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Abstract Many signals encountered in science and engineering are approximated well by bandlimited functions. We provide suitable error bounds for the approximation of bandlimited functions by linear combinations of certain special functions — the Prolate Spheroidal Wave Functions of order 0. The coeﬃcients in the approximating linear combinations are given explicitly via appropriate quadrature formulae.
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1



Introduction



Bandlimited functions arise frequently in many scientiﬁc and engineering contexts, particularly those involving signal processing. A bandlimited function f is a function such that 



1



f (x) =



eicξx dμ(ξ),



(1)



−1



for some complex-valued measure μ with



1 −1



d|μ(ξ)| < ∞, where c is a positive real number



known as the bandlimit of f . In practical circumstances, it is often desirable to approximate a function f of bandlimit c c , ψK , via the c as a linear combination of standardized basis functions, say ψ0c , ψ1c , . . . , ψK−1



formula f (x) ≈



K 



fkc ψkc (x),



(2)



k=0 c where f0c , f1c , . . . , fK−1 , fKc are appropriately deﬁned real numbers.



The present note constructs approximations of the form (2) when ψ0c , ψ1c , ψ2c , . . . are the Prolate Spheroidal Wave Functions of bandlimit c and order 0. The coeﬃcients f0c , f1c , . . . , c , fKc in (2) are obtained directly from the values f (x1 ), f (x2 ), . . . , f (xN −1 ), f (xN ), via fK−1



the formula fkc



=



N 



wn ψkc (xn ) f (xn ),



(3)



n=1



where x0 , x1 , . . . , xN −1 , xN are quadrature nodes in [−1, 1] and w1 , w2 , . . . , wN −1 , wN are quadrature weights such that 



1



−1



g(x) dx ≈



N 



wn g(xn )



(4)



n=1



for any function g with bandlimit 2c. Moreover, the number N of quadrature nodes x1 , x2 , . . . , xN −1 , xN in (3) and (4) is c c , ψK in (2), as approximately equal to the number K + 1 of basis functions ψ0c , ψ1c , . . . , ψK−1
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one would expect with an optimal sampling scheme. For discussion of similar numerical schemes optimized for use with bandlimited functions, see [1], [2], and [5]. The error bounds found in [5] break down in certain circumstances; the purpose of the present note is to provide suitable error bounds for the type of approximation ﬁrst introduced in [5]. The present note has the following structure: Section 2 summarizes several well-known facts about Prolate Spheroidal Wave Functions and sets the notation used throughout the present note. Section 3 constructs a scheme for approximating bandlimited functions.
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Preliminaries



This section summarizes certain well-known properties of Prolate Spheroidal Wave Functions. All of these can be found in [4] and [5]. The notation introduced in the present section will be used without further notice throughout the remainder of the present note. For any positive real number c, the function F (x, ξ) = eicξx is a self-adjoint HilbertSchmidt kernel on [−1, 1] × [−1, 1]; as such, it has a sequence of eigenfunctions ψ0c , ψ1c , ψ2c , . . . , which are orthonormal and complete in L2 ([−1, 1]), with corresponding eigenvalues λc0 , λc1 , λc2 , . . . , so that







1 −1



eicξx ψkc (ξ) dξ = λck ψkc (x)



(5)



for any x ∈ [−1, 1]. All the eigenvalues λc0 , λc1 , λc2 , . . . have multiplicity 1; in the present note the eigenvalues are ordered such that |λc0 | > |λc1 | > |λc2 | > . . . . The functions ψ0c , ψ1c , ψ2c , . . . are known as the Prolate Spheroidal Wave Functions of order 0 (PSWFs). As k increases within the integers in a band centered about 2c/π of width proportional   to ln c, |λck | decays from very nearly 2π/c to very nearly 0; |λck | ≈ 2π/c when k is a nonnegative integer below this band, and |λck | ≈ 0 when k is an integer above the band. The following theorem, proven (in a slightly diﬀerent form) in [3], states this more precisely. Theorem 2.1 Suppose that ε is a real number such that 0 < ε < 1. 4



Then,



    2  1 1 − ε lim  c + 2 ln ln c − K  ln c = 0, c→∞ π π ε



(6)



where K = K(c) is the greatest integer such that 



|λcK |



≥



2π ε. c



(7)



