









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













A YIELD-LIMITED LAGRANGE MULTIPLIER FORMULATION FOR FRICTIONAL CONTACT Reese E. JONES∗ and Panayiotis PAPADOPOULOS Department of Mechanical Engineering, University of California, Berkeley, CA 94720-1740, USA



Table of Contents 1. 2. 3. 4. 5. 6.



Introduction Mechanics of Frictional Contact Finite Element Approximation Solution Method Application to Planar Quasi-static Problems Conclusions References



Abstract An analogy with rigid-plasticity is used to develop a constitutive framework for quasi-static frictional contact between finitely deforming solids. Within this setting, a Lagrange multiplier method is used to impose a sharp distinction between stick and slip. The scope of the multipliers is limited by a constitutivelydefined “yield” function and a finite element-based predictor-corrector scheme is employed to efficiently determine the regions of stick and slip and the associated tractions. Selected simulations of planar quasi-static problems are presented to validate the method and illustrate its capabilities.
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Introduction



Frictional contact between deformable bodies is a ubiquitous physical phenomenon. Amontons [1] first quantified the general characteristics of frictional behavior with a surprisingly simple linear relationship between the pressure and the limit of attainable tangential traction. Later experimenters discovered that a considerable range of frictional behavior is governed by constitutive laws far more complex than Amontons’. In fact, several authors, e.g. [2, 3, 4, 5], describe regimes in the sliding of metals, polymers, ceramics and rocks where different frictional mechanisms become dominant and certain anisotropies exist. In this context, the interface itself is characterized by the evolving interplay between the material properties of each surface. These superficial properties, which are affected by oxide layers and surface finishes for example, may differ greatly or be wholly divorced from the properties of the bulk. Therefore, it is conceptually appealing to view the contact surface as an independently evolving interstitial “third body” [6]. A physically well-founded and popular framework [7, 8], based on an analogy between the behavior of elastic-plastic materials and frictional interfaces, is capable of encompassing the diverse behavior exhibited by different pairings of materials. Indeed, both exhibit a change in response when a stress-based limit is reached; however, unlike plasticity in the bulk, yield on the frictional interface dissociates the two material boundaries that compose it. In addition to the loss of materiality with slip, there are other difficulties in solving contact problems with friction. In particular, the fact that frictional slip is a dissipative process implies it is path-dependent. Also, the non-smoothness in the tangential traction incurred by the transition between stick and slip creates difficulties with solution techniques that rely on regular behavior. Furthermore, the coupling between normal and tangential tractions imposed by friction implies that the criteria for determining the regions of contact and stick are interdependent. The present work begins with a brief exposition of contact mechanics, including the construction of a general constitutive framework for the superficial interactions that clearly discerns between convected material parameters and shared kinematic and kinetic quantities. The kinematic condition of impenetrability forms the basis for contact and, as in rigid-plasticity, stick is also treated as a constraint on the motion. The Lagrange multipliers imposing these two kinematic constraints are associated with surface tractions by energetic arguments. The tangential tractions are limited by a yield function and take on constitutively-determined values during slip. The proposed finite element treatment is based on work by Papadopoulos and Solberg [9] in frictionless contact. In their formulation, the two-body problem is decomposed into two coupled Signorini-like problems where separate continuous pressure fields are admitted on the boundary of each body. The present work distinguishes itself from existing frictional contact treatments in the following ways: (a) it directly computes consistent and geometrically unbiased normal and tangential traction fields on the contact surface without resorting to artificial recovery schemes, (b) it allows for exact 2



satisfaction of the stick constraint by use of unregularized Lagrange multipliers, thus permitting “sharp” stick-slip transitions, (c) it utilizes a novel mult-stage predictorcorrector to stably and efficiently determine the regions of contact, stick and slip necessary for equilibrium. A sequence of planar patch tests is developed and the formulation is shown to satisfy these consistency requirements. A number of additional simulations involving anisotropic and evolving frictional response are performed to further validate the method.
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Mechanics of Frictional Contact



Consider two deformable bodies B(α) , α = 1, 2, which are allowed to interact through contact. A typical material point X (α) ∈ B(α) is associated with its position vector (α) (α) X(α) in a fixed reference configuration Ω0 . The set Ω0 ⊂ E 3 is open with respect to (α) (α) the ambient metric. In addition, each point on the boundary ∂Ω0 of Ω0 is assumed to possess a unique outward normal N(α) . The motion of the body is described by a time-dependent mapping x(α) = χ(α) (X(α) , t) , which takes X(α) to its image in the current configuration Ω(α) at time t. Likewise, (α) the motion χ(α) maps ∂Ω0 onto its image ∂Ω(α) . The invertibility of χ(α) at fixed t ∂x(α) implies the existence of a non-singular deformation gradient F(α) = ∂X (α) . Also, the (α) displacement at time t relative to the reference position is given by u = x(α) −X(α) . The motion of each body is governed by the balance of linear momentum, which, ignoring inertial effects, takes the form div T(α) + ρ(α) b = 0 in Ω(α) .



