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ALGEBRAIC GEOMETRY CAUCHER BIRKAR



Abstract. Algebraic geometry is a beautiful subject and one of the most developed and sophisticated branches of mathematics with deep connections to number theory, analytic and differential geometry, topology, commutative algebra, homological algebra, mathematical logic and physics. In this short note, I will try to explain basic elementary aspects of algebraic geometry focusing on ideas rather than proofs. Some familiarity with algebra (fields, rings, ideals, modules, vector spaces) and basic topology (topological spaces, open and closed subsets) would be helpful.



1. Introduction Algebraic geometry is the study of solutions of a system of polynomial equations   f1 (T1 , · · · , Tn ) = 0 ..  . fm (T1 , · · · , Tn ) = 0



Such a system appears in many different parts of mathematics, physics etc very naturally. This study goes back to ancient times. Babylonians knew how to solve a polynomial of degree 2 nearly 4000 years ago. But it took more than 3000 years to have some progress when degree is 3 or 4. When the degree is large, it is well-known that there is no "formula" for solving polynomial equations and one has to study the geometry of the solutions. When all the polynomials fi are linear (i.e. of degree 1), then algebraic geometry is just linear algebra. Example 1.1. You can try to find the solutions of aT1 + bT2 = 0 or T12 + T22 = 0 or T12 + T22 = 1 over the real numbers R and over the complex numbers C. Date: 6 June 2007. These notes are the extracts of a short course on algebraic geometry which I taught at the Chulalongkorn University, Bangkok, Thailand. 1
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Example 1.2. Fermat’s last theorem (number theory) is the study of solutions of a polynomial T1d + T2d = 1 over the rational numbers Q such that d ∈ N. 2. Affine varieties The first thing to is to choose an algebraically closed field k, for example k = C. Definition 2.1. The polynomial ring k[T1 , · · · , Tn ] is the set of all polynomials with variables T1 , · · · , Tn and coefficients in k. It is a ring in the sense of algebra. The n-dimensional affine space is defined as the set of all points over k with n coordinates, that is An = {(x1 , · · · , xn ) | xi ∈ k} Definition 2.2. An affine algebraic set X = V (f1 , · · · , fm ) ⊆ An is the set of common solutions of fi in An , that is X = {x = (x1 , · · · , xn ) ∈ An | fi (x) = 0 for 1 ≤ i ≤ m} Algebraic sets also can be defined using ideals of the polynomial ring. Definition 2.3. Let I be an ideal of the ring k[T1 , · · · , Tn ]. We define the algebraic set of I as V (I) = {x ∈ An | f (x) = 0 for every f ∈ I} A theorem in algebra says that every ideal I of k[T1 , · · · , Tn ] is generated by finitely many polynomials. That is, there are f1 , · · · , fm such that I =< f1 , · · · , fm >. This means that, for any f ∈ I, we can find Pm g1 , · · · , gm ∈ k[T1 , · · · , Tn ] such that f = 1 gi fi . Exercise 2.3.1. Prove that V (I) = V (f1 , · · · , fm ). So, affine algebraic sets defined by ideals are not new objects. Exercise 2.3.2. Let I, J be ideals of k[T1 , · · · , Tn ]. Prove that V (IJ) = V (I ∩ J) = V (I) ∪ V (J), and V (I + J) = V (I) ∩ V (J). Exercise 2.3.3. Prove that the set of affine algebraic sets in An is a topological space. A very important theorem is the following which we state without proof. Theorem 2.4. V (f1 , · · · , fm ) = ∅ iff < f1 , · · · , fm >= k[T1 , · · · , Tn ]. An affine algebraic set is called irreducible if X = X 0 ∪ X 00 where X 0 and X 00 are also affine algebraic sets, then X 0 = X or X 0 = X.
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Definition 2.5. An affine variety is an irreducible affine algebraic set. Definition 2.6. Let X ⊆ An be an affine algebraic set. The ideal IX of X is defined as IX = {f ∈ k[T1 , · · · , Tn ] | f (x) = 0 for every x ∈ X} Example 2.7. If X = V (T12 ) ⊂ A1 , then IX =< T1 >. Example 2.8. If X = (0, 0) ∈ A2 , then IX =< T1 , T2 >. Exercise 2.8.1. Let X = V (f1 , · · · , fm ) ⊆ An . Prove that fi ∈ IX . Remark 2.9. It is well-known that prime ideals of k[T1 , · · · , Tn ] correspond to affine varieties in An , that is, if X ⊆ An is an affine variety, then IX is a prime ideal. Moreover, points of An correspond to maximal ideals of k[T1 , · · · , Tn ]. Definition 2.10. A regular function of an affine algebraic set X ⊆ An is a function φ : X → A1 = k such that there is f ∈ k[T1 , · · · , Tn ] with the property φ(x) = f (x) for any x ∈ X. Definition 2.11. The coordinate ring of an affine algebraic set X is defined as k[X] = {regular functions of X} Exercise 2.11.1. Prove that k[An ] = k[T1 , · · · , Tn ]. Theorem 2.12. For an affine algebraic set X ⊆ An , we have k[X] = k[T1 ,··· ,Tn ] . IX Proof. We can define a ring homomorphism α : k[T1 , · · · , Tn ] → k[X] which sends f ∈ k[T1 , · · · , Tn ] to φ = f . It is easy to see that α is surjective and that α−1 {0} = IX which is an ideal. Now elementary ,Tn ] theorems of algebra implies that k[X] = k[T1I,··· . £ X Exercise 2.12.1. Let X = (0, 0) ∈ A2 . Prove that IX =< T1 , T2 > and k[X] = k. Definition 2.13. A regular map φ : X → Y of affine algebraic sets X ⊆ An and Y ⊆ Am is defined by regular functions φ1 , · · · , φm of X, that is, φ = (φ1 , · · · , φm ) which means that φ(x) = (φ1 (x), · · · , φm (x)) for every x ∈ X. Example 2.14. A regular function of X is a regular map from X to A1 .
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Example 2.15. The map φ : A2 → A1 defined by φ = T1 , that is φ(x1 , x2 ) = x1 is a regular map which is called a projection. Example 2.16. Restriction of the projection in the previous example to a curve X ⊂ A2 gives a regular map from X to A1 . Example 2.17. Any linear map An → Am is a regular map. A linear map is defined by linear polynomials. Definition 2.18. A regular map φ : X → Y is called an isomorphism if there is a regular map ψ : Y → X such that for any x ∈ X and y ∈ Y we have ψ(φ(x)) = x and φ(ψ(y)) = y Here we say that X and Y are isomorphic and we write X ' Y . Example 2.19. Prove that X = V (T1 ) ⊆ A2 and Y = V (T2 ) ⊆ A2 are isomorphic. For a regular map φ : X → Y we get a ring homomorphism φ∗ : k[Y ] → k[X] which sends θ ∈ k[Y ] to θφ (this is not the multiplication of θ and φ but it is their combination). Now you can prove the following theorem. Theorem 2.20. A regular map φ : X → Y is an isomorphism iff φ∗ is an isomorphism. Example 2.21. Let X = V (T1 T2 − 1) ⊆ A2 and φ : X → A1 defined by φ = T1 . Now if we try to define the inverse of φ we can try π = (T1 , T11 ). But this is not a regular function. This is a rational map from A1 to X. Definition 2.22. A rational function π : X 99K A1 of a variety X ⊆ An is defined as π = fg such that f, g ∈ k[T1 , · · · , Tn ] and g ∈ / IX . Here π is not really a function, that is, it is not defined at every point of X. Example 2.23. Any regular function φ : X → A1 is a also rational function. Example 2.24. If X = An , then every π = where f, g ∈ k[T1 , · · · , Tn ] and g 6= 0.



