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Integrable systems An integrable system is a (system of) differential equation(s) with too much structure. Lax Pairs, Bi-Hamiltonian structure, Commuting flows → hierarchy, ···



“An integrable system is a system that I can solve but you cannot.”
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Lagrangian PDEs Lagrangian density L(v , vt , vx , vtt , vxt , vxx , . . .) Z Action S = L dx dt Look for a function v that is a critical point of the action, i.e. for arbitrary infinitesimal variations δv : Z Z X ∂L δvI dx dt 0 = δS = δL dx dt = ∂vI I   Z X ∂L |I | = (−1) DI δv dx dt ∂vI I



Euler-Lagrange equation:   X ∂L δL |I | := (−1) DI =0 δv ∂vI I
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Example of a Lagrangian PDE Lagrangian density L = 12 vx vt − vx3 − 12 vx vxxx Euler-Lagrange Equation:   δL X ∂L 0= = (−1)|I | DI δv ∂vI I



1 1 1 1 = − Dt (vx ) − Dx (vt ) + 3 Dx (vx2 ) + Dx (vxxx ) + Dxxx (vx ) 2 2 2 2 = −vxt + 6vx vxx + vxxxx ⇒ vxt = 6vx vxx + vxxxx Substitute u = vx to find the Korteweg-de Vries equation ut = 6uux + uxxx . A Variational Structure for Integrable Hierarchies
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Pluri-Lagrangian systems Multi-time RN , coordinates (t1 , . . . , tN ) = (x1 , . . . xd−1 , td , . . . , tN ) Field u : RN → R Lagrangian d-form L(u, ut1 , . . . , utn , ut1 t1 , ut1 t2 , . . . , utn tn )



Definition A field u solves the pluri-Lagrangian problem for L if R I u is a critical point of the action SL for all d-dimensional surfaces S in RN simultaneously. The differential equations describing this condition are called the multi-time Euler-Lagrange equations.
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Stepped Surfaces Definition A d-dimensional coordinate surface is a surface S such that for distinct i1 , . . . , id and for all  x ∈ S we have Tx S = span ∂t∂i , . . . , ∂t∂i . 1



d



A stepped surface is a finite union of coordinate surfaces.



Lemma If the action is stationary on every stepped surface, then it is stationary on every smooth surface.
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Multi-time Euler-Lagrange equations for curves Theorem The multi-timePEuler-Lagrange equations for the Lagrangian one-form L = i Li dti are δi Li =0 δuI δj Lj δi Li = δuIti δuItj



∀I 63 i, ∀I ,



where i and j are distinct, and X δi Li ∂Li ∂Li ∂Li ∂Li := (−1)α Dαi = − Di + D2i − .... δuI ∂uItiα ∂uI ∂uIti ∂uIt 2 α∈N
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Multi-time Euler-Lagrange equations for curves It is sufficient to look at a general L-shaped curve S = Si ∪ Sj .



tj Sj Si



p ti



The variation of the action on Si is Z Z X X  δi Li  δi Li (δLi ) dti = δuI dti + δuI δuI δuIti Si Si p I 63i
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Multi-time Euler-Lagrange equations for curves We have Z



 Z X X  δi Li δi Li δuI dti + δuI . (δLi ) dti = δuI δuIti Si Si p I 63i



I



The other piece, Sj , contributes  Z Z X X  δj Lj δ j Lj (δLj ) dtj = δuI dtj − δuI . δuI δuItj Sj Sj p I 63j



I



tj Sj Si



p ti
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Multi-time Euler-Lagrange equations for curves We have Z



 Z X X  δi Li δi Li (δLi ) dti = δuI dti + δuI . δuI δuIti Si Si p I 63i



I



The other piece, Sj , contributes  Z Z X X  δj Lj δ j Lj (δLj ) dtj = δuI dtj − δuI . δuI δuItj Sj Sj p I 63j



I



Summing the two contributions we find Z Z X Z X δj Lj δi Li δL = δuI dti + δuI dtj S Si I 63i δuI Sj I 63j δuI  X  δi Li δj Lj + − δuI . δuIti δuItj p I
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Multi-time Euler-Lagrange equations for curves Theorem The multi-timePEuler-Lagrange equations for the Lagrangian one-form L = i Li dti are tj



δi Li =0 δuI δj Lj δi Li = δuIti δuItj



∀I 63 i,



Sj Si



∀I ,



p ti



where i and j are distinct, and X δi Li ∂Li ∂Li ∂Li ∂Li := (−1)α Dαi = − Di + D2i − .... δuI ∂uItiα ∂uI ∂uIti ∂uIt 2 α∈N
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Multi-time Euler-Lagrange equations for 2d surfaces Theorem The multi-time EL equations for L =



P



i


δij Lij =0 ∀I 63 i, j, δuI δij Lij δik Lik = ∀I 63 i, δuItj δuItk δjk Ljk δij Lij δki Lki + + =0 ∀I , δuIti tj δuItj tk δuItk ti



Lij dti ∧ dtj are tj



ti p tk



where i, j, and k are distinct, and X δij Lij ∂Lij . := (−1)α+β Dαi Dβj δuI ∂uIt α t β α,β∈N
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The Korteweg-de Vries hierarchy KdV hierarchy:



utk = Dx (rk [u])



ut1 = ux ut2 = uxxx + 6uux



= Dx (uxx + 3u 2 )



ut3 = ux 5 + 20ux uxx + 10uuxxx + 30u 2 ux = Dx (ux 4 + 10ux2 + 10uuxx + 10u 3 ) .. . Motivated by the first equation, we identify space with the first time-coordinate: x ≡ t1 .
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The potential Korteweg-de Vries hierarchy Potential v such that vx = u,



g [v ] := r [vx ].



KdV equations become: vxtk = Dx (gk [v ]) Lagrangian: Lk := 12 vx vt − hk , with hk =



1 4k+2 gk+1 .



δLk = −vxtk + Dx (gk [v ]) δv PKdV hierarchy:



A Variational Structure for Integrable Hierarchies



vtk = gk [v ]



Mats Vermeeren, TU Berlin



Introduction



Pluri-Lagrangian systems



Example: the KdV hierarchy



Pluri-Lagrangian structure for PKdV hierarchy Lagrangian two-form L=



X



Lij dti ∧ dtj ,



i


with coefficients: 1 L1i = vx vti − hi 2 (the clasical Lagrangians) 1 Lij = (vti gj − vtj gi ) + (aij − aji ) − 12 (bij − bji ) 2 (Obtained from the fact that the flows are variational symmetries of each other) A Variational Structure for Integrable Hierarchies



Mats Vermeeren, TU Berlin
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Multi-time Euler-Lagrange equations I



By construction, the equations



δ1i L1i = 0 are δv



vxti = Dx gi . I



The equation



δij Lji δ1i L1i = yields δvx δvtj vti = gi .



I



All other Euler-Lagrange equations are corollaries of these.
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Multi-time Euler-Lagrange equations The multi-time EL equations for the Lagrangian two-form P L = i
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Multi-time Euler-Lagrange equations The multi-time EL equations are the PKdV equations, vti = gi , and corollaries thereof. Surprisingly, our variational method produces first order evolution equations. Discrepancy with: I



Classical Lagrangian formalism



I



Discrete pluri-Lagrangian systems on quad graphs
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