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Arrangements of Planar Curves Younis Hijazi International Research Training Group University of Kaiserslautern Computer Science Department D-67653 Kaiserslautern, Germany [email protected]



Abstract: Computing arrangements of curves is a fundamental and challenging problem in computational geometry as leading to many practical applications in a wide range of fields, especially in robot motion planning and computer vision. In this survey paper we present the state of the art for computing the arrangement of planar curves, considering various classes of curves, from lines to arbitrary curves.



1 Introduction The arrangement of planar curves is the decomposition of the plane into vertices, edges, and faces induced by the curves. It can be represented as a graph. The applications of arrangements include robotics, computer graphics, molecular modeling, and computer vision. Their study started with simple classes of geometric objects such as lines and - in current active research - tends to generalize to much more general classes such as algebraic objects of arbitrary degree or even completely arbitrary curves. In this survey paper we present the current state of the art for computing the arrangement of planar curves. We first consider lines, which are already of great interest regarding the application side, for instance by dualizing problems involving points into line problems. We focus then on cubics - including the particular class of conics - before ending on latest results about algebraic curves and also more general curves. In Section 2 we introduce several mathematical concepts which will be omnipresent allover the paper. Definition and motivation for arrangements are then provided in Section 3 which allows in Section 4 entering the heart of the topic, i.e. different techniques to compute the arrangement of planar curves. The studied classes are ordered with respect to their complexity: straight lines, cubics, algebraic curves, and arbitrary curves. In Section 5 we show the wide range of applications of arrangements in real world. Finally we conclude with a discussion and perspectives for on-going research.
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2 Some definitions Following are some mathematical definitions for several types of curves which are studied in this survey. For an introduction on algebraic curves, see [G85]. Algebraic curve An algebraic curve is an algebraic one. A planar variety  of idimension j p x x = 0, where pij ∈ R. algebraic curve can be represented as P (x, y) := ij i j The degree d of an algebraic curve is d = max i,j (i + j). For instance, the algebraic curve defined by the equation 2x 3 y + 5xy 2 − y − 1 = 0 is of degree 4. We are now able to give the definitions of conics and cubics: Conics and cubics A conic (or conic curve) is an algebraic curve of degree at most 2 and a cubic (or cubic curve) is an algebraic curve of degree at most 3. Named for the French mathematician Pierre B´ezier, a B´ezier curve is a curved line defined by mathematical formulas. Mathematically, we can formulate this as follows: B´ezier curve Given n + 1 control points P 0 , P1 , ..., Pn , the B´ezier curve (of degree n) is n defined by: B(t) = i=0 Pi bi,n (t) with t ∈ [0,1] and where b i,n are known as Bernstein polynomials.



3 Arrangement structures Arrangement structures are of great interest in computational geometry as expressed in [H97] and [AS00] surveys. Early work focused especially on the arrangement of hyperplanes, with the particular case of 2D lines. Many efforts were put to extend the study to more general objects, i.e. conics, cubis, and even arbitrary algebraic curves, being useful on the application side by matching real world applications.



3.1 What is an arrangement? Given a collection C of geometric objects, the arrangement A(C) is the decomposition of Rd into connected open cells of dimensions 0, 1, ..., d induced by C. Considering a collection of curves in 2D, we have 0-cells (vertices - which are the intersection points), 1-cells (edges), and 2-cells (faces). An arrangement can be represented as a graph where its nodes are the 0-cells and its edges, the 1-cells. The graph gives two main information: the geometry (position of the cells), and the topology (connectivity of the cells) of the collection of the considered objects. 60



3.2 Why arrangements? There are many practical applications of arrangements which will be studied in Section 5 but at this stage we only give a flavour to motivate our interest in arrangement structures. For instance, by considering the simple class of lines, many problems involving points can be transformed into problems involving lines, thanks to a duality transform. The task of determining whether any three points of a planar point set are collinear could be determined in O(n 3 ) time by brute-force checking of each triple. However, if the points are dualized into lines, then this reduces to the question of whether there is a vertex of degree greater than 4 in the arrangement, which can be computed in O(n 2 ) time.