f g



is a rational function



Example 2.25. Let X = V (T12 − T23 ) ⊆ A2 . Then, π = are rational functions of X but π = ξ.



T1 T2



and ξ =



T22 T1
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So, one should clarify when two rational functions are the same. We say that the two rational function fg and he of a variety X are the same iff f h − ge = 0 on X, that is, f h − ge ∈ IX . This makes sense because of the following. Remark 2.26. An algebraic set X ⊆ An is irreducible (i.e. a variety) iff k[X] is a ring with no zero divisors, that is, if f, g ∈ k[X] and f g = 0 then f = 0 or g = 0 in k[X]. The set of rational functions of X denoted by k(X) is a field. It is actually the field of fractions of k[X] in the sense of algebra. Definition 2.27. A rational function π ∈ k(X) is regular at x ∈ X if we can write π = fg such that g(x) 6= 0. One can prove that a rational function π ∈ k(X) which is regular everywhere is a regular function of X. Definition 2.28. A rational map π : X 99K Y ⊆ Am is defined by π = (π1 , · · · , πm ) such that πi ∈ k(X) and π(x) = (π1 (x), · · · , πm (x)) ∈ Y if π (i.e. all πi ) is regular at x. We call π : X 99K Y birational if it has an inverse. Example 2.29. Going back to Example 2.21, we see that φ and π = (T1 , T11 ) are birational. Example 2.30. Let X = V (T12 + T22 − 1) ⊆ A2 . We take S to be the T1 variable of A1 . Define rational maps π : X 99K A1 by π = 1−T and 2 2 2S S −1 1 ξ : A 99K X by ξ = ( S 2 +1 , S 2 +1 ). Then, π and ξ are inverse of each other. π, ξ can also be obtained using projection from (0, 1) onto the axis defined by T2 = 0. When one moves into projective space, then π, ξ become isomorphism. See Example 3.10. This example also shows that how X can be parametrised by a single parameter S. For a rational map π : X 99K Y we get a dual field homomorphism π ∗ : k(Y ) → k(X) which sends θ ∈ k(Y ) to the combination θπ. You can try to prove the following theorem. Theorem 2.31. A rational map π : X 99K Y is birational iff π ∗ is an isomorphism.
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3. Projective varieties Projective varieties are the analogue of compact spaces. In some sense, a projective variety is a "perfect" variety. We say that (x0 : · · · : xn ) = (y0 : · · · : yn ) if there is a nonzero a ∈ k such that (x0 , · · · , xn ) = (ay0 , · · · , ayn ). Definition 3.1. The n-dimensional projective space is defined by Pn = {(x0 : · · · : xn ) | xi ∈ k and xi 6= 0 for some i} Example 3.2. Each line in A2 passing through the origin corresponds to a point of P1 . Example 3.3. (0 : 1) = (0 : 4) in P1 . If x0 6= 0 in (x0 : x1 ), then (x0 : x1 ) = (1 : xx10 ). So, the set of all such points can be identified with A1 . Moreover, P1 can be covered with two copies of A1 by considering points with x1 6= 0. Example 3.4. More generally, we can embed An into Pn by identifying points (x0 : · · · : xn ) = ( xx0i : · · · : xxni ) with ( xx0i , · · · , xxi−1 , xxi+1 , · · · , xxni ) i i n when xi 6= 0. In this way, we can cover P with n + 1 copies of An . On the other hand, we have the ring of polynomials k[T0 , · · · , Tn ]. For a polynomial F in this ring and x ∈ Pn , in general F (x) makes sense only if F is homogeneous. For this reason we always consider such polynomials in projective geometry. Definition 3.5. A projective algebraic set X ⊆ Pn is defined as X = V (F1 , · · · , Fm ) such that Fi ∈ k[T0 , · · · , Tn ] are homogeneous. Example 3.6. The projective algebraic set X = V (T0 + T1 + T2 ) ⊆ P2 is called a cone. Example 3.7. Let f ∈ k[T1 , · · · , Tn ]. We can make f into a homogeneous polynomial F ∈ k[T0 , · · · , Tn ] using the new variable T0 . For example if f = T1 +3, we put F = T1 +3T0 , and if f = T23 +5T1 T2 −7T3 , then we put F = T23 + 5T1 T2 T0 − 7T3 T02 . Using the embedding defined in Example 3.4, V (f ) ⊆ An is a subset of V (F ) ⊆ Pn . Definition 3.8. Let X ⊆ Pn and Y ⊆ Pm be projective algebraic sets. A regular map φ : X → Y is given by φ = (F0 : · · · : Fm ) such that for any x ∈ X we can find an expression (F0 : · · · : Fm ) = (G0 : · · · : Gm ) such that Gi (x) 6= 0 for some i, and F0 , · · · , Fm are homogeneous polynomials of the same degree and G0 , · · · , Gm are also homogeneous polynomials of the same degree (but degree of Fi and Gj can be different).