The following lemma, providing an expression for λck in terms of ψkb (1) with 0 < b < c, is stated as Formula 57 in [4]. Lemma 2.2 Suppose that c is a positive real number and k is a nonnegative integer. Then, λck



 √  c ik π ck (k!)2 2 (ψkb (1))2 − 1 k exp = − db, 2b b (2k)! Γ(k + 32 ) 0



(8)



where Γ is the gamma (factorial) function. The following lemma, providing a bound for ψkc (1), is stated as Formula 66 in [4]; details of its proof will be reported at a later date. Lemma 2.3 Suppose that c is a positive real number and k is a nonnegative integer. Then, 



|ψkc (1)| 



1 k+ . 2



(9)



For any positive real number c and nonnegative integer k, Mkc will denote the maximum value Mkc = max



max |ψjc (x)|.



0≤j≤k+1 −1≤x≤1



(10)



Remark 2.4 Analysis similar to that mentioned in Section 5 of [4] yields the bound √ Mkc ≤ 2 k. A detailed proof of (11) will be reported at a later date. 5



(11)



For any positive integer N and positive real numbers c and ε, generalized Gaussian quadrature nodes x1 , x2 , . . . , xN −1 , xN and associated quadrature weights w1 , w2 , . . . , wN −1 , wN , which integrate on [−1, 1] functions with bandlimit c, to precision ε, are real numbers xn and wn such that xn ∈ [−1, 1] for n = 1, 2, . . . , N − 1, N, and    1 N  1     f (x) dx − wn f (xn ) < ε d|μ|(ξ)   −1  −1



(12)



n=1



for any x ∈ [−1, 1], complex-valued measure μ, and function f on [−1, 1] of the form (1). Remark 2.5 As shown in [5], there exist two diﬀerent methods for generating generalized Gaussian quadrature nodes and weights which integrate bandlimited functions, the ﬁrst using the zeros of PSWFs, and the second using quadratures that are exact for sets of PSWFs. Justiﬁcation that the ﬁrst method works can be found in [1], while a proof that the second method works can be found in [2]. Copious numerical examples and applications of quadratures generated by both methods can be found in [5].
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Approximation of bandlimited functions with linear combinations of PSWFs



This section approximates a bandlimited function f with a linear combination of PSWFs, using the values of f at certain nodes. Subsection 3.1 provides a bound for the error in using only a ﬁnite number of PSWFs in the approximating linear combination. Subsections 3.2 and 3.3 provide a bound for the error in calculating the coeﬃcients in the approximating linear combination from the values of f at certain quadrature nodes. Subsection 3.4 combines the results of Subsections 3.1, 3.2, and 3.3 to obtain the principal result of the present note.
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3.1



Truncation of infinite series of PSWFs



For any positive real number c, since (as mentioned in Section 2) the PSWFs are orthonormal and complete in L2 ([−1, 1]), any function f with bandlimit c has an L2 -convergent expansion



f (x) =



∞ 



pck ψkc (x),



(13)



k=0



where pck is the projection of f onto ψkc , deﬁned by pck







1



= −1



ψkc (x) f (x) dx.



(14)



This subsection provides a bound for |pck | and thence for the error in truncating the inﬁnite sum in (13). The following lemma provides a bound for the magnitude of the projection of a bandlimited function onto a PSWF. Lemma 3.1 Suppose that c is a positive real number, k is a nonnegative integer, and f is a function on [−1, 1] of the form (1), for some complex-valued measure μ. Then, |pck |



≤



|λck | Mkc







1



d|μ|(ξ),



(15)



−1



where pck is the projection of f onto ψkc , defined in (14). Proof.



Substituting (1) into (14), exchanging the order of integration, and using (5) 2



yields (15).



The following lemma provides an extremely rough bound on a certain series which relates to the tail of the series in (13). Lemma 3.2 Suppose that c is a positive real number and K is a positive integer such that K ≥ 2c. 7



(16)



Then,



∞ 



|λck | (Mkc )2 ≤



k=K+1



8 (K + 2) . 2K



(17)



Proof. Combining (8) and (9) yields that √



|λck |



≤



π ck (k!)2 (2k)! Γ(k + 32 )



(18)



for any nonnegative integer k. It follows from (18) that |λck | ≤



2 2k



for any integer k with k ≥ 2c. Combining (19), (16), and (11) yields (17).