(1)



Here, T(α) represents the Cauchy stress tensor, ρ(α) the mass density in the current configuration, and b(α) the body force per unit mass. The stress tensor T(α) is related (α) to the traction tn(α) on a surface with outward normal n(α) by Cauchy’s lemma, namely (α) tn(α) = T(α) n(α) . The motions of the two bodies are also subject to a number of boundary conditions. Foremost in the present investigation are the boundary conditions imposed by the principle of the impenetrability of material regions, (see [10, Section 16]). This principle stipulates that Ω(1) ∩ Ω(2) = ∅ . The region common to the boundaries of both bodies defines the contact interface C(t) = ∂Ω(1) ∩∂Ω(2) . The remainder of the boundary ∂Ω(α) is divided into the subsets (α) (α) Γu and Γq , where displacements ¯ (α) u(α) = u 3



(2)



and surface tractions t(α) = ¯t(α)



(3)



are prescribed, respectively. (α) Introduce convected coordinate systems ξγ , γ = 1, 2, that cover the boundary of each body. It follows that the motion of each boundary takes the form x(α) = x(α) (ξγ(α) , t) .



(4)



With reference to the given surface description (4), the covariant tangent basis vec(α) (α) (α) (α) tors lγ are given by lγ = ∂x(α) . A projection P⊥ along the outward normal n(α) ∂ξγ



(α)



at x



(α)



∈ ∂Ω



(α) P⊥



is defined as (α)



: {x



(α)



,n



(β)



} 7→ x







(x(β) − x(α) ) × n(α) = 0 , (x(β) − x(α) ) · n(α) ≥ 0 .



This projection provides the means of associating a point on ∂Ω(α) with points x(β) on the boundary of the other body in the pair ∂Ω(β) , β = mod (α, 2) + 1. If the set of points x(β) ∈ S that satisfies these conditions is non-empty, impenetrability ensures ˇ (β) = x(β) (ξˇ(β) , t) corresponding to the minimum the existence of a unique point x distance kx(β) −x(α) k. A similar notation will be employed for all quantities associated ˇ (β) = v(β) (ξˇ(β) , t). with this point, e.g. the velocity v In contrast to formulations that treat impenetrability from the viewpoint of a particular designated surface, signed relative distance or “gap” functions ( [ˇ x(β) − x(α) ] · n(α) if S 6= ∅ , g (α) = +∞ if S = ∅ , are employed on the boundary of either body to recast the impenetrability condition. Clearly g (α) = 0 on C and g (α) > 0 on the remainder of the boundary, so the impenetrability constraint takes the form g (α) ≥ 0 on ∂Ω(α) .



(5)



On the contact interface C, the smoothness and kinematic compatibility of the two contacting surfaces necessitates that ˇ (β) = −n(α) , n thus the projection



(β)



(α)



P⊥ ◦ P⊥



ˇ (α) : x(α) 7→ x



is the identity. Moreover, the two gap functions defined with respect to each body can be used interchangeably on C, since g (α) = g (β) = 0 . Consequently, letting C (α) = {x(α) ∈ ∂Ω(α) | g (α) = 0} and C (β) = {x(β) ∈ ∂Ω(β) | g (β) = 0} 4



the contact surface can be defined in an unbiased fashion as C = C (α) = C (β) . Consider a point x(α) ∈ C which remains in contact for a given time interval. The conditions of persistence are g (α) = 0 and (β)



g˙ (α) = [ˇ v(β) + lγ(β)



∂ ξˇγ − v(α) ] · n(α) = [[v]](α) · n(α) = 0 , ∂t



(6)



(α)



where g˙ (α) denotes the time derivative of g (α) keeping the coordinates ξγ fixed and ˇ (β) − v(α) . [[v]](α) = v A separate statement of the linear momentum balance [11] applies on the contact interface and stipulates that (β) (α) [[tn ]](α) = ˇtn(α) − tn(α) = 0 .



(7)



Given the uniqueness of the outward normal, there exists a unique decomposition of (α) the surface traction tn(α) in the form (α)



tn(α) = −p(α) n(α) + τ (α) , (β)



(α)



where τ (α) ·n(α) = 0. It follows from equation (7), that pˇ(β) = p(α) and τˇ n(β) = −τ n(α) . In the frictionless case, where by definition τ (α) = 0, the power expended on the contact surface is given by −t(α) · [[v]](α) = p(α) n(α) · [[v]](α) = p(α) g˙ (α) = 0 , with appeal to equation (6). This demonstrates that p is the Lagrange multiplier that effects the (workless) impenetrability constraint. Assuming no adhesion between the boundary surfaces, it follows that p(α) ≥ 0 and p(α) g (α) = 0. As noted in [9], the tangential component of the relative velocity is undetermined by the impenetrability constraint and consequently the contact interface is a vortex sheet of order zero. In the case of frictional contact, the local conditions on the contact surface prescribe whether a state of stick (resp. slip), where the relative velocity is zero (resp. non-zero), will persist. A constitutive framework is necessary to discern the two states and transitions between them. To this end, define a single yield function ˆ τ , K, M (α) ), α = 1, 2 , Υ = Υ(p, over the region C with orientation given by n. This constitutive function depends on p and τ , the fundamental variables in Amontons’ relationship, as well as subsidiary quantities necessary to characterize general frictional response. These additional variables are of two types: kinematic and kinetic quantities held in common among the two surfaces, collected in set K, and those (material) quantities convected by each individual surface, collected in sets M (α) . This representation reinforces the concept that the contact interface is a “third body” with an independent constitution [6]. In direct analogy to classical (rate-independent) plasticity, Υ = 0 when slip is incipient or in progress and Υ < 0 when stick occurs. A number of additional restrictions apply to the yield function, which are consistent with the general phenomenology of friction. In particular: 5