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Remark 3.9. Another reason for introducing projective varieties is that if φ : X → Y is a regular map of projective algebraic sets then φ(X) is a closed subset of Y , that is, φ(X) is also a projective algebraic set. Example 3.10. Going back to Example 2.30, let X = V (T12 + T22 − T02 ) ⊆ P2 . We take S0 , S1 to be the variables of P1 . Define regular maps π : X → P1 and ξ : P1 → X by π = (T0 − T2 : T1 ) and ξ = (S12 + S02 : 2S1 S0 : S12 − S02 ) Then, π and ξ are inverse of each other. So, X and P1 are isomorphic. Example 3.11. Plane curves are defined as X = V (F ) ⊆ P2 . An important number associated to X is the degree deg(X) = deg F . If deg(X) = 1, then X is just a line. If deg(X) = 2, then X is a conic but as we saw X is isomorphic to a line. So it is better to define a new invariant g(X) = 16 (deg(X) − 1)(deg(X) − 2) which is called genus of X. So, curves of degree 1 and 2 have the same genus which is zero. If g(X) = 1, then X is an elliptic curve. Curves of genus g are put into a family Mg . Example 3.12 (Bezout’s theorem). Bezout’s theorem states that a curve of degree d and a curve of degree d0 have intersection number dd0 . Example 3.13 (Elliptic curves). An elliptic curve is a smooth curve of degree 3 for example V (T22 T0 − T13 − T1 T02 ) ⊆ P2 . There is a group structure on each elliptic curve. Elliptic curves are very important for number theory and even for constructing security codes. 4. Singularities Definition 4.1. Let X ⊆ An be an affine algebraic set and x ∈ X. The tangent space TX,x is defined by all the following linear equations X ∂f (x) (Ti − xi ) = 0 ∂Ti i such that f ∈ IX . Definition 4.2. X ⊆ An is called smooth at x ∈ X if dim TX,x = dimx X. If X is not smooth at x ∈ X, then we say that X is singular at x. On the other hand, X is called smooth if it is smooth at every point.
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Exercise 4.2.1. Prove that X = V (T1 − T2 ) is smooth, X = V (T12 + T22 − 1) is smooth, X = V (T22 − T13 ) is singular at x = (0, 0), X = V (T12 − T22 ) is singular at (0, 0), X = V (T22 − T13 − T12 ) is singular at (0, 0), X = V (T12 + T22 + T32 ) is singular at (0, 0, 0). Example 4.3. X = V (f ) ⊆ An is smooth at 0 ∈ X iff the linear term of f is not zero. More generally, if X = V (f1 , · · · , fm ), then TX,0 is given by the linear term of each fj . Theorem 4.4. If X ⊆ An is smooth at x ∈ X, then only one component of X passes through x, that is, X is irreducible near x. Proof. Suppose that this is not true. Let X 0 be an irreducible component of X passing through x with maximal dimension and X 00 the union of other components of X. So, X = X 0 ∪ X 00 . One can prove that TX 0 ,x is smaller than TX,x . Therefore, dim TX,x > dimx X, a contradiction. Actually, in many cases TX,x = TX 0 ,x + TX 00 ,x . £ Smooth varieties behave very well and one can apply methods of differential geometry to them. If k = C, and X smooth then X is a manifold. Remark 4.5. It is not difficult to prove that the set of singular points of an algebraic set is a proper closed subset of X. Remark 4.6. As we have seen many times, geometric properties can usually be interpreted in the language of algebra. This is also true for singularities. Let X ⊆ An be an affine algebraic set and x ∈ X. Define Ox = {f ∈ k(X) | f is regular at x} Then, Ox is a ring containing k[X]. This ring reflects local properties of X near x. For example if we put mx = {f ∈ Ox | f (x) = 0} x∗ then mx is an ideal of Ox and we have TX,x ' m as vector spaces over m2x k. From this, one can easily see that if φ : X → Y and y = φ(x), then we get a linear map of vector spaces φx : TX,x → TY,y . Moreover, if φ is an isomorphism, then φx is also an isomorphism.



