) = 1 for any x 6= 0. Since u is continuous on R2 \ {(0, 0)}, it is continuous on any straight line which does not pass through (0, 0). In addition, it can be easily shown that u is continuous on any straight line passing through (0, 0). Thus, u is continuous with respect to every straight line. 3



A preference relation % on X is continuous at x ∈ X if (i) for every w ∈ X with w  x, there exists



an open subset U of RL such that x ∈ U and w  x0 for every x0 ∈ X ∩ U and (ii) for every y ∈ X with x  y, there exists an open subset V of RL such that x ∈ V and x0  y for every x0 ∈ X ∩ V . Note that a preference relation % on X is continuous at every x ∈ X if and only if it is continuous, i.e., for every x ∈ X, the sets {y ∈ X | y % x} and {y ∈ X | x % y} are both closed in X.
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We now prove that u(R2 ) is an interval. Since u is continuous on R2 \ {(0, 0)} and R2 \{(0, 0)} is connected, u(R2 \{(0, 0)}) is an interval. From u(0, 0) = 0 ∈ u(R2 \{(0, 0)}), it follows that u(R2 ) = u(R2 \ {(0, 0)}). Therefore, u(R2 ) is an interval. From Remark 3, %u is mixture continuous but is not continuous at (0, 0). Because of the lack of continuity, a mixture continuous preference relation may not have a maximal element in a compact set. If a mixture continuous preference relation is convex or weakly monotone, however, it recovers the upper semi-continuity and, therefore, it has a maximal element in a compact set (see Inoue [9]). Following Young and Young [12], we can construct a mixture continuous preference relation whose discontinuity points make a dense subset of R2 . Example 2. Let Q2 = {(a1 , b1 ), (a2 , b2 ), . . .}, where Q is the set of rational numbers. For every natural number n, define un : R2 → R by un (x, y) = u(x − an , y − bn ), where u P −n un (x, y) is well-defined, is the function in Example 1. The function U (x, y) = ∞ n=1 2 because max(x,y)∈R2 |u(x, y)| = 1. Since u is continuous with respect to every straight line and u is discontinuous only at (0, 0), the function U is continuous with respect to every straight line and is not continuous at any (a, b) ∈ Q2 . Since U (R2 ) is an interval, from Remark 3, %U is mixture continuous and is not continuous at any (a, b) ∈ Q2 . Young and Young [12] constructed a function continuous with respect to every straight line in R2 such that the set of its discontinuity points is an uncountable dense subset of R2 . This function generates a mixture continuous preference relation whose discontinuity points make an uncountable dense subset of R2 . In Section 4, we will discuss the smallness of the set of discontinuity points of a mixture continuous preference relation.
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Representation by a utility function



We prove that the mixture continuity is sufficient for the utility representation. Theorem. Let X be a nonempty convex subset of RL . If a preference relation % on X is mixture continuous, then there exists a real-valued function u : X → R such that (i) 7



a % b if and only if u(a) ≥ u(b), (ii) u(X) is an interval, and (iii) u is continuous with respect to every straight line. Before giving a proof, we compare this theorem with related works in the literature. Eilenberg [3] (see also Debreu [1] [2]) proved that every continuous preference relation on a connected, separable topological space can be represented by a continuous utility function. Monteiro [11] proved that a continuous preference relation % on a path connected topological space X has a continuous utility representation if and only if it is countably bounded, i.e, there exists a countable subset Y of X such that for every x ∈ X, there exist y, z ∈ Y with y % x % z. The domain of a preference relation in Eilenberg’s theorem and in Monteiro’s theorem may not be a vector space and even if it is a vector space, it may not be finite dimensional. Thus, our condition on the domain of a preference relation is stronger than their conditions. (Recall that a convex subset of RL is separable, connected, and path connected with respect to the Euclidean topology.) On the other hand, as we saw in the previous section, the mixture continuity is strictly weaker than the usual continuity. Fishburn [5] proved that a convex, mixture continuous preference relation on a (possibly infinite dimensional) vector space has a utility representation if and only if it is countably bounded. In our framework of a finite dimensional vector space, as we show in the next proposition, the countably boundedness follows from the mixture continuity of a preference relation, although it is a necessary and sufficient condition for a utility representation in Fishburn’s or in Monteiro’s framework. Proposition 1. Let X be a nonempty convex subset of RL . If a preference relation % on X is mixture continuous, then there exists a countable subset Y of X such that for every x ∈ X, there exist y, z ∈ Y with y % x % z. Proof. We only prove that there exists an upward countable subset Y of X such that for every x ∈ X, there exists a y ∈ Y with y % x. By a similar manner, we can prove the existence of a downward countable subset of X. We prove by induction on the dimension of the affine hull aff(X) of X. Let k = dim aff(X). Note that k ≤ L. Under 8



