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Anisotropic Bianchi type-I models with constant deceleration parameter in general relativity Suresh Kumar* and C.P. Singh *E-mail: [email protected], Webpage: https://sites.google.com/site/sureshkumaryd/ Note: This version of the paper matches the version published in Astrophysics and Space Science. The definitive version is available at Astrophys Space Sci 312 (2007) 57-62. Abstract: A special law of variation for Hubble’s parameter is presented in a spatially homogeneous and anisotropic Bianchi type-I space-time that yields a constant value of deceleration parameter. Using the law of variation for Hubble’s parameter, exact solutions of Einstein’s field equations are obtained for Bianchi-I space-time filled with perfect fluid in two different cases where the universe exhibits power-law and exponential expansion. It is found that the solutions are consistent with the recent observations of type Ia supernovae. A detailed study of physical and kinematical properties of the models is carried out. Key Words: Hubble’s parameter, Deceleration parameter, Cosmological models, Bianchi space-time. 1 Introduction Experimental studies of the isotropy of the Cosmic Microwave Background Radiation and speculation about the amount of helium formed at the early stages of the evolution of universe have stimulated theoretical interest in anisotropic cosmological models. At the present state of evolution, the universe is spherically symmetric and the matter distribution in it is on the whole isotropic and homogeneous. But in its early stages of evolution it could not have had such a smoothed out picture because near the big bang singularity neither the assumption of spherical symmetry nor of isotropy can be strictly valid. Anisotropy of the cosmic expansion, which is supposed to be damped out in the course of cosmic evolution, is an important quantity. Recent experimental data and critical arguments support the existence of an anisotropic phase of the cosmic expansion that approaches an isotropic one. Therefore it makes sense to consider models of the universe with anisotropic background. The simplest anisotropic models of the universe are Bianchi type-I homogeneous models whose spatial sections are flat but the expansion or contraction rate are directional dependent. For simplification and description of the large scale structure and behavior of the actual universe anisotropic Bianchi-I models have been considered by a number of authors. In literature Belinskii and Khalatnikov (1976), Reddy (1987), Reddy and Venkateswarlu (1987), Lorenz-Petzold (1989), Venkateswarlu and Reddy (1990), Singh and Agrawal (1991), Gujman (1993), Chimento et al. (1997), Bali and Gokhroo (2001), Bali and Keshav (2003) and others have studied anisotropic Bianchi typeI models in different contexts. Recently Bali and Anjali (2004) have investigated an anisotropic Bianchi type-I magnetized bulk viscous fluid string dust cosmological model. Kilinc (2004) has considered an anisotropic Bianchi type-I universe with variable gravitational and cosmological constants in the presence of a perfect fluid. Saha (2005, 2006a, 2006b) and Pradhan and Pandey (2006) have investigated Bianchi-I models with anisotropic background to study the possible effects of anisotropy in the early universe on the present-day observations. In this paper we consider a spatially homogeneous and anisotropic Bianchi-I space-time in which the source of matter distribution is perfect fluid. It is not an easy task to construct an exact solution to the Einstein’s field equations due to the non-linearity of the differential equations which arise from general relativity. An attempt has been made to formulate a law of variation for Hubble’s parameter in anisotropic Bianchi-I space-time that yields a constant value of deceleration parameter (DP). The law together with the Einstein’s field equations leads to a number of new solutions of Bianchi-I space-time. The law explicitly determines the scale factors. Explicit forms of pressure, energy density and some other cosmological parameters are obtained for two different physical models. The physical behavior of the models is discussed in detail and the nature of singularity is clarified. 2 Model and field equations The spatially homogeneous and anisotropic Bianchi-I space-time is described by the line element ds2 = −dt2 + A2 (t)dx2 + B 2 (t)dy 2 + C 2 (t)dz 2 ,
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(1)



where A(t) , B(t) and C(t) are the metric functions of cosmic time t . The spatial volume of this model is given by V 3 = ABC. We define V = (ABC) defined as



1 3



(2)



as the average scale factor so that the Hubble’s parameter in anisotropic models may be 1 V˙ = H= V 3



A˙ B˙ C˙ + + A B C



!