(a) For every finite p, the maximum attainable τ is also finite. (b) At the separation pressure (p = 0), Υ = 0 and τ = 0. (c) The condition τ = 0 results in Υ < 0, with the exception of p = 0. ˆ is assumed to have a continuous dependence on {p, τ }, it is clear that Υ = 0, If Υ for fixed values of K, M (α) , defines a surface in {p, τ }-space whose sections in the τ -plane are closed. This is a result of the Jordan curve theorem, as shown in [12]. The subset of C where stick applies is defined by Cstick = {x ∈ C | Υ < 0}. For all x(α) ∈ Cstick , [[v]](α) · l(α) = 0. (8) γ This condition, together with (6), implies that [[v]](α) = 0. Noting that ˙ ˇ(β) , t) ˇ (β) ˇ (β) − v(α) = −l(β) [[v]](α) = v ( ξ γ γξ , for points on C in persistent contact, it is then possible to replace the constraint (8) with (β) h(α) = (x(β) (ξγo , t) − x(α) ) · ¯l(α) = 0 γ γ (β) (β) (α) where ξγo is the value of ξˇγ at the initiation of stick and ¯lγ =



(α)



lγ



(α) klγ k



is the normalized



covariant tangent basis. This condition is independent of the gap constraint (5) and can take the coordinate-free form ¯γ(α) = x(β) − x(α) = 0 on Cstick ⊆ C , h(α) = h(α) γ l o



(9)



by use of the normalized contravariant basis vectors ¯lγ(α) and the notation (β) (β) xo = x(β) (ξγo , t). Since ∂ (α) (α) (α) −τ · [[v]] = −τ · [x(β) − x(α) ] = −τ (α) · h˙ (α) = 0 , ∂t ξγ(α) fixed o



it can be seen that τ (α) is energetically conjugate to the constraint h(α) . Slip regions are defined by Cslip = {x ∈ C | Υ = 0}, where the tangential traction follows the constitutive rule τ = τˆ (p, d, K, M (α) ) . The relative slip direction d is given by d =



[[v]] . k[[v]]k



As in rate-independent plasticity, compatibility with the yield surface implies ˆ τ = τˆ , K, M (α) ) = 0 for all [[v]] . Υ(p, 6



The possibility of a state Υ = 0 and [[v]] = 0 exists; however, by definition of the yield function such a state cannot persist. Therefore it represents merely a transition between stick and slip. Since this condition is transitory, its precise nature differs depending on the previous state. If it is reached from a state of stick, then the previous state is described by Υ < 0 and [[v]] = 0 . The traction τ , heretofore imposing stick, is still consistent with the global balance of linear momentum at the instant of transition and will be assumed to persist in the transition state. Conversely, if the state previous to transition was slip, i.e. Υ = 0 and [[v]] 6= 0 , then the solution to global balance of linear momentum provided a slip direction d up until the moment of transition which, in turn, provided directional dependence for τ . In transition this information is absent; instead, the imposition of h = 0 provides an appropriate value for the tangential traction. These conditions correspond precisely to those developed in [13] for rigid-plasticity. A number of physically-motivated restrictions can be placed on the constitutive ˆ τˆ }. First, these functions are required to be invariant under superposed functions {Υ, motions of the type: x(α)+ = Q(t)x(α) + a(t)



Q ∈ Orth+ ,



where the same (rigid) rotation Q and translation a are applied to the motions of each body. Under superposed rigid body motion, it is apparent that l+ γ = Qlγ ,



n+ = Qn .



Also, the relative velocity satisfies [[v]](α)+ = Qv(α)



on C



and is therefore an objective quantity [12]. Unlike kinematic variables, the invariance characteristics of the Lagrange multipliers p and τ (when acting to effect “stick”) can not be ascertained directly [14]; however, their invariance is inherited from the (α) associated constraints g (α) and hγ and the governing balance of linear momentum. Conversely, in the case of slip the usual assumption that the surface traction behaves objectively t+ = Qt implies that τˆ (α)+ = Qˆ τ (α) . Lastly, it is physically plausible to assume that frictional interactions will be purely dissipative during slip and consequently τˆ · d < 0 . (10) 7
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Finite Element Approximation



The governing equation (1), boundary conditions (3), (7) and constraints (5), (9) can be set in weighted-residual forms Z Z   (α) (α) (α) (α) grad w · T + w · ρ b dv − w(α) · ¯t(α) da (α) (α) Ω Γq Z + w(α) · (−p(α) n(α) + τ (α) ) da = 0 , (α) C Z q (α) g (α) da = 0 , (α) Z C m(α) · h(α) da = 0 , (α)



