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Adams’ Cobar Construction Manuel Rivera



Abstract We present a more detailed exposition of Adams’ original cobar construction. The cobar construction is an algebraic procedure that associates functorially a differential graded algebra to a differential graded coalgebra. When applied to the singular chains on a simply connected space, it yields a chain model for the based loop space.
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Introduction



The purpose of these expository notes is to review a basic construction in algebraic topology originally due to Adams, known as the cobar construction. The construction, which is natural and purely algebraic, produces a differential graded associative algebra from a differential graded coassociative coalgebra. When the construction is applied to the singular chains on a simply connected topological space X it provides an algebraic model for the space Ωb X of loops on X based at a point b ∈ X. This means that the homology of the resulting differential graded algebra is isomorphic as an algebra to the homology of Ωb X with the product induced by concatenation of loops and moreover the isomorphism is induced by an explicit and geometric quasi-isomorphism. This construction is the underlying principle in several modern concepts in algebraic topology and homotopical algebra. We only assume basic knowledge of algebraic topology including the basics of spectral sequences.
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Preliminaries



P We consider the standard n-simplex ∆n embedded in Rn+1 as ∆n = {(t0 , t1 , ..., tn ) ∈ Rn+1 : ti = 1, ti ≥ 0} j n j n and denote its vertices by v0 , ..., vn . Let fj : ∆ → ∆ and lj : ∆ → ∆ be the first and last j-th face maps of ∆n respectively, i.e. the linear maps defined on vertices by fj (vi ) = vi and lj (vi ) = vn−j+i for 0 ≤ i ≤ j. We also have the map dj : ∆n−1 → ∆n given by the inclusion of ∆n−1 as the (n − 1)-face of ∆n opposite to the vertex vj . To simplify notation we omit the usual index indicating the dimension of the target simplex (n above) of these maps. Let I = [0, 1]. Define e0j , e1j : I n−1 → I n to be the j-th bottom and top face inclusion maps of the n-cube respectively, i.e. ekj (t1 , ..., tn−1 ) = (t1 , ..., tj−1 , k, tj , ..., tn−1 ) for k = 0, 1 and j = 1, ..., n. For any topological space X denote by (S∗ (X), ∂, ∆ : S∗ (X) → S∗ (X) ⊗ S∗ (X)) the differential graded coalgebra of singular chains on X, with coefficients in P Z, with the Alexander-Whitney diagonal map ∆. Thus for Pn−1 i i a singular n-simplex σ : ∆n → X we have ∂(σ) = n i=0 (−1) σ ◦ di and ∆(σ) = i=1 (−1) (σ ◦ fi ) ⊗ (σ ◦ ln−i ) and we have that ∆ is coassociative and that it passes to homology. For any b ∈ X let (S∗ (X, b), ∂) be the sub chain complex of (S∗ (X), ∂, ∆) generated by maps σ : ∆n → X such that σ(vi ) = b. The diagonal map ∆ induces a differential graded coalgebra structure on S∗ (X, b).



1



Let Ωb X be the space (with the compact open topology) of continuous paths γ : [0, T ] → X for some T ≥ 0 such that γ(0) = γ(T ) = b. We denote by (C∗ (Ωb X), ∂c ) the chain complex of normalized singular cubical chains on Ωb X. This chain complex is the complex generated by singular cubes P quotienti of the 0 1 α : I n → Ωb X with differential defined by ∂c (α) = n−1 i=1 (−1) (αei − αei ) by the subcomplex of degenerate singular cubes. By a standard argument using acyclic models the chain complex of normalized singular cubes on a space computes that singular homology of the space. The space Ωb X is a subspace of the space P X of all continuous paths γ : [0, T ] → X. Given a continuous map of spaces f : X → Y we denote by P (f ) : P X → P Y the induced map P (f )(α) = f ◦ α. For a, b, c ∈ X, let P (X; a, b) be the subspace of P X of paths that start at a and end at b. For two maps f : Y → P (X; a, b) and g : Z → P (X; b, c), f · g : Y × Z → P (X; a, c) is the map given by (f · g)(y, z) = f (y) ∗ f (z) where ∗ denotes concatenation of paths. Note that since we are considering paths parametrized by [0, T ] for any T ≥ 0 no reparametrization is needed to define concatenation.
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The construction