,



(3)



where an over dot denotes derivative with respect to the cosmic time t . Also we have H= ˙



˙



1 (H1 + H2 + H3 ), 3



(4)



˙



C A , H2 = B where H1 = A B and H3 = C are directional Hubble’s factors in the directions of x , y and z respectively. The field equations in case of perfect fluid are



1 Rij − Rgij = 8πTij 2



(5)



Tij = (ρ + p)ui uj + pgij ,



(6)



with



i j
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where gij u u = −1 ; u is the four-velocity vector; Rij is Ricci tensor; R is Ricci scalar; ρ and p , respectively are the energy density and pressure of the fluid. In a commoving coordinate system, the Einstein’s field equations (5), for the anisotropic Bianchi type-I space-time (1), in case of (6), read as ¨ C¨ B˙ C˙ B + + = −8πp, B C BC
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C¨ A¨ C˙ A˙ + + = −8πp, C A CA



(8)



¨ A¨ B A˙ B˙ + + = −8πp, A B AB



(9)



A˙ B˙ B˙ C˙ C˙ A˙ + + = 8πρ. AB BC CA As a consequence of the above field equations, one can get the following relation: (ABC¨) = 12π(ρ − p). ABC
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(11)



The field equations (7)-(10) are four equations involving five unknowns A , B , C , p and ρ . So in order to close the system we need one more relation that we shall obtain in the following section by formulating a special law of variation for Hubble’s parameter. 3. Law of variation for Hubble’s parameter Einstein’s field equations (7)-(10) are a coupled system of highly non-linear equations. Kramer et al. (1994) have pointed out that most of the authors solve the Einstein’s field equations with a stress energy tensor of perfect fluid type by assuming an equation of state linking the pressure p and energy density ρ in order to build analytical methods near the singularity. Davidson (1962) and later many others (e.g. Coley and Tupper, 1986) have considered models with variable equation of state, which essentially deals with the Friedmann-Robertson-Walker (FRW) metric. In order to solve the Einstein’s field equations, we normally assume a form for the matter content or suppose that the space-time admits killing vector symmetries. Solutions to the field equations may also be generated by applying a law of variation for Hubble’s parameter, which was first proposed by Berman (1983) in FRW models and that yields a constant value of DP. Recently the present authors (Singh and Kumar, 2006) have proposed a 2



similar law of variation for Hubble’s parameter in locally rotationally symmetric (LRS) Bianchi type-II space-time that also yields a constant value of DP. The variation for Hubble’s parameter as assumed is not inconsistent with the observations. Most of the well known models of Einstein’s theory and Brans-Dicke theory for the FRW metric have been considered with constant DP. In literature Berman (1983), Berman and Gomide (1988), Maharaj and Naidoo (1993), Johri and Desikan (1994), Singh and Desikan (1997), Pradhan and Vishwakarma (2002), Rahaman et al. (2005) and others have considered cosmological models with constant DP. Recently Reddy et al. (2006, 2007) have presented LRS Bianchi type-I models with constant DP in scalar tensor and scale covariant theories of gravitation. The present authors (Singh and Kumar, 2007a, 2007b) have considered LRS Bianchi type-II models with constant DP in Guth’s inflationary theory and self creation theory of gravitation. Our intention in this paper is to extend the work of Berman (1983) and Singh and Kumar (2006) in anisotropic Bianchi type-I space-time to solve Einstein’s field equations by formulating a similar type of law for variation of Hubble’s parameter that yields a constant value of DP. Therefore we propose that the law to be examined for the variation of Hubble’s parameter which yields a constant value of DP in anisotropic Bianchi-I space-time, is H = D(ABC)



−n 3



,



(12)



where D > 0 and n ≥ 0 are constants. The DP q is defined by q=−



V V¨ . V˙ 2



(13)



From equations (3) and (12), we get 1 3



A˙ B˙ C˙ + + A B C
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−n 3



,
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ABC = (nDt + C1 ) n f or n 6= 0



(15)



ABC = C2 eDt f or n = 0.



(16)



which on integration leads to



= D(ABC)
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and



Here C1 and C2 are positive constants of integration. Now substituting (15) into (13), we get q = n − 1.



(17)



This shows that the DP is constant for this model. It may be pointed that the above law refers to anisotropic Bianchi-I space-time in any context i.e. in any theory that is based on anisotropic Bianchi-I space-time. 4 Solution of field equations Subtracting (7) from (8) and integrating, we get A˙ B˙ x1 − = , A B ABC



(18)



 Z  A = d1 exp x1 (ABC)−1 dt , B



(19)



where x1 is a constant of integration. Again integrating (18), we have



where d1 is a constant of integration. Similarly subtracting (7) and (8) from (9), and proceeding as above we get two more relations:  Z  A −1 = d2 exp x2 (ABC) dt , C
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(20)



 Z  B = d3 exp x3 (ABC)−1 dt . C



(21)



Here d2 , x2 , d3 and x3 are constants of integration. From (19)-(21), the metric functions can be explicitly written as  Z  1 −1 3 A(t) = a1 (ABC) exp b1 (ABC) dt ,



(22)



 Z  1 B(t) = a2 (ABC) 3 exp b2 (ABC)−1 dt ,



(23)



 Z  1 C(t) = a3 (ABC) 3 exp b3 (ABC)−1 dt ,



(24)



where a1 = b1 =



q p p 3 d1 d2 , a2 = 3 d−1 d3 , a3 = 3 (d2 d3 )−1 , 1



x1 + x2 x3 − x1 −(x2 + x3 ) , b2 = , b3 = . 3 3 3



It deserves mention that these constants satisfy the following two relations: a1 a2 a3 = 1, b1 + b2 + b3 = 0.