Cstick



which apply to each body and Z



r · [[t]] da = 0 C



which applies to the contact surface. The accompanying spaces of admissible functions are ¯ (α) on Γ(α) U (α) = {u(α) ∈ H 1 (Ω(α) ) | u(α) = u u } , W (α) = {w(α) ∈ H 1 (Ω(α) ) | w(α) = 0 on Γ(α) u } , and 1



P (α) = {q (α) ∈ H − 2 (∂Ω(α) ) | q (α) = 0 on ∂Ω(α) \ C (α) } , 1



(α)



M (α) = {m(α) ∈ H − 2 (∂Ω(α) ) | m(α) = 0 on ∂Ω(α) \ Cstick } , 1



R = {r ∈ H 2 (C)} . Using the notation u(α) and w(α) for vectors of nodal quantities, the customary finite element approximations (α)



uh (x, t) = N(α) (x) u(α) (t) , (α)



wh (x, t) = N(α) (x) w(α) (t) , (α)



grad wh (x, t) = B(α) (x) w(α) (t) , can be introduced for displacement and the weight field for the (weak) balance of linear momentum. Likewise, the contact tractions can be approximated by continuous piecewise polynomial fields (α)



ph (ξγ , t) = L(α) (ξγ ) p(α) (t) , (α)



τ h (ξγ , t) = L(α) (ξγ ) τ (α) (t) , 8



that are non-zero only on C. The admissible functions on C must be chosen to avoid over-constraining the finite-dimensional boundary surfaces [9]. These piecewise smooth boundary surfaces are in general non-conforming. Consequently, the constraints (5), (9), and the condition (7) cannot be prescribed simultaneously at every point on C as they were in the continuum case. In order to effect the selective enforcement of the contact constraints, the weight fields are composed of discrete Dirac deltas (α)



= Q(α) q(α) ,



(α)



= M(α) m(α) , = Sr,



qh



mh rh



such that the fields are only non-zero at the nodes in contact. The fields Q(α) and M(α) are non-zero at nodes were the gap and the stick constraints, respectively, are enforced. At these nodes the field S is identically zero. Likewise, where the kinematic constraints have been relieved, S is arbitrary and Q(α) and M(α) are zero. Exploiting arbitrariness of w(α) , q (α) , m(α) and r leads to a set of discrete nonlinear residual equations Z X Z (α)T (α) (α)T (α) fu = (B T +N ρ b)dv − N(α)T ¯t(α) da α=1,2



(α)



Ω(α)



Γq



Z



+ N(α)T (−p(α) n(α) + τ (α) )da = 0 , (α) XC fp = Q(α)T g (α) = 0 ,



(11)



α=1,2



fτ =



X



M(α)T h(α) = 0 ,



α=1,2



f[[t]] = ST [[t]] = 0 . The constraint vectors (11b), (11c) and (11d) do not involve the surface area Jacobian, which is non-zero, but simply contain the constraint function evaluated at a node on the surface of interest. This effectively collocates the surfaces or the traction fields at discrete points. The numerical integration of the residual equation containing the balance of linear momentum (11a) is performed using classical Gaussian quadrature in the interior of the domain and Newton-Cotes quadrature on the boundary.



4



Solution Method



The coupled, non-linear equations describing frictional contact have been solved iteratively by many different methods, e.g. [15, 16, 17, 18, 19, 20]. In addition to the use of regularizations, the various iterative schemes are distinguished primarily by their initial assumptions regarding the state of the contact interface and means used 9



to handle subsequent transitions. The differences in these choices lead to distinct robustness and convergence characteristics. Within the preceding finite element framework, a method is introduced that utilizes the “stick” Lagrange multipliers to predict incipient slip. Predictors based on the initial assumption of full stick have been employed by Bathe and Mijailovich [21], Ju and Taylor [22], and more recently by Chawla and Laursen [23]. The proposed novel predictor-corrector algorithm is stabilized so as to avoid the problems created by spurious state transitions of the contacting surfaces. The method is implemented as part of the Newton-Raphson iteration scheme commonly used to solve non-linear quasi-static problems.



4.1



Determination of contact regions



For any iteration i in a particular load step, the extent of the contact regions must first be determined. Criteria involving the gap and pressure fields define the region of contact on each body (α)



(α)



(α)



C(i) = { x(i) | p(i) > −tolp and g (α) (x(i) ) < tolg } . The small positive tolerances tolp, tolg are used in the definition of the contact state in order to promote the stability in the numerical solution process, which is consistent with earlier work [24]. (α) (α) Next, the extent of Cstick(i) ⊆ C(i) must be determined. For the initial iteration, the entire interface is assumed to stick so that (a) energy from the system and the association between the contacting surfaces is not lost at the outset and (b) the stick multipliers can be used to predict the direction of incipient slip in subsequent iterations. To this end a parameter ω(i) is used to artificially inflate the yield surface, (α) (α) see Figure 1, so that every τ (i) along C(i) satisfies ˆ (i) , τ (i) , K(i) , M (α) ) < 0 , Υ(p (i) ω(i)