Let P (∆n ; 0, n) the space of all continuous paths γ : [0, 1] → ∆n such that γ(0) = v0 and γ(1) = vn . First, we observe that by induction we may construct maps θn : I n−1 → P (∆n ; 0, n) such that for 1 ≤ j ≤ n−1 we have (i) θ1 (0) : [0, 1] → ∆1 is the path θ1 (0)(s) = sv1 + (1 − s)v0 . (ii) θn ◦ e0j = P (dj ) ◦ θn−1 (iii) θn ◦ e1j = (P (fj ) ◦ θj ) · (P (ln−j ) ◦ θn−j ). We give an explicit description for θ2 : for any s ∈ I, θ2 (s) : [0, 1] → ∆2 is the path θ2 (s)(t) = (0, 2ts) for 0 ≤ t ≤ 1/2 and θ2 (s)(t) = (2 − 2t)(0, s) + (2t − 1)(1, 1) for 1/2 ≤ t ≤ 1. Note that θ2 satisfies (ii) and (iii). In general, suppose we have defined θn , then (ii) and (iii) define θn+1 over ∂I n . Since ∆n+1 is contractible we may extend such map to a continuous map defined on all of I n . We think of the maps θn as describing a foliation of a simplex into paths. L Let S˜∗ (X, b) = i>0 Si (X, b). For n > 0 define a map Φn : S˜n (X, b) → Cn−1 (Ωb X)



(1)



as follows. For a singular 1-simplex σ, define Φ1 (σ) = P (σ)◦θ1 −cb where cb : I 0 → Ωb X is the singular 0-cube which sends v0 to the constant loop at b. For a singular n-simplex σ, with n > 1, define Φn (σ) = P (σ) ◦ θn . The maps {Φn } define a homomorphism of graded abelian groups Φ : S˜∗ (X, b) → C∗ (Ωb X) of degree −1. We compute the failure of Φ of being a chain map and use this failure to correct the complex (S˜∗ (X, b), ∂) and form a new chain complex on which Φ induces a chain map.
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For any σ ∈ S˜n0 (X, b), n > 2, we compute ∂c (Φ(σ)) ∈ Cn−1 (Ωb X): ∂c (Φ(σ)) =



(2)



(−1)i (P (σ) ◦ θn ◦ e0i − P (σ) ◦ θn ◦ e1i ) =



(3)



(−1)i (P (σ) ◦ P (di ) ◦ θn−1 − P (σ) ◦ ((P (fi ) ◦ θi ) · (P (ln−i ) ◦ θn−i ))) =



(4)



(−1)i (P (σ) ◦ P (di ) ◦ θn−1 − (P (σ) ◦ P (fi ) ◦ θi ) · (P (σ) ◦ P (ln−i ) ◦ θn−i )) =



(5)



n−1 X i=1 n−1 X i=1 n−1 X i=1 n−1 X i=1



(−1)i P (σ ◦ di ) ◦ θn −



n−1 X



(−1)i (P (σ ◦ fi ) ◦ θi ) · (P (σ ◦ ln−i ) ◦ θn−i ) =



(6)



i=1



P (∂(σ)) − P (σ ◦ d0 ) − (−1)n P (σ ◦ dn ) ◦ θn −



n−1 X



(−1)i (P (σ ◦ fi ) ◦ θi ) · (P (σ ◦ ln−i ) ◦ θn−i )



(7)



i=1



Φ(∂(σ)) − Φ(σ ◦ d0 ) − (−1)n Φ(σ ◦ dn ) −



n−1 X



(−1)i Φ(σ ◦ fi ) · Φ(σ ◦ ln−i ) =



(8)



i=1



Φ(∂(σ)) − Φ(σ ◦ ln−1 ) − (−1)n Φ(σ ◦ fn−1 ) −



n−1 X



(−1)i Φ(σ ◦ fi ) · Φ(σ ◦ ln−i )



(9)



i=1



The above calculation shows that Φ is not a chain map but we have an explicit description for this failure given by the three last terms of the expression in (9). We use these to define a new chain complex with a new differential; this will be the desired construction. Consider the free associative algebra (or the tensor algebra) T (S˜∗ (X, b)) = Z ⊕ S˜∗ (X, b) ⊕ (S˜∗ (X, b) ⊗ S˜∗ (X, b)) ⊕ ...



(10)



generated by the elements of the abelian group S˜∗ (X, b). For simplicity we shall write T (S˜∗ (X, b)) = F (X, b). Generators of F (X, b) are non commutative monomials σ1 ⊗ ... ⊗ σr and the product is defined by the concatenation of such monomials. We give F (X, b) the following grading: an element σ1 ⊗ ... ⊗ σr ∈ F (X, b) has degree deg σ1 + ... + deg σr − r where deg σi denotes the degree of σi in S˜∗ (X, b). We construct a map Ψ : F (X, b) → C∗ (Ωb X)



(11)



by defining its action on the generators of F (X, b) to be Ψ(σ1 ⊗ ... ⊗ σr ) = Φ(σ1 ) · ... · Φ(σr ).