Example 4.7 (Normalisation of a curve). Let X = V (T22 − T13 ) ⊆ A2 . We can define a regular map φ : A1 → X by φ = (S 2 , S 3 ). This map is birational because it is the inverse of the rational map π : X 99K A1 given by π = TT21 . So, φ in this case resolves the singularities of X. Example 4.8. A similar statement holds in higher dimension when the field k = C (or when k is similar to C). This was done by Hironaka.
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When k 6= C, the problem is open and a major conjecture in algebraic geometry. 5. Divisors on curves Let X denote a smooth projective variety in this section. P di Di Definition 5.1. A divisor on a curve X is a finite sum D = where Di are distinct points on X and di ∈ Z. We write D ≥ 0 if all di ≥ 0. The set of all divisors on X is denoted by Div(X) and it is an abelian group. Definition 5.2. Let X be a variety. A rational function π : X 99K A1 F is defined as π = G where F, G are homogeneous polynomials of the same degree and G(X) 6= 0. As usual we denote the set of rational functions of X as k(X). Definition 5.3. Let X be a curve. For any π ∈ k(X) we can define a divisor on X by (π) = zeros − poles. We also define Div0 (X) = {(π) | π ∈ k(X)} which is a subgroup of Div(X). Example 5.4. Let X = P1 , then π = functions.