(12)



at the first iteration (i = 1). In the subsequent iterations, the parameter ω(i) is allowed to gradually approach unity, based on a norm of the active gap constraints ! 12 X kgk = g (α)T Q(α) Q(α)T g (α) , α=1,2



so that yield surface uniformly deflates to its true size at convergence. Here, ω(i) is defined as ( exp(θs2(i) ) if s(i) > 0.0 , (13) ω(i) = 1.0 otherwise   kgk where s(i) = log tolg(i) and the parameter θ determines the rate of decrease, as shown in Figure 2. This stabilization scheme allows adjustments to the contact region first, 10



with exact determination of stick and slip regions taking place later in the process. Pairs of contacting points that were previously out-of-contact present an exception to the global relaxation of the inflated yield surface. They are also initially assumed to stick.



4.2



Transitions between stick and slip



During the solution process, stick-slip transitions are allowed to occur based on certain conditions. A transition from stick to slip is indicated by violation of the (inflated) (α) (α) (α) yield condition (12) based on the state {u(i) , p(i) , τ (i) }PR predicted from the previous (α)



iteration. In this case, since h(i) ≈ 0, the slip direction d(α) will be undefined; therefore, the traction is scaled to lie on the yield surface, i.e. (α)



τ (i) =



1 (α)PR τ λ (i)



ˆ (i) , τ (i) , K(i) , M (α) ) = 0 . | Υ(p (i) ω(i)



This illustrates the predictive capacity of the stick multipliers and constitutes the analogy to the corrector step of the “return-map” in plasticity algorithms. Return to the yield surface simply occurs radially along the traction direction predicted by the stick multiplier. Given that the initial assumption is stick, any slip-to-stick transition is delayed to a second state change for any particular pair of contacting points. In the continuum case, the relative slip approaching zero indicates that the tangential traction will make the transition from being constitutively-defined to acting as a Lagrange multiplier imposing the stick constraint. However in the discrete case, after the onset of slip, return to zero slip is generally not achieved. The so-called “turn-around condition” used by Curnier and Alart [25] is a physically-motivated necessary condition for a slipto-stick transition. “Turn-around” at iteration (i) is defined using the condition that the slip calculated from the current iteration opposes that of the previous iteration (i − 1), namely d(i) · d(i−1) < 0 . (14) Since the turn-around condition gives an indication that a contact pair should return to stick, it is a viable transition condition. Furthermore, given requirement (10) the turn-around condition (14) is equivalent to τ (i) · τ (i−1) < 0 . Assuming that the load path must traverse the interior of the yield surface to reach the opposite side of the yield surface, this condition implies that the contact pair must return to stick before slipping in an opposing direction, see Figure 3. To avoid under-integrating the load path, only a single contact state change is allowed between convergent states. For instance, a node that was in a state of stick at the end of the previous load step and is allowed to stick in another position at convergence of the subsequent step would miss the intervening slip state. So if return 11



1. Determine the subset C (α) (x(i) ) of ∂Ω(α) that is in contact. (α)



If p(i) > −tolp or g (α) (x(i) ) < tolg, impose g (α) = 0. Else, node is out-of-contact. (α)



2. Determine subset Cstick (x(i) ) of C (α) that is sticking. If initial iteration (i = 1) assume entire interface sticks. Else, determine appropriate slip state. (a) If previously sticking: ˆ (α) , τ (i) ) ≥ 0, allow slip and apply If Υ(p (i) ω(i) (α)



τ (i) =



1 (α) ˆ (i) , τ (i) ) = 0 τ (i) | Υ(p λ ω(i)



Else, impose h(α) (x(i) ) = 0 to maintain stick. (b) If previously slipping: (α)



(α)



If τˆ (i) · τˆ (i−1) ≤ 0, return to stick and impose h(α) (x(i) ) = 0 (α)



(α)



Else, τ (i) evolves as ω(i) τˆ (p(i) , d(i) ). (c) If previously out-of-contact: assume the stick constraint h(α) (x(i) ) = 0 holds.



Table 1: Determination of Nodal Contact States



to stick is indicated during the iteration process, the contact node pair is forced to attain its original association and any history variables involved in the frictional constitution, such as accumulated distance slid, are likewise reset. A summary of the methodology to determine the current contact states is presented in Table 1, where dependencies on K and M (α) have been omitted for brevity.