(12)



With the given grading Ψ is a map of degree 0. Now, define D : S˜∗ (X, b) → F (X, b) by D = ∂ − ∆ where ∆ : S˜∗ (X, b) → S˜∗ (X, b) ⊗ S˜∗ (X, b) ⊂ F (X, b) is the Alexander Whitney diagonal map. We may extend D as a derivation (i.e. by Leibniz rule with respect to the product on F (X, b)) to obtain a map D : F (X, b) → F (X, b). With the given grading D is a map of degree −1. It is a short computation to check D2 = 0. The algebra F (X, b) equipped with the differential D is called the cobar construction on S˜∗ (X, b). It follows from the calculation above that the map Ψ : (F (X, b), D) → (C∗ (Ωb X), ∂c ) is a chain map. We may now state the main theorem.
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Theorem 1 (Adams) If X is simply connected the map Ψ : (F (X, b), D) → (C∗ (Ωb X), ∂c ) induces an isomorphism in homology. Let us describe the idea of the proof before we go into the details. First we will construct an acyclic chain complex which will model the contractible space Pb X of paths on X starting at b. We do this by defining a ˜ on F (X, b) ⊗ S∗ (X, b) and a chain map differential D ˜ : F (X, b) ⊗ S∗ (X, b) → C∗ (Pb X). Ψ We will filter both chain complexes F (X, b) ⊗ S∗ (X, b) and C∗ (Pb X) to obtain convergent spectral sequences r r r ˜p,q E and Ep,q . The spectral sequence Ep,q corresponding to C∗ (Pb X) will be the Serre sequence correspond2 ing to the fibration Pb X → X whose E term has a particularly nice expression when X is simply connected: 2 ˜ will induce a map of spectral sequences, i.e. a family of chain maps Ep,q = Hp (X; Hq (Ωb X)). The map Ψ r r r r r ˜ ˜ ˜ ˜ ˜ r+1 . The map Ψ ˜ 20,q will turn out to be the Ψ : E → E such that Ψ∗ : H∗ (E ) → H∗ (E r ) corresponds to Ψ ˜ 20,q is an isomorphism by same as the induced map Ψ∗ : H∗ (F (X, b)) → H∗ (Ωb X) and we will prove that Ψ appealing to a comparison theorem for spectral sequences. Proof of Theorem 1. Recall that F (X, b)⊗S∗ (X, b) has as basis all elements of the form [1]⊗σ or [σ1 ⊗...⊗σr ]⊗σ where each σi ∈ Ski (X, b) and σ ∈ Sk (X, b) are singular simplices with ki > 0 and k ≥ 0. We have deg([1] ⊗ σ) = k and deg([σ1 ⊗ ... ⊗ σr ] ⊗ σ) = k1 + ... + kr − r + k. We will use brackets to distinguish those elements which are in F (X, b) from the elements in S∗ (X, b). ˜ on elements [1] ⊗ σ where σ ∈ Sk (X, b) and k > 0 by Define D ˜ D([1] ⊗ σ) = [1] ⊗ ∂σ −