(19) 2



Remark 3.3 The requirement in (16) is not tight; (17) serves only to show that the series in (13) satisﬁes the Cauchy criterion for convergence. The following lemma states that (13) is valid uniformly on [−1, 1]. Lemma 3.4 Suppose that c is a positive real number and f is a function on [−1, 1] of the form (1), for some complex-valued measure μ. Then, the series



∞ 



pck ψkc (x)



(20)



k=0



converges uniformly to f on [−1, 1], where pck is the projection of f onto ψkc , defined in (14). Proof. The series (20) converges uniformly since, due to (17), it satisﬁes the Cauchy criterion for uniform convergence, i.e., given any positive real number ε, there exists an integer K such that



 N  1     pck ψkc (x) ≤ ε    k=N0



for any x ∈ [−1, 1] and integers N0 and N1 with N1 ≥ N0 ≥ K. 8



(21)



Combining the fact that (13) is valid in the L2 -sense with the fact that (20) converges uniformly on [−1, 1] yields that (13) is valid uniformly on [−1, 1].



2



Combining (13), (15), and Lemma 3.4 yields the following lemma, providing a bound for the error involved in approximating a bandlimited function with a truncated expansion of the function into PSWFs. Lemma 3.5 Suppose that c is a positive real number, K is a nonnegative integer, and f is a function on [−1, 1] of the form (1), for some complex-valued measure μ. Then,



    K ∞   1     pck ψkc (x) ≤ |λck | (Mkc )2 d|μ|(ξ) f (x) −   −1 k=0



(22)



k=K+1



for any x ∈ [−1, 1], where pck is the projection of f onto ψkc , defined in (14). Table 1 lists the errors due to truncating the expansion (13) after K terms. That is, Table 1 lists numerical values of the series ∞ 



|λck | (Mkc )2



(23)



k=K+1



from the right hand side of (22), for the speciﬁed values of c and K.



3.2



Product of a PSWF and a bandlimited function



Applying quadratures to the integrand ψkc (x) f (x) in (14) provides an approximation to the projection pck of f onto ψkc . Clearly, the quadratures employed must be appropriate for this particular integrand. This subsection shows that the integrand ψkc (x) f (x) is bandlimited, with bandlimit 2c. The following lemma, a consequence of (5), states that a PSWF is bandlimited. Lemma 3.6 Suppose that c is a positive real number and k is a nonnegative integer.
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c Truncation error 1.0 0.121049E-15 10.0 0.481299E-15 50.0 0.269072E-15 100.0 0.859341E-15 200.0 0.978624E-15 400.0 0.448914E-15 800.0 0.494860E-15 1000.0 0.417170E-15 1200.0 0.580908E-15 1500.0 0.900438E-15 2000.0 0.669275E-15 2500.0 0.636646E-15 3000.0 0.910767E-15 3500.0 0.492848E-15



K 15 30 67 104 174 309 571 701 830 1023 1345 1666 1986 2307



2c/π 0.6 6.4 31.8 63.7 127.3 254.6 509.3 636.6 763.9 954.9 1273.2 1591.5 1909.9 2228.2



Table 1: Numerical values of the truncation error factor (23) from (22). Then, ψkc (x)







1



= −1



eicξx dμk (ξ)



(24)



for any x ∈ [−1, 1], where the complex-valued measure μk is defined by



dμk (ξ) = dk (ξ) dξ,



(25)



with the function dk defined on [−1, 1] by



dk (ξ) =



Furthermore,







1 −1



ψkc (ξ) . λck



d|μk |(ξ) ≤



2Mkc . |λck |



(26)



(27)



The representation (24) yields the following lemma; this lemma states that the product of a bandlimited function and a PSWF is bandlimited, with twice the bandlimit of the bandlimited function and the PSWF factors in the product. Lemma 3.7 Suppose that c is a positive real number, k is a nonnegative integer, and f is 10



a function on [−1, 1] of the form (1), for some complex-valued measure μ. Then, ψkc (x) f (x)







1



= −1



ei(2c)ξx dπk (ξ)



(28)



for any x ∈ [−1, 1], where the complex-valued measure πk is defined by  dπk (ξ) = 2



1



−1



 dk (2ξ − η) dμ(η) dξ,



(29)



with the function dk defined on (−∞, ∞) by



dk (ξ) =



ψkc (ξ) λck



(30)



when −1 ≤ ξ ≤ 1, and dk (ξ) = 0



(31)



otherwise (when ξ < −1 or ξ > 1). Furthermore,







1



2M c d|πk |(ξ) ≤ c k |λk | −1







1



d|μ|(ξ).