4.3



Global solution procedure



At each iteration, the residual equation f[[t]] = 0 is condensed by systematic collocation of contact pairs based on the methodology developed in [9]. The remaining equations for u, p and τ are linearized about the current state. The solution to this linear 12



system is used to update the current state as part of a full Newton-Raphson scheme. Convergence is assessed by a Euclidean norm on the residuals [fu , fp , fτ ](i) . Note that the simultaneous solution of fu = 0 with fp = 0 and fτ = 0 generally requires the use of relative scaling factors to improve conditioning of the system of equations.
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Application to Planar Quasi-static Problems



A specific constitutive assumption that subsumes Amontons-Coulomb’s law and is also capable of exhibiting orientation-dependence and sliding evolution will be used to demonstrate the capabilities of the solution method. To this end, admit constitutive dependence on the sliding direction relative to body-fixed normalized tangents through ¯l(α) · d(α) and ¯l(β) · d(β) , and the relative orientation of the two-dimensional contacting bodies through ¯l(α) · ¯l(β) . Since the relative orientation of the contacting two-dimensional bodies is fixed, the quantity ¯l(α) ·¯l(β) is a constant and so ¯l(α) = ±¯l(β) . Without loss in generality, assume that ¯l(α) = −¯l(β) . Therefore ¯l(α) · d(α) = ¯l(β) · d(β) and either quantity is sufficient to determine relative sliding direction. The accumulated distance slid given by Z Z ˙ ˙ (β) (β) (α) (α) (α) (β) < ¯l · l ˇ ξ > dt and s− = s+ = < −¯l(α) · l(β) ˇ ξ > dt , where < · > represents the Macauley bracket and “±” corresponds to ¯l(α) · d(α) = ±1. The assumptions of linear dependence on p and direct opposition of traction and slip give a slip traction law in the form τˆ = −µ(s± , ¯l · d) p d .



(15)



The Coulomb function µ is assumed to be positive in order to satisfy (10). Also, the (α) (β) effect of each surface’s accumulated slip on τˆ is assumed to be additive s± = s± +s± . For the numerical simulations, each branch of the function µ is composed of an initial developing region and final steady-state region according to  ± ± (2 − ssss± ) + µ0± for s± < sss± (µss± − µ0± ) ssss± . µ = µss± for s± ≥ sss± The constants {µ0± , µss±, sss± } represent, respectively, the initial Coulomb coefficient, the steady-state coefficient and a characteristic slip distance at which steady-state is achieved, see Figure 4. A yield function can be derived from the distance between current tangential traction state τ and a corresponding limit state : ˆ = kτ k − µ(s± , −¯l · τ ) p . Υ kτ k By this construction, Υ is the distance along the radial line through τ to the yield surface in τ -space. 13



Note that the computation of distance slid in a discrete environment involves a time integral over deforming configurations. If these configurations do not involve substantial surface stretch, an approximate integration of < ¯l(α) · l(β) > dξ on the previous converged configuration over the change in ξˇ(β) simplifies the computation and the linearization of s± with respect to displacement. The proposed model and the preceding Lagrange multiplier methodology have been implemented in the finite element analysis program FEAP [26]. Nine-node isoparametric quadrilateral elements have been chosen to discretize the domain. The materials involved have been modeled using a compressible, isotropic Neo-Hookean hyperelastic constitutive form. The strain energy is given by W =



1 1 1 1 G(tr C − 3) − G ln(det 2 C) + λ(det 2 C − 1)2 , 2 2



where C = FT F is the right Cauchy-Green strain tensor and λ, G are material constants. All simulations presented here have been performed under the assumption of plane strain. The relaxation parameter θ, see equation (13), is chosen to be the minimum value that prevents repeated stick-slip transitions in the trial state from occurring during the iteration process. The particular value of θ appropriate for a given simulation is determined by experimentation.



5.1



Patch tests for contact



A patch test for contact checks the ability of the formulation to represent a homogeneous traction field and thus its basic consistency with the underlying continuum problem. 5.1.1



The frictionless case



As in [27], two rectangular bodies composed of the same material and in partial contact along a flat interface are loaded along their exposed upper surfaces. This loading consists of normal traction that is uniform and constant with respect to the initial configuration, as shown in Figure 6, and is conveniently described by the Piola-Kirchhoff traction vector p = −QN. The elastic parameters for both bodies are λ = 57.7 GPa and G = 38.5 GPa. The formulation unconditionally passes the test for each of a number of different discretizations. The resulting deformation for a mesh patch which elements have nonconstant jacobians is illustrated in Figure 6. The pressure field and the stress field are exact to within machine precision. 5.1.2



The stick case



A similar patch can be used to test frictional contact in a state of total stick. In this case the interface is oblique with slope κ, see Figure 7. This contact interface, under 14



the same compressive loading as in the previous problem, generates the tangential traction necessary to examine frictional contact. As with the frictionless test, the basic requirement is to transmit a uniform traction field while maintaining a homogeneous deformation. The slope κ must be adjusted so that the traction components, which are in a ratio kτk = κ, satisfy the stick condition Υ < 0 across the interface. For p the given frictional law κ < µ(s± , ¯l · d) will maintain stick, while κ ≥ µ(s± , ¯l · d) will induce a transition to slip. In the latter case, the onset of slip would destroy the homogeneity of the problem and invalidate it as a patch test. This problem, however, can be used to test the solution method’s ability to induce a uniform transition to slip given a homogeneous initial configuration. As in the previous test, the proposed formulation produces a uniform deformation and traction field for κ < µ(s± , ¯l · d), see Figure 8. In addition, with the slope κ set to the Coulomb coefficient µ(s± = 0, ¯l · d), the transition from stick-to-slip is uniform and simultaneous. 5.1.3