an appropriate affine transformation, aff(X) can be identified with Rk .4 Thus, we may assume that X is a subset of Rk . When k = 0, the proposition is clear. When k = 1, X is an interval. Therefore, X can be represented as a countable union of closed intervals, S say, X = ∞ n=1 [an , bn ]. Since % is mixture continuous, it is continuous on every [an , bn ] and, therefore, for every n, there exists a maximal element yn ∈ [an , bn ] for % on [an , bn ]. Let Y = {y1 , y2 , . . .}. Then, Y satisfies the required property. Suppose that the proposition is true for k ≤ l but not true for k = l + 1. Then, we have: (a) for every countable subset Y of X, there exist x1 and x2 in X such that for every y ∈ Y , x1  x2  y. Let pr1 : Rl+1 → R be the projection into the first coordinate, i.e., pr1 (x(1) , . . . , x(l+1) ) = x(1) . Since dim aff(X) = l + 1, pr1 (X) is a non-degenerate interval. Therefore, pr1 (X) ∩ Q is a countably infinite set, where Q is the set of rational numbers. Hence, we may write pr1 (X) ∩ Q = {q1 , q2 , . . .}. Since for every n, the set X ∩ ({qn } × Rl ) is a convex set with at most dimension l, by the induction hypothesis, we have: (b) for every n, there exists a countable subset Yn of X ∩ ({qn } × Rl ) such that for every x ∈ X ∩ ({qn } × Rl ), there exists a y ∈ Yn with y % x. Let Y =



S∞



n=1



Yn . Then, Y is countable and, therefore, from (a), it follows that:



(c) there exist x∗1 and x∗2 in X such that for every y ∈ Y , x∗1  x∗2  y. ∗(1)



Since pr1 (X) is non-degenerate, there exists a w ∈ X such that w(1) 6= x1 . From the mixture continuity of %, we have: (d) there exists a t0 ∈ [0, 1[ such that for every t ∈ [t0 , 1], (1 − t)w + tx∗1  x∗2 . ∗(1)



∗(1)



Since t0 < 1 and w(1) 6= x1 , there exists a t∗ ∈ [t0 , 1] such that (1 − t∗ )w(1) + t∗ x1 Therefore, for some n∗ , (1 − t∗ )w(1) + 4



∗(1) t∗ x1



∈ Q.



= qn∗ . By (b), there exists a y ∗ ∈ Y



Note that an affine transformation maps straight lines to straight lines. Thus, the mixture continuity