(25)



In the following subsections we discuss cosmology for n 6= 0 and n = 0 with the help of equations (15) and (16). 4.1 Cosmology for n 6= 0 Using (15) in (22)-(24), we get the following expressions for scale factors:   n−3 b1 1 n n , (nDt + C1 ) A(t) = a1 (nDt + C1 ) exp D(n − 3)



(26)



 n−3 b2 (nDt + C1 ) n , D(n − 3)   n−3 1 b3 (nDt + C1 ) n . C(t) = a3 (nDt + C1 ) n exp D(n − 3) 1



B(t) = a2 (nDt + C1 ) n exp







(27) (28)



Substituting (26)-(28) in (9) and (10), the pressure and energy density of the model read as 8πp = D2 (2n − 3)(nDt + C1 )−2 − (b21 + b22 + b1 b2 )(nDt + C1 )



−6 n



8πρ = 3D2 (nDt + C1 )−2 + (b1 b2 + b2 b3 + b3 b1 )(nDt + C1 )



.



−6 n



,



(29) (30)



In view of (25), one may observe that the solutions (26)-(30) satisfy equation (11) identically and hence represent exact solutions of the Einstein’s field equations (7)-(10). Now we find expressions for some other cosmological parameters of the model. The anisotropy parameter A is defined as 3



1X A= 3 i=1







Hi − H H



2



.



(31)



The directional Hubble factors Hi ( i = 1, 2, 3 ) as defined in (4) are given by Hi = D(nDt + C1 )−1 + bi (nDt + C1 )
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−3 n



.



(32)



The expansion scalar is given by Θ = 3H = 3D(nDt + C1 )−1 .



(33)



Using (32) and (33) in (31), we get 2n−6 1 (b21 + b22 + b23 )(nDt + C1 ) n . 2 3D The volume and shear scalar of the model are given by



A=



3



V 3 = (nDt + C1 ) n ,



(34)



(35)



 −6 1 (b1 − b2 )2 + (b2 − b3 )2 + (b3 − b1 )2 (nDt + C1 ) n . (36) 3 Physical behavior of the model: It is observed that the spatial volume is zero at t = t0 where t0 = −C1/nD and expansion scalar is infinite, which shows that the universe starts evolving with zero volume at t = t0 with an infinite rate of expansion. The scale factors also vanish at t = t0 and hence the model has a point singularity at the initial epoch. The pressure, energy density, Hubble’s factors and shear scalar diverge at the initial singularity. The anisotropy parameter also tends to infinity at the initial epoch provided n < 3 . The universe exhibits the power-law expansion after the big bang impulse. As t increases the scale factors and spatial volume increase but the expansion scalar decreases. Thus the rate of expansion slows down with increase in time. Also ρ , p , H1 , H2 , H3 , A and σ 2 decrease as t increases. As t → ∞ , scale factors and volume become infinite whereas ρ , p , H1 , H2 , H3 , Θ , A and σ 2 tend to zero. Therefore the model would essentially give an empty universe for large time t . The ratio σ/Θ tends to zero as t → ∞ provided n < 3 . So the model approaches isotropy for large values of t . Thus the model represents shearing, non-rotating and expanding model of the universe with a big bang start approaching to isotropy at late times. The integral Z t 1 t [(nDt′ + C1 )]t0 [V (t′ )] dt′ = D(n − 1) t0 σ2 =



is finite provided n 6= 1 . Therefore a horizon exists in this model. Further it is observed that the above solutions are not valid for n = 3 . For n = 3 , the spatial volume grows linearly with cosmic time. For n > 1 , q > 0 ; therefore the model represents a decelerating model of the universe. For n ≤ 1 , we get −1 < q ≤ 0 , which implies an accelerating model of the universe. Also recent observations of type Ia supernovae (Perlmutter et al (1997, 1998, 1999), Reiss et al. (1998, 2004), Tonry et al. (2003), Knop et al. (2003) and John (2004)) reveal that the present universe is accelerating and value of DP lies somewhere in the range −1 < q ≤ 0. It follows that the solutions obtained in this model are consistent with the observations. 4.2 Cosmology for n = 0 Using (16) in (22)-(24), the scale factors of the model read as  1 1 Dt − A(t) = a1 C23 exp 3  1 1 3 B(t) = a2 C2 exp Dt − 3  1 1 3 Dt − C(t) = a3 C2 exp 3



 b1 −Dt , e DC2  b2 −Dt , e DC2  b3 −Dt e . DC2



(37) (38) (39)