T0 T1



and π =



T02 −T12 5T02



are rational



Example 5.5. If π ∈ k(X) is constant, then (π) = 0. Definition 5.6. Two divisors D, D0 on a curve X are called linearly equivalent and denoted by D ∼ D0 if there is π ∈ k(X) such that D − D0 = (π). Definition 5.7. The Picard group of a curve X is defined as Pic(X) =



Div(X) Div0 (X)



Remark 5.8. We can define a group homomorphism α : Pic(X) → Z by α(D) = deg(D). If X = P1 , then this is an isomorphism. Definition 5.9. For a divisor D on a curve X we define the RiemannRoch space of D by L(D) = {π ∈ k(X) | (π) + D ≥ 0} This is a vector space over k and we put l(D) = dim L(D). Example 5.10. If D = 0, then l(D) = 1. And if D < 0, then l(D) = 0.
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On each curve X, there is a special divisor K which is called the canonical divisor of X. This divisor gives lots of information about the geometry of X. For instance, if X = P1 , then K = −2D1 where D1 is a point on X. But if X is an elliptic curve, then KX = 0. In any case, we define the genus of a curve X as g = l(K). Genus is a topological invariant. We can see that if X = P1 , then g = 0 and if X is an elliptic curve, then g = 1. It is very important to be able to compute the dimension l(D). The following central theorem is an attempt to solve this problem. Theorem 5.11 (Riemann-Roch). Let X be a curve and D a divisor on X. Then, l(D) − l(K − D) = deg(D) + 1 − g Example 5.12. When X = P1 , then K = −2D1 and g = 0 so the Riemann-Roch theorem looks like l(D) − l(−2D1 − D) = deg(D) + 1 and when D ≥ 0, then l(D) = deg(D) + 1 Example 5.13. When X is an elliptic curve, then K = 0 and g = 1 so the Riemann-Roch looks like l(D) − l(−D) = deg(D) and if D < 0, then l(D) = deg(D) 6. Birational geometry The aim of birational geometry is to classify varieties up to birational relation, that is, we do not hesitate to replace a given variety with another one if they are birational. This gives a certain degree of flexibility. Curves. We have already seen in Example 4.7 that a singular curve may be birational to a smooth curve. In general, any projective curve is birational to a unique smooth projective curve. So, there is not much to say about birational geometry of curves. However, it gets quite interesting for surfaces. Surface. Let X be a projective variety of dimension 2, that is, a projective surface. We know that there is a regular map φ : Y → X such that Y is a smooth projective surface and φ is birational. Unlike the case of curves, Y is not unique. In fact, there are infinitely many different choices for Y .
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Let y ∈ Y be a point. It is possible to replace y with a curve in the following sense. There is a regular map ψ : Y 0 → Y such that Y 0 is also a smooth projective surface, ψ is birational, E = ψ −1 (y) ' P1 , and the restriction of ψ to Y 0 − E gives an isomorphism with Y − y. We call this operation the blowup of Y at y. Thus it is clear that we can construct infinitely many suitable candidates for Y . Now let X be the set of smooth projective surfaces which are birational to X. The idea is to choose an element of X which is "simpler" in some sense. We can find this element using the following algorithm: if there is no φ1 : Y → Y1 which is the blowup of a point of a smooth projective surface Y1 , then we call Y a minimal model of X. Otherwise, there is such a φ1 and we apply the same process to Y1 . That is, if there is no φ2 : Y1 → Y2 which is the blowup of a point of a smooth projective surface Y2 , then we call Y1 a minimal model of X, otherwise there is such φ2 and we continue as before. After finitely many steps, the algorithm comes to an end. For some n, Yn is a minimal model of X. Here we get a rational map π : X 99K Yn which is birational. In most cases, Yn is unique, however, some times it is not. The next step is to study all possible Yn . In other words, we reduce the study of all surfaces to the study of special surfaces like Yn . Example 6.1. If X = P2 , then X is its own minimal model. But there are other minimal models of X, for example P1 × P1 . Higher dimension. Birational geometry of surfaces was understood even by early 20th century. But it took ages to do similar things in higher dimension. Let k = C and X be a projective variety. In the 1960’s, Hironaka proved that there is a regular map φ : Y → X which is birational and Y is a smooth projective variety. For this, he was given a fields medal. As in the surface case, Y is not unique so we should look for a "minimal model". We need to consider maps which are more general than blowups and we call them contractions. A typical contraction of Y is a regular map φ : Y → Z which is birational and such that there is a subvariety E ⊂ Y which satisfies Y − E ' Z − φ(E), dim E > dim φ(E), and some other properties. If there is no contraction φ : Y → Z, then we call Y a minimal model of X. So, lets assume that there is such a contraction. One problem here is that Z may not be smooth any more. Thus, we are forced to somehow deal with singular varieties. But the singularities of Z are not terrible in many cases and we are able to manage them. If the