The slip case



Designing a frictional contact patch test that involves slip and maintains a homogeneous deformation is greatly simplified by assuming that one of the contacting bodies is rigid, see Figure 9. A generalized state of shear can be effected in the rectangular deformable body by loading the exposed boundary surfaces under displacement control, while maintain stick on the contact surface. This may be achieved by first compressing the deformable body in the e2 direction and constraining its expansion in the e1 . Subsequently, the deformable body is sheared, increasing τ while maintaining a fixed p, until the condition Υ = 0 is reached. At this point, slip is incipient and the deformable body is in a homogeneous shear state. As sliding ensues, the controlling boundary conditions will need to be adjusted to provide the appropriate stress field compatible with the current state of the contact interface. In the case of a non-evolving contact constitution, e.g. Amontons-Coulomb, the contact stresses will be constant during the sliding episode and the deformable body should translate rigidly. In this patch test, Amontons-Coulomb law is prescribed for the contact interface. As expected, after the initial transition to slip, the tractions and displacements are uniform along the contact interface. Furthermore, a homogeneous deformation is maintained in which the deformable body translates rigidly, as in Figure 10.



5.2



Sliding cycle between two elastic bodies



This simulation involves a deformable slider-foundation pair similar to those found in tribological experiments (refer to Figure 11). The upper surface of the slider is driven through a cycle of displacement, while the lower surface of the foundation is held fixed. The cycle begins by displacing the top surface of the slider in the −e2 direction, bringing the slider into contact with the foundation, then the slider is forced 15



laterally in the e1 direction and then is returned to its original position by traversing the surface of the foundation in the −e1 direction. The elastic constants are {λ, G}steel = {129.8 GPa, 86.54 GPa}, for the steel slider and {λ, G}brass = {142.5 GPa, 63.43 GPa}. for the brass foundation. The fully orientation and slip-dependent friction law (15) is imposed locally. The frictional coefficients are µ0+ = 0.4, µ0− = 0.3,



µss+ = 0.2, µss− = 0.2,



sss+ = 1.0 sss− = 1.0.



The sliding direction ¯l · d = +1 corresponds to the slider moving in +e1 direction and sss± is 31 the width of the slider. Deformed meshes and corresponding traction profiles are shown at t = 1.0, the end of the initial indentation t = 1.0, in Figure 11; at t = 7.0, a fully-slipping state in the first leg of the cycle, in Figure 12; at t = 12.0, a transition state between the two sliding legs, in Figure 13; and at t = 19.0, a fully-slipping state in the return leg, in Figure 14. At t = 1.0, the computed pressure profile conforms closely to that predicted by Hertzian theory, and the antisymmetry of the tangential traction is in accord with expectation of no net horizontal reaction. This Hertzian pressure profile is maintained in subsequent configurations. The traction profile from the fully slipping configuration at t = 7.0 indicates that the tangential traction is proportional to the pressure field and opposes slip. The transition to slip in the reverse direction involves a central stick region, as can be seen at t = 12.0. The traction profile for t = 19.0 is similar to the slipping profile at t = 7.0 from the first leg but reflects the lower frictional coefficient and the change in sense brought about by the reversal in slip direction. The history of resultant reactions shown in Figure 15 corresponds to the trends in the preceding traction profiles and reflects the softening and orientation-dependence embedded in the local friction model. Specifically, as the slider progresses in the e1 direction, the quotient of the total reaction forces begins at 0.4 and decays to 0.2, replicating the locally imposed slip traction law. Likewise, as the slider begins to slip in the −e1 direction, the reaction quotient is 0.3 and attains a steady-state value of 0.2 . These are the expected results since the pressure field is essentially constant thorough the process. The model successfully simulates the sliding-induced wear of softer brass on the harder steel, with the initial anisotropies disappearing after the cyclic loading.



5.3



Contact of elastic cylinders



In the context of linear elasticity, Cattaneo [28] and Mindlin [29] have devised approximate analytical solutions for contacting cylinders in a state of partial stick. To 16



maintain fidelity with the assumptions of the analytical solution, two half cylinders whose radii of curvature are large compared with the extent of the contact interface and a frictional constitution with a small Coulomb coefficient (µ = 0.2) are used in the finite element approximation. These half cylinders have the same diameter (20cm) and the same elastic constants {λ, G} = {57.7 GPa, 38.4 GPa}. To effect a state of shear on the interface, the top surface of the upper body is displaced first in the −e2 direction and then in the e1 direction while the bottom surface of the lower body is held fixed, see Figure 16. The resulting traction profile adheres closely the symmetric field given by the analytical solution, see Figure 17. Convergence of the approximate solution using kp−p



(α)



k



kτ−τ



(α)



k



relative L2 error norms kpkh2 2 and kτkh2 2 of the traction fields of the lower body in the given mesh and two coarser meshes is shown in Figure 18. The L2 error norm for the pressure is approximated by ! 12  2 X (α) (α) (α) (α) p(xI ) − ph (xI ) wgI kp − ph k2 ≈ I



where wgI is the product of the surface jacobian and the Simpson rule weight at (α) the node position xI . The error norm of the tangential traction field is evaluated in a similar manner. In addition, a typical convergence history for the iterative scheme, measured using the L2 residual norm of the solution vector, is shown in Table 2 as a function of the inflation parameter θ. Clearly, if θ is chosen to be 0.0, to correspond to the simple stick predictor, convergence is severely impaired if not prevented. On the other hand, choosing a large value of θ, in this case θ = 3.0, also inhibits convergence. Values in the range θ ∈ [0.2, 1.0] lead to efficient convergence behavior for this simulation.



