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An extension of G¨ unther’s volume comparison theorem Dedicated to the memory of Paul G¨ unther



Pawel Kr¨oger∗ Abstract. The aim of this note if to give an extension of a classical volume comparison theorem for Riemannian manifolds with sectional curvature bounded above (see G¨ unther, P. ”Einige S¨atze u ¨ber das Volumenelement eines Riemannschen Raumes”, Publ. Math. Debrecen 7, 78–93 (1960)). For the case of a n-dimensional simply connected complete Riemannian manifold with nonpositive sectional curvature our theorem states that the function t 7→ area (St (p))/tn−2 is convex for every p ∈ M where St (p) denotes the sphere of radius t with center p. In view of area (S0 (p)) = 0, it is easy to see that our theorem implies the classical result. A similar result holds true for simply connected manifolds with sectional curvature bounded above by a negative constant.



Introduction and statement of the result The starting point for our interest was the observation that second-order differential inequalities like Minkowski’s inequality provide more precise information on volume growth than the available first-order differenial inequalities of Bishop and G¨ unther for manifolds (see [3], Section 3.101, [4], [1], Section 3.2, and [5] for the original paper). That precise information given by Minkowski’s inequality was essential for our version of an upper bound for high order eigenvalues of the Laplacian on a convex domain in Euclidean space (see [6]). It would be natural to try to extend that result to manifolds subject to a lower bound for the curvature in order to improve the result by S. Y. Cheng in [2]. However, our attempts failed due to the lack of a second-order differential inequality extending Bishop’s inequality. The aim of the present paper is to close that gap at least for the case of G¨ unther’s theorem on manifolds with sectional curvature bounded above. Key to our result is a p linear second order differential inequality for the volume element g(t, ξ) where the differentiation is with respect to arc length t. Our result follows by integration over spheres. This does not cause any problems due to the linearity of the key inequality. We set √ √ Sκ (t) ≡ (1/ κ) sin( κt) for κ > 0, √ √ Sκ (t) ≡ (1/ −κ) sinh( −κt) for κ < 0, S0 (t) ≡ t for every t ≥ 0. The principal result of this note is the following theorem. ∗
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Theorem. Let M be a Riemannian manifold with sectional curvature bounded above by a constant κ. Let p be a fixed point in M and let inj (Mp ) be the injectivity radius at p. Let area (St (p)) denote the area of the sphere of radius t with center p. Then the following differential inequality holds: d2 (area (St (p))/Sκ (t)n−2 ) + κ area(St (p))/Sκ (t)n−2 2 dt for every t ≤ inj (Mp ).



≥ 0



Remarks. 1.) Set f (t) ≡ area (St (p))/Sκ (t)n−2 . Then f 00 + κf ≥ 0 and limt↓0 f (t) = 0 imply by integration that f 0 Sκ − f Sκ0 ≥ 0. Thus, our result implies the classical result. 2.) One of the difficulties in obtaining a second-order differential inequality in the case of Ricci curvature bounded below (considering for simplicity the case of curvature greater or equal than 0) is that for n > 2 the cone of functions with f 1/(n−1) concave is not closed with respect to convex linear combinations. Almost any pair f, g of functions with f 1/(n−1) , g 1/(n−1) linear on a small interval leads to a counterexample (take for instance, f (t) = tn−1 , g(t) = 1). Thus, we run into problems if we try to integrate local estimates (valid along geodesics emanating from a fixed point) over spheres in order to obtain a global result. In the case of sectional curvature bounded above we encounter another type of difficulties. We consider again the case where the curvature bound is 0. Let f1 , ..., fn−1 be the norms of Jacobi fields along a given geodesic. Assume for simplicity that those Jacobi fields are mutually orthogonal and orthogonal to the geodesic. By Rauch’s comparison theorem f1 , ..., fn−1 are convex. However, this does not imply the convexity of (f1 · ... · fn−1 )1/(n−1) . Again, it is easy to find a counterexample. Consider n = 3 and choose f1 (t) = t, f2 (t) = t + 1. Obviously, we encounter none of the above problems in the case of a surface, i.e., n = 2.



Proof of the Theorem Let τt denote parallel transport along the geodesic γ generated by ξ ∈ Mp with |ξ| = 1. Given η ∈ ξ ⊥ , let Y (t) be the Jacobi field along γξ with initial conditions Y (0) = 0, (∇t Y )(0) = η. As in [1], Section 3.1 we define the path of linear transformations A(t, ξ) : ξ ⊥ → ξ ⊥ by A(t, ξ)η = (τt )−1 Y (t). Jacobi’s equation takes the form A00 + R A = 0 where Rη = (τt )−1 R(γ 0 (t), η)γ 0 (t) for every η ∈ ξ ⊥ . Set U = A0 A−1 . Then U satisfies the matrix Ricatti equation U0 + U2 + R = 0



(1).
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The self-adjointness of R : ξ ⊥ → ξ ⊥ implies that U is selfadjoint for every t (cf. also the p proof of Bishop’s comparison theorem II in [1], Section 3.3). The volume element g(t, ξ) at γ(t) is given by det A. We claim that d2 ( det A/Sκn−2 ) + κ det A/Sκn−2 ≥ 0 (2). dt2 Clearly, dtd det A = trace U det A. Thus, d2 d (det A/Sκn−2 ) = ( trace U + (trace U )2 ) det A/Sκn−2 2 dt dt d −2(n − 2)( Sκ ) trace U det A/Sκn−1 dt d2 −(n − 2)( 2 Sκ ) det A/Sκn−1 dt d +(n − 2)(n − 1)( Sκ )2 det A/Sκn . dt n−2 We multiply both sides by Sκ / det A. Our claim (2) will be established once we have shown that (we write Sκ in place of dtd Sκ ): Sκ0 Sκ00 Sκ0 2 d 2 trace U + (trace U ) −2(n−2) trace U − (n−2) + (n−2)(n−1)( ) + κ ≥ 0. dt Sκ Sκ Sκ 00 Obviously, Sκ /Sκ = −κ. Using the matrix Ricatti equation (1) for U together with the curvature bound on the manifold, we obtain that d trace U ≥ − trace (U 2 ) − (n − 1)κ. dt Our claim reduces to S0 S0 − trace (U 2 ) + (trace U )2 − 2(n − 2) κ trace U + (n − 2)(n − 1)( κ )2 ≥ 0. Sκ Sκ Denote the eigenvalues of U by λ1 , ..., λn−1 . It remains to show that X Sκ0 2 Sκ0 X λk λl − 2(n − 2) λk + (n − 2)(n − 1)( ) ≥ 0. Sκ Sκ k6=l The last inequality can be deduced from Rauch’s comparison theorem (see [1], Section 0 3.2) which yields λk ≥ SSκκ for every k. To this end, we sum the inequalities Sκ0 Sκ0 (λk − )(λl − ) ≥ 0 Sκ Sκ over all 1 ≤ k, l ≤ n − 1 with k 6= l. The assertion of the Theorem follows from (2) by integration over spheres of fixed radius. Remark. We were unable to prove a similar result even under the assumption that the



4



sectional curvature (in place of the Ricci curvature as usual) is bounded below. The 0 0 0 reason is that λk ≤ SSκκ implies again that (λk − SSκκ )(λl − SSκκ ) ≥ 0. Notice that we have obtained an inequality in the same direction as above. However, this time it does not appear to lead to anything useful since we have a bound in the opposite direction for the curvature term in (1). Mailing address: Pawel Kr¨oger, Departamento de Matem´ atica, UTFSM, Valparaiso, Chile email: [email protected]
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