of a preference relation is not affected by an affine transformation.
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such that y ∗ % (1 − t∗ )w + t∗ x∗1 . On the other hand, from (c) and (d), it follows that (1 − t∗ )w + t∗ x∗1  x∗2  y ∗ , which is a contradiction. This completes the proof of Proposition 1. This proposition cannot be extended to the case of an infinite dimensional vector space as we will discuss in Section 5. Once we know that a preference relation is countably bounded, we can prove the Theorem by applying Eilenberg’s [3] theorem repeatedly. The formal proof is as follows: Proof. From Proposition 1, there exist two countable sets {y1 , y2 , . . .} and {z1 , z2 , . . .} such that for every x ∈ X, there exists n with yn % x % zn . Since [y1 , z1 ] = {(1 − t)y1 + tz1 | 0 ≤ t ≤ 1} is connected and separable, and % is continuous on [y1 , z1 ], from Eilenberg’s [3] theorem (see also Debreu [1] [2]), there exists a continuous utility function u on [y1 , z1 ]. Note that u([y1 , z1 ]) is a bounded interval, because u is continuous on [y1 , z1 ], and [y1 , z1 ] is connected and compact. Let y10 (resp. z10 ) be a maximal (resp. minimal) element on [y1 , z1 ]. Since for every x ∈ X with y10 % x % z10 , there exists a wx ∈ [y1 , z1 ] with x ∼ wx , we can extend u to the set {x ∈ X | y10 % x % z10 } by defining u(x) = u(wx ). If yn  y10 for some n, u has not been defined on a subinterval [yn , v[= {(1 − t)yn + tv | 0 ≤ t < 1} of [yn , y10 ] such that u(v) has already been defined. Note that v is the closest point in [yn , y10 ] from yn with the property v ∼ y10 . Again, from Eilenberg’s theorem, there exists a continuous function un on [yn , v] with un (v) = u(v) = u(y10 ). Note that un ([yn , v]) is a bounded closed interval. Let yn0 be a maximal element on [yn , v]. Since for every x ∈ X with yn0 % x % y10 , there exists a wx ∈ [yn , v] with x ∼ wx , we can define u(x) = un (wx ). Thus, we have extended u to the set {x ∈ X | yn0 % x % z10 }. Note that, by construction of u, u({x ∈ X | yn0 % x % z10 }) is a bounded closed interval. By repeating this argument, we can extend u to the whole space X, because % is countably bounded. By construction, u is a utility representation of % and u(X) is an interval. Therefore, from Remark 3, u is continuous with respect to every straight line. This completes the proof of the Theorem.
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Relationship with Eilenberg’s (1941) theorem



Given a mixture continuous preference relation, if the set of its discontinuity points is small, first, by Eilenberg’s theorem, we can obtain a utility function on the set of continuity points, and second we can extend the utility function to the whole domain of the preference relation. In this section, we discuss the validity of this method for any mixture continuous preference relation. Let % be a mixture continuous preference relation on a convex subset X of RL as in the Theorem. Also, let D = {x ∈ X | % is not continuous at x}. Note that the set X \ D of continuity points is separable. Thus, if (1) X \ D is connected, then, by Eilenberg’s theorem, there exists a continuous utility function u on X \ D. Since u is continuous on a connected set X \ D, u(X \ D) is an interval. We may assume that u(X \ D) is bounded.5 For a discontinuity point x ∈ D, if there exist a and b in X \ D with a % x % b, then there must exist a wx ∈ X \ D with x ∼ wx , because % is continuous on a connected set X \ D. Thus, we can extend u to such discontinuity point x by defining u(x) = u(wx ). Any remaining discontinuity point x ∈ D satisfies either x  a for every a ∈ X \ D or a  x for every a ∈ X \D. For a discontinuity point x ∈ D with x  a for every a ∈ X \D (resp. a  x for every a ∈ X \ D), define u(x) = sup u(X \ D) (resp. u(x) = inf u(X \ D)). Then, we have obtained a real-valued function u on the whole domain X. If (2) for every x ∈ D, there exists a y ∈ X and a sequence (xn )n in (X \ D) ∩ [x, y] such that (xn )n converges to x, then we can show that the resulting function u : X → R is actually a utility representation of %.6 Hence, once we know that a mixture continuous preference relation satisfies 5