12



CAUCHER BIRKAR



singularities are not bad we put Y1 := Z. However, in some cases, Z is not manageable and we have no choice but to replace Z with some thing else. In this case, one hope to find a diagram like Y B B



99K



BB BB BB !



{{ {{ { { }{ {



Y1



Z satisfying certain properties. Such a diagram is called a flip. The existence of a flip is an extremely difficult problem. Mori proved this in dimension 3. He was given a fields medal for this. Shokurov proved it in dimension 4 after working on it for more than 10 years. It was not until 2006 that this problem was solved in all dimensions by BirkarCascini-Hacon-McKernan. Now we can repeat the process with Y1 instead of Y . We encounter another major problem. Unlike the surface case, there is no easy way to prove that the algorithm stops after finitely many steps. We should prove that there is no infinite sequence of flips. This problem is called termination. In dimension 3, it was proved by Shokurov but it is still open in dimension ≥ 4. Despite this, Shokurov proved that we can always find a minimal model in dimension 4. Finally, Birkar proved that in dimension 5, we can find minimal models for almost all X. References [1] I.R. Shafarevich; Basic algebraic geometry I. Springer 1994. [2] R. Hartshorne; Algebraic geometry. Springer 1977. (only first chapter)
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Algebraic foundations for inquisitive semantics 

Let us first officially define what we take propositions to be in the inquisitive setting. ..... The core of the semantics is a recursive definition of this support relation.














[image: alt]





Automatic Verification of Algebraic Transformations 

restructuring transformations are called global data-flow transformations. In our earlier work [2], we have presented an intra- procedural method for showing the ...
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Algebraic Fractions Inquiry Prompts.pdf 

Idea 7: has a single solution. has a single solution. Page 2 of 2. Algebraic Fractions Inquiry Prompts.pdf. Algebraic Fractions Inquiry Prompts.pdf. Open. Extract.
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Foundations of Algebraic Coding Theory 

Dec 28, 2013 - Coding theory began in the late 1940s, together with the development of electronic commu- nication and computing. In fact, it is possible to pinpoint the moment of its birth exactly, namely the publication of Claude Shannon's landmark 
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TANNAKIZATION IN DERIVED ALGEBRAIC ... 

calizing (or additive) invariants such as algebraic K-theory, topological Hochschild homology and topological cyclic .... Contrary to this, it is not clear whether or not Nori's motivic Galois group is a generalization of ... category is a simplicial
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Pointwise Generalized Algebraic Data Types 

Department of Computer Science. Portland State University ...... on Generic Programming [16] and the 2007 Central European Functional Programming School ...
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MOBIUS TRANSFORMATIONS AN ALGEBRAIC ... 

Definition. 2. 1.2. Group of Mobius Transformations. 2. 2. P GL(2,C) and PSL(2,C). 3 .... Put a = Î³ âˆ’ Î´ Ïµ R ,b= Î± âˆ’ iÎ² Ïµ C ,c= âˆ’(Î³ + Î´) Ïµ R . Therefore (âˆ—) becomes,.
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Algebraic foundations for inquisitive semantics 

The central aim of ... we limit ourselves to a first-order language, what is the role of connectives and ..... Theorem 3 (Relative pseudo-complementation). For any ...
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algebraic construction of parsing schemata 

Abstract. We propose an algebraic method for the design of tabular parsing algorithms which uses parsing schemata [7]. The parsing strategy is expressed in a tree algebra. A parsing schema is derived from the tree algebra by means of algebraic operat
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Real Elements in Algebraic Groups 

Examples: GLn,SLn,Dn (non-singular diagonal matrices), Tn. (upper triangular matrices in GLn), Un (unipotent upper triangular matrices), On, SOn, Spn, elliptic curves etc. An algebraic group G is called a linear algebraic group if the underlying vari
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algebraic construction of parsing schemata 

matics of Language (MOL 6), pages 143â€“158, Orlando, Florida, USA, July 1999. ... In Masaru Tomita, editor, Current Issues in Parsing Technology, pages ...
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