n X (−1)i [σ ◦ fi ] ⊗ σ ◦ ln−1 i=1



˜ ˜ to all of F (X, b) ⊗ S∗ (X, b) by defining If k = 0 we set D([1] ⊗ σ) = 0. Extend D ˜ ˜ D([u] ⊗ σ) = [Du] ⊗ σ + (−1)deg u [u] ⊗ D([1] ⊗ σ) ˜ is of degree −1 and that D◦ ˜ D ˜ = 0 so (F (X, b)⊗S∗ (X, b), D) ˜ for any u ∈ F (X, b). It is not hard to check that D is a chain complex. ˜ is acyclic. Consider the map  : F (X, b) ⊗ S∗ (X, b) → F (X, b) ⊗ Now we argue that (F (X, b) ⊗ S∗ (X, b), D) S∗ (X, b) of degree 0 which is the identity map on Z ⊗ S0 (X, b) and 0 everywhere else. Note that  is a ˜ and the induced map ∗ : Hk (F (X, b) ⊗ S∗ (X, b)) → Hk (F (X, b) ⊗ S∗ (X, b)) chain map with respect to D is the trivial map for k > 0 and the identity map for k = 0. The map  is chain homotopic to the identity map 1 : F (X, b) ⊗ S∗ (X, b) → F (X, b) ⊗ S∗ (X, b). In fact, the chain homotopy is given by the map H : F (X, b) ⊗ S∗ (X, b) → F (X, b) ⊗ S∗ (X, b) of degree 1 defined by H([σ1 ⊗ ... ⊗ σr ] ⊗ σ) = [σ1 ⊗ ... ⊗ σr−1 ] ⊗ σr ˜ is acyclic. if deg σ = 0 and H([σ1 ⊗...⊗σr ]⊗σ) = 0 if deg σ > 0. Hence, it follows that (F (X, b)⊗S∗ (X, b), D) ˜ : F (X, b) ⊗ S∗ (X, b) → C∗ (Pb X) by using the observation that there Next we construct a chain map Ψ are maps τn : I n → Pv0 ∆n for all n ≥ 0 such that (i’) τn (s)(t) = cv0 for (t, s) is a neighborhood of {0} × I n in I n × I n . (ii’) τn ◦ e0j = P (dj ) ◦ τn−1 (iii’) τn ◦ e1j = (P (fj ) ◦ θj ) · (P (ln−j ) ◦ τn−j ) where θ1 , θ2 , ... are defined as before. As an example we give a complete description of the map τ1 : I → Pv0 ∆1 . In the endpoints of I the map is defined by τ1 (0)(t) = cv0 (t) and τ1 (1)(t) = ((1 − t)v0 + tv1 ) ∗ cv1 (t). We can extend τ1 to the interior
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of I by setting τ1 (s)(t) = ((1 − t)v0 + tsv1 ) ∗ csv1 (t). In general, suppose we have constructed τ0 , τ1 , ..., τn−1 satisfying the conditions. Then (ii’) and (iii’) define τn on ∂I n and since Pv0 ∆n is contractible we can extend τn to I n making sure (i’) holds. ˜ Given a singular simplex σ : ∆n → X we have a singular cube Φ(σ) = P (σ) ◦ τn : I n → Pb X. Iif x ∈ I n is a vertex of the cube, it follows from (ii’) and (iii’) that τn (x) is a path in ∆n from v0 to another vertex. Thus, ˜ if σ ∈ Sn (X, b), each vertex of the singular cube Φ(σ) lies in Ωb X. ˜ If n = 0 then Φ(σ) = cb . If n > 0 a similar computation as the one for ∂c (Φ(σ)) gives ˜ ∂c (Φ(σ)) =



n X i=0



˜ i ◦ σ) − (−1)i Φ(d



n X ˜ ◦ ln−i ). (−1)i Ψ(σ ◦ fi ) · Φ(σ i=1



Finally, define ˜ 1 ⊗ ... ⊗ σr ] ⊗ σ) = Ψ(σ1 ⊗ ... ⊗ σr ) · Φ(σ) ˜ Ψ([σ ˜ ˜ ˜ D([1] ˜ Hence, the above formula for ∂c (Φ(σ)) becomes ∂c (Ψ([1] ⊗ σ)) = Ψ( ⊗ σ)). Since Ψ is a chain map, it ˜ that Ψ ˜ is a chain map as well. follows from the definition of D Let C∗ (Pb X) denote the subcomplex of the cubical chain complex of Pb X spanned by those singular cubes whose vertices are in Ωb X. It is easy to see that C∗ (Pb X) is acyclic. Define a convergent filtration on C∗ (Pb X) as follows. For p ≥ 0 let Fp C∗ (Pb X) be the subcomplex of C∗ (Pb X) consisting of those n cubes α : I n → Pb X such that either n ≤ p or α(t1 , ..., tn )(1) depends only on the last p coordinates. Then Fp C∗ (Pb X) ⊂ Fp+1 C∗ (Pb X) for all p ≥ 0 and ∂c Fp Cn (Pb X) ⊆ Fp Cn−1 (Pb X). Define a convergent filtration on F (X, b) ⊗ S∗ (X, b) by setting Fp (F (X, b) ⊗ S∗ (X, b)) = ˜ respects the filtration. Si (X, b). Note that D



Lp



i=0



F (X, b) ⊗



r r ˜p.q Let Ep,q and E denote the spectral sequences arising from the filtrations {Fp C∗ (Pb X)} and {Fp (F (X, b) ⊗ S∗ (X, b))} respectively. We observe that E r is precisely the Serre spectral sequence for the fibration Pb X → X, so 2 Ep,q = Hp (X; Hq (Ωb X)).