If u(X \ D) is not bounded, we have only to replace u by Tan−1 ◦ u, where Tan−1 : R →] − π/2, π/2[



is the principal value of the arc tangent. 6 For the proof of this, see Inoue [8, Proposition 4].
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properties (1) and (2), we can obtain its utility representation by direct application of Eilenberg’s theorem. In addition, we can show that: Proposition 2. Every mixture continuous preference relation on a convex subset of a Euclidean space satisfies properties (1) and (2). For the proof of this proposition, see Inoue [8, Propositions 2 and 3]. From this proposition, for any mixture continuous preference relation, its utility representation can be obtained by direct application of Eilenberg’s theorem. It should be noticed that this fact does not imply that our utility representation theorem is dispensable, because we rely on our utility representation theorem when we prove Proposition 2. Actually, in order to prove Proposition 2, we have to characterize the set of discontinuity points of a mixture continuous preference relation. The proof of this characterization without using our utility representation theorem will be complicated even if possible, because we cannot use the properties of a real-valued function: the set of discontinuity points of any real-valued function is a Fσ -set; and a continuous function on a compact set is uniformly continuous. By using these properties, Kershner [10] characterized the set of discontinuity points of a unicontinuous function which is weaker than a function continuous with respect to every straight line. Inoue’s [8] proof of Proposition 2 relies on Kershner’s characterization.
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Infinite dimensional case



The mixture continuity is not sufficient for the countable boundedness of a preference relation if its domain is a subset of an infinite dimensional vector space. Indeed, Fishburn [6] gave an example of a preference relation on a convex subset of l1 ([0, ω1 )), where ω1 is the first uncountable ordinal, such that it is mixture continuous and convex, but it is not countably bounded. Monteiro [11] extended Fishburn’s example. He constructed a preference relation on a convex subset of l1 ([0, ω1 )) such that it is continuous, convex, and monotone, but it is not countably bounded. In both examples by Fishburn and Monteiro, 12



the domain of preference relations is non-separable with respect to l1 -norm. Est´evez Toranzo and Herv´es Beloso [4] obtained a more general negative result. They proved that in any non-separable metric space, there always exists a continuous preference relation that is not countably bounded. Since every continuous preference relation is mixture continuous (see Remark 2), by Est´evez Toranzo and Herv´es Beloso’s theorem, in any non-separable, metrizable topological vector space,7 there exists a mixture continuous preference relation that is not countably bounded. Even in a separable, metrizable topological vector space, there can exist a mixture continuous preference relation that is not countably bounded. The next example illustrates this point. This fact clarifies the difference between the mixture continuity and the continuity, because every continuous preference relation on a separable topological space is countably bounded. Example 3. Let l∞ be the space of all bounded real sequences, i.e., l∞ = {x = (xn )n | xn ∈ R for every n ∈ N and sup |xn | < ∞}. n



We equip two norms on l∞ . For x = (xn )n ∈ l∞ , let kxk∞ = sup |xn | and kxk = n



∞ X



2−n |xn |.



n=1



Note that (l∞ , k · k∞ ) is a non-separable Banach space. It can be easily shown that (l∞ , k · k) is a separable normed space.8 For every k ∈ N, let Dk = {x = (xn )n ∈ l∞ | xn ∈ Q if 1 ≤ n ≤ k, xn = 0 if n ≥ k + 1}. Then,



S∞



n=1



Dk is a countable dense subset of (l∞ , k · k).



By Est´evez Toranzo and Herv´es Beloso’s [4] theorem, there exists an k · k∞ -continuous preference relation on l∞ that is not countably bounded. This preference relation is clearly mixture continuous. Since the mixture continuity is independent of the topology on the 7 8



Note that any non-separable Hausdorff topological vector space is infinite dimensional. The space (l∞ , k·k) is not complete, because the sequence (xk )k = ((xkn )n )k with xkn = 3n /2n if n ≤ k



and xkn = 0 if n ≥ k + 1 is a Cauchy sequence in (l∞ , k · k) but (xk )k does not converge in (l∞ , k · k).
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domain l∞ , this is a mixture continuous preference relation on a separable normed space (l∞ , k · k) and it is not countably bounded.
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