5.4



Snap-through and pull-out of a rigid connector



In order to further illustrate the effects of an anisotropic frictional constitution, a comparison of two simulations of an assembly-disassembly process is made. A rigid cylindrical connector is displaced until it snaps-through a hole in an elastic plate held fixed at its edge (see Figure 19 for a deformed configuration) and then it is displaced in the reverse direction until snap-through occurs again. The deformable plate is given elastic constants {λ, G} = {57.7 GPa, 38.4 GPa}. The two processes differ only in the frictional constitution of the contact surface. For one simulation an isotropic law is employed with a constant Coulomb coefficient of 0.5. In the other simulation an evolving anisotropic law is prescribed that has frictional constants µ0+ = 0.2, µ0− = 0.5,



µss+ = 0.2 µss− = 0.4, 17



sss− = 0.05.



Iteration 1 2 3 4 5 6 7 8 9 10 11 12



θ = 0.0 1.698E+05 2.106E+07 5.625E+08 6.133E+07 1.078E+07 6.563E+06 2.617E+06 1.522E+06 7.543E+05 4.360E+05 2.304E+05 1.314E+05



θ = 0.2 1.698E+05 2.106E+07 5.546E+08 6.206E+07 1.239E+05 2.956E+01 2.380E+00 7.599E-02 1.166E-02 6.256E-04 4.270E-05 2.991E-06



θ = 1.0 1.698E+05 2.106E+07 5.179E+08 5.944E+07 4.366E+04 6.156E+01 6.763E-01 3.479E-03 5.114E-03 3.395E-04 2.799E-05 2.855E-06



θ = 3.0 1.698E+05 2.106E+07 4.463E+08 2.676E+08 5.283E+07 9.275E+06 4.180E+05 7.723E+04 1.602E+04 3.289E+03 6.683E+02 1.371E+02



Table 2: Residual norm as a function of inflation parameter θ



The sliding direction ¯l · d = +1 corresponds to the connector moving downward 1 and sss− is 80 th of the diameter of the connector. Physically, these two models are intended to simulate the difference between the frictional characteristics of a hard plastic connector interacting with a plastic plate and a fiber-reinforced connector interacting with the same plate. The fiber-reinforced connector will exhibit distinct anisotropy and wear as the matrix and fibers slide first in one direction relative to the plate and then in the opposing one. Examining Figure 20, it can be seen that the two simulations produce similar reaction histories. As the connector is pressed into the plate, the reactions increase monotonically until they reach a maximum. Then a smooth decrease in force required to displace the cylinder is followed by an abrupt release as the connector snaps through the hole. In the beginning of the both the downward and upward legs of the process the reaction histories of the two simulations match since the cylinder is initially stuck on the plate. In the upward leg, as the reactions increase, the lower coefficient of friction evokes a reaction history that is approximately a scaled-down version of the simulation with the (constant) higher coefficient of friction and demonstrates snapthrough earlier. The upward leg shows similar trend; however, sufficient slip must accumulate before the histories are seen to diverge significantly.



6



Conclusions



The path-dependency of the frictional contact problem indicates that the ability to impose the stick constraint exactly and maintain the appropriate associations between contacting surfaces is a desirable quality in an algorithm. Furthermore, abrupt transitions between the distinct states of stick and slip must be allowed to maintain 18



fidelity with the continuum problem. Robustness, on the other hand, requires that the solution method determine the regions of contact, stick and slip stably and efficiently. The proposed Lagrange multiplier method fulfills these criteria and is capable of accommodating a wide class of friction laws.
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Figure 2: Inflation function ω(s)
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Figure 3: The turn-around condition
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Figure 4: The Coulomb coefficient function µ
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Figure 5: Frictionless contact patch test



Figure 6: Deformation for the frictionless patch test
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Figure 7: Stick patch test



Figure 8: Deformation for the stick patch test



Figure 9: Slip patch test
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Figure 10: Deformation for the slip patch test
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Figure 11: Deformation and contract traction at time 1.0
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Figure 12: Deformation and contract traction at time 7.0
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Figure 13: Deformation and contract traction at time 12.0
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Figure 14: Deformation and contract traction at time 19.0
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Figure 15: History of reactions for slider-foundation
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Figure 16: Deformed mesh for the contact of elastic cylinders
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Figure 17: Analytical and finite element traction profiles
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Figure 18: Convergence in relative L2 error norm



Figure 19: Plate deformation and connector displacement at t=4.0 (isotropic)
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Figure 20: History of reactions for two frictional constitutions
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