(32)



−1



Remark 3.8 As mentioned earlier, applying quadratures to the integrand ψkc (x) f (x) in (14) yields an approximation to pck . Provided that (22) is utilized, an approximation to pck is needed only when k ≤ K, where K is the index of the eigenvalue λcK for which |λcK | ∼ ε, and ε is the precision of computations. Therefore, (27) and (32) are needed only when k ≤ K. Due to (11), for any positive real number ε, if the eigenvalue λck has the bound |λck | ≥ ε,



(33)



then the factor in the right hand side of (32) has the rather poor bound √ 2Mkc 4 k ≤ . |λck | ε 11



(34)



Subsection 3.3 compensates for this rather poor bound by using very accurate quadratures, involving suﬃciently many quadrature nodes.



3.3



Approximation via quadratures to the projection of a bandlimited function onto a PSWF



This subsection applies quadratures to the integrand ψkc (x) f (x) in (14) in order to approximate the projection pck of f onto ψkc . The bound (32) yields the following lemma, which applies generalized Gaussian quadratures to the integrand ψkc (x) f (x) in (14), thus obtaining a good approximation p˜ck to the projection pck of f onto ψkc . The quadratures employed integrate on [−1, 1] functions with bandlimit 2c, to precision |λcK |2 . Lemma 3.9 Suppose that k, K, and N are positive integers, c is a positive real number, and x1 , x2 , . . . , xN −1 , xN are generalized Gaussian quadrature nodes and w1 , w2 , . . . , wN −1 , wN are associated quadrature weights, which integrate on [−1, 1] functions with bandlimit 2c, to precision |λcK |2 . Suppose in addition that k ≤ K and f is a function on [−1, 1] of the form (1), for some complex-valued measure μ. Then, |pck



−



p˜ck |



≤



2MKc



|λcK |







1



d|μ|(ξ),



(35)



−1



where pck is the projection of f onto ψkc , defined in (14), and p˜ck is the approximation to pck obtained by applying the quadratures to the integrand ψkc (x) f (x); p˜ck is defined by p˜ck =



N 



wn ψkc (xn ) f (xn ).



(36)



n=1



Remark 3.10 The bound (11) yields that, for any positive real number ε, if the eigenvalue λcK has the bound |λcK | ≤ ε, 12



(37)



then the factor in the right hand side of (35) has the bound √ 2MKc |λcK | ≤ 4 K ε.



3.4



(38)



Approximation scheme for bandlimited functions



Combining (22) and (35) yields the following theorem; this theorem provides a bound for the error in approximating a bandlimited function with a linear combination of PSWFs, with the coeﬃcients in the linear combination determined from values of the bandlimited function via (36). Theorem 3.11 Suppose that K and N are positive integers, c is a positive real number, x1 , x2 , . . . , xN −1 , xN are generalized Gaussian quadrature nodes and w1 , w2 , . . . , wN −1 , wN are associated quadrature weights, which integrate on [−1, 1] functions with bandlimit 2c, to precision |λcK |2 , and f is a function on [−1, 1] of the form (1), for some complex-valued measure μ. Then,     K ∞   1     p˜ck ψkc (x) ≤ 2K MKc |λcK | + |λck | (Mkc )2 d|μ|(ξ) f (x) −   −1 k=0



(39)



k=K+1



for any x ∈ [−1, 1], where p˜ck is the approximation to the projection of f onto ψkc , defined in (36). Remark 3.12 See Remark 3.10 and Table 1 for bounds on the factors 2K MKc |λcK | and



∞ c c 2 k=K+1 |λk | (Mk ) in the right hand side of (39).
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