The pressure and energy density are given by 8πp = − 8πρ =



D2 − (b21 + b22 + b1 b2 )C2−2 e−2Dt , 3



D2 + (b1 b2 + b2 b3 + b3 b1 )C2−2 e−2Dt . 3
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(40) (41)



The solutions (37)-(41) satisfy equation (11) identically and hence represent exact solutions of the field equations (7)-(10). The other cosmological parameters of the model have the following expressions: Hi =



D + bi C2−1 e−Dt , (i = 1, 2, 3) 3 Θ = 3H = D,



A=



3 2 (b + b22 + b23 )C2−2 e−2Dt , D2 1



(42) (43) (44)



V 3 = C2 eDt ,



(45)



  σ 2 = C2−2 (b1 − b2 )2 + (b2 − b3 )2 + (b3 − b1 )2 e−2Dt .



(46)



Physical behavior of the model: The model has no initial singularity. The spatial volume, scale factors, pressure, energy density and the other cosmological parameters are constants at t = 0 . Thus the universe starts evolving with a constant volume and expands with exponential rate. As t increases, the scale factors and the spatial volume increase exponentially while the pressure, energy density, anisotropy parameter and shear scalar decrease. It is interesting to note that the expansion scalar is constant throughout the evolution of universe and therefore the universe exhibits uniform exponential expansion in this model. As t → ∞ , the scale factors and volume of the universe become infinitely large whereas anisotropy parameter and shear scalar tend to zero. The pressure, energy density and Hubble’s factors become constants such that p = −ρ. This shows that at late times the universe is dominated by vacuum energy, which drives the expansion of universe. The model approaches isotropy for large time t . Therefore the model represents a shearing, non-rotating and expanding universe with a finite start approaching to isotropy at late times. It has also been observed that lim ρ/Θ2 turns out to be a constant. Thus the model approaches homogeneity t→0



and matter is dynamically negligible near the origin; this agrees with a result already given by Collins (1977). Recent observations of type Ia supernovae (Perlmutter et al (1997, 1998, 1999), Reiss et al. (1998, 2004), Tonry et al. (2003), Knop et al. (2003) and John (2004)) suggest that the universe is accelerating in its present state of evolution. It is believed that the way universe is accelerating presently; it will expand at the fastest possible rate in future and forever. For n = 0 , we get q = −1 ; incidentally this value of DP leads to dH/dt = 0 , which implies the greatest value of Hubble’s parameter and the fastest rate of expansion of the universe. Therefore the solutions presented in this model are consistent with the observations and may find applications in the analysis of late time evolution of the actual universe. 5 Conclusion In this paper we have made an attempt to formulate a law of variation of Hubble’s parameter that yields a constant value of DP in anisotropic Bianchi-I space-time in general relativity. We have presented an alternative and straightforward approach to get exact solutions of Einstein’s typical non-linear differential equations by using the special law of variation of Hubble’s parameter. This law explicitly determines the scale factors. Explicit forms of pressure, energy density and some other important cosmological parameters have been obtained for two different physically viable models of the universe. For n 6= 0 , all the matter and radiation is concentrated at the big bang epoch and the cosmic expansion is driven by the big bang impulse. The model has a point singularity at the initial epoch as the scale factors and volume vanish at this moment. The universe has singular origin and it exhibits power-law expansion after the big bang impulse. The rate of expansion slows down and finally drops to zero as t → ∞ . The pressure and energy density become negligible whereas the scale factors and spatial volume become infinitely large as t → ∞ , which would give essentially an empty universe. For n = 0 , the model has no real singularity, density being finite. Thus the universe has non-singular origin and cosmic expansion is driven by the creation of matter particles. The universe exhibits exponential expansion and expands uniformly. At late times in this model, the universe is dominated by vacuum energy, which is supposed to be responsible for the cosmic expansion. Both the models represent shearing, non-rotating and expanding universe, which approaches to isotropy for large values of t . The solutions obtained in the models are consistent with the recent observations of type Ia supernovae. Finally, it is possible that the law of variation for Hubble’s parameter presented in this paper may be useful in studying new solutions to Einstein’s field equations for anisotropic Bianchi-I space-time in other alternative theories also. Thus we have provided a mechanism to get exact solutions of Einstein’s field equations for 6
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