We also have 2 ˜p,q E = Hp (S∗ (X, b); Hq (F (X, b)).



˜ respects filtrations. In fact, let [σ1 ⊗ ... ⊗ σr ] ⊗ σ ∈ Fp (F (X, b) ⊗ S∗ (X, b)) so that The chain map Ψ ˜ 1 ⊗ ... ⊗ σr ] ⊗ σ) = Ψ(σ1 ⊗ ... ⊗ σr ) · Φ(σ) ˜ k = deg (σ) ≤ p and n = deg (σ1 ) + ... + deg (σr ) − r. Then Ψ([σ = ˜ ˜ Φ(σ1 )·...·Φ(σr )·Φ(σ) is a singular cube α : I n+k → Pb X such that α(x1 , ..., xn , y1 , ...., yk )(1) = Φ(σ)(y , 1 ..., yk ). ˜ 1 ⊗ ... ⊗ σr ] ⊗ σ) ∈ Fp C∗ (Pb X). Hence, we have α = Ψ([σ r r ˜ induces a spectral sequence map which we also denote by Ψ ˜ rp,q : E ˜p,q It follows that Ψ → Ep,q . In particular we have the following two homomorphisms 2 2 ˜ 2p,0 : E ˜p,0 Ψ = Hp (S∗ (X, b)) → Hp (X) = Ep,0 2 2 ˜ 20,q : E ˜0,q Ψ = Hq (F (X, b)) → Hq (Ωb X) = E0,q



˜ 2p,0 is induced by the map µ : S∗ (X, b) → C∗ (X) defined by µ(σ) = p1 ◦ Φ(σ) ˜ The map Ψ where p1 : Pb X → X ˜ is the evaluation at the endpoint. This follows from the definition of Ψ and the calculation of the E 1 and
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E 2 terms of the Serre spectral sequence. Since X is connected it follows from the method of acyclic mod˜ 2p,0 is an isomorphism. The map Ψ ˜ 20,q is is clearly induced by els that µ is a quasi isomorphism; hence Ψ Ψ : F (X, b) → C∗ (Ωb X). ˜ induces the trivial We know that the chain complexes F (X, b) ⊗ S∗ (X, b) and C∗ (Pb X) are acyclic so Ψ ∞ ˜∞ ˜∞ isomorphism Ψ p,q : Ep,q → Ep,q . To conclude the desired isomorphism we appeal to the comparison theorem for spectral sequences. ˜ and E be spectral sequences of abelian groups. Suppose Ψ ˜ :E ˜ → E is a map of spectral Theorem 2 Let E sequences such that the following diagram is commutative and its rows are exact 2 2 2 2 2 ˜p,0 ˜0,q ˜p.q ˜p−1,0 ˜0,q 0 − −−−− → E ⊗E − −−−− → E − −−−− → Tor(E ,E ) − −−−− →      ˜ ˜ ˜  ˜ Ψ) ˜ y yΨ⊗Ψ yΨ yTor(Ψ,



0   y



2 2 2 2 2 0 − −−−− → Ep,0 ⊗ E0,q − −−−− → Ep.q − −−−− → Tor(Ep−1,0 , E0,q ) − −−−− → 0



Then, any two of the following conditions implies the third 2 2 ˜ 2p,0 : E ˜p,0 (i) Ψ → Ep,0 is an isomorphism for all p ≥ 0 2 2 2 ˜ ˜ (ii) Ψ0,q : E0,q → E0,q is an isomorphism for all q ≥ 0 ∞ ˜∞ ˜∞ (iii) Ψ p,q : Ep,q → Ep,q is an isomorphism for all p, q ≥ 0 The proof of the comparison theorem is based on repeated applications of the Five Lemma, it may be found in [3]. The hypothesis of the comparison theorem are satisfied in our case; this follows from the Universal Coefficient Theorem and by the commutativity of the corresponding diagram. We also have that conditions (i) ˜ 2p,0 and Ψ ˜∞ ˜2 and (iii) hold for Ψ p,q respectively. Hence, Ψ0,q : Hq (F (X, b)) → Hq (Ωb X) is an isomorphism for all q > 0 as desired. 



References [1] Adams, J.F., On the cobar construction, Colloque de topologie algebrique (Louvain, 1956), George Thone, Liege; Masson, Paris, 1957, pp. 81-87. MR 19, 759 [2] Chen, K.T, Iterated path integrals, Bull. Amer. Math. Soc. 83 (1977), 831-879. [3] MacLane, S. Homology, Springer, Berlin, 1963; Academic Press, New York, 1963.
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