4 Computing 2D arrangements For each considered class of curves we are first interested in counting the number of intersections. Indeed, the number of curves intersections will highly vary whether we consider lines or arbitrary algebraic curves. For n lines, we know that in a simple configuration we intersection points, which is also an upper bound for all possible will have exactly n(n−1) 2 configurations. For algebraic curves we can use Bezout’s upper bound result which says that the number of intersection points of two algebraic curves of degrees respectively p and q is bounded by the product of the degrees, i.e. d = pq. For n algebraic curves, this implies a combinatorial complexity (counting the cells) both quadratic in n, the number of curves, and d, the degrees of the curves. One often meets the term “sweep” when interested in computing arrangements. Usually, sweeping a planar arrangement means sweeping with a vertical line and updating the event points where curves start, end or cross. The sweep line doesn’t necessarily need to be straight as shown in [EG89] by the use of a topological line. One can even think about the term “sweep” more generally, as for example adressed by Breuel in [B92]: Cass’ algorithm in [Ca90] - called Critical Point Sampling (CPS) - is equivalent to a sweep of the arrangement generated by the feasible sets implied by all correspondences between model and image points, regarding computational geometry. Also, in addition to sweep line approaches, subdivision methods are emerging for the task of computing arrangements.



4.1 Lines Arrangements of lines (more generally, hyperplanes) were already studied in the 19th century. Now - and since a long time - everything is known for the arrangement of straight lines. In particular, the arrangement of lines defined by rational numbers can be computed exactly, i.e. without any numerical error. Complete, exact, and efficient implementations for the arrangement of lines can be found in LEDA [M00]. 61



As already mentionned, the combinatorial complexity for lines arrangement is O(n 2 ). Due to log n time operations the “naive” overall time complexity for computing an arrangement of n lines is O(n2 logn) which can be reduced to O(n 2 ) time by using a topological line sweep as in [EG89]. This result is proved to be the best one can achieve for lines.



4.2 Cubics A lot of work has been carried to study arrangements of non-linear objects, starting with conics and cubics. As conics are special cases of cubics and as similar approaches are used for computing their arrangement, only cubics will be discussed in our study. Also as our concern remains on planar curves, arrangements of 3D quadrics (i.e. quadric surfaces) will be skipped, despite their importance in the literature. Conics and cubics are very interesting classes as we know such curves quite well from the mathematical point of view and they already provide a wide range of applications. In [ESW02] and [EKLW04] the authors use a Bentley-Ottmann sweep-line algorithm [BO79] to compute the arrangement. Their algorithm in [EKLW04] is complete (handles all possible degeneracies), exact (provides the mathematically correct result), and efficient (in terms of complexity). At our knowledge it is the only result succeeding in both theoretical (exactness, completeness) and practical (efficient implementation) challenges for this class of planar curves.



4.3 (Semi-) Algebraic and B´ezier Curves There are several papers studying the arrangement of semi-algebraic, algebraic and B´ezier curves and methods to succeed in this goal vary considerably. In [W03] Wolpert presents an approach that extends the Bentley-Ottmann sweep-line algorithm - used in [EKLW04] for cubics - to the exact computation of the topology of arrangements induced by nonsingular algebraic curves of arbitrary degrees. This paper overcomes the problem of detection and location of tangential intersection points of two curves using only rational arithmetic, and extending the concept of Jacobi curves [W02]. The result is an outputsensitive algorithm. A different approach - but also for computing the arrangement of semi-algebraic curves is presented in [MS06] where a vertical sweep line is being used together with a module that computes approximate crossing points of the input curves. The authors provide an implementation for semi-algebraic curves based on numerical equation solver. The running time of their algorithm is O(V logn) for n curves with N crossings and k inconsistencies where V = 2n + N + min(3kn, n2 /2). One claim of the paper is that the algorithm performs much better than the best known published results (1000 cubics in 100 seconds, versus 2000 seconds).
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In [Y06] Yap follows a new direction and presents the first complete subdivision algorithm for the intersection of two B´ezier curves, possibly with tangential intersections. The adaptive algorithm uses a robust subdivision scheme based on geometric separation bounds, using a criterion for detecting non-crossing intersection of curves, and avoids manipulation of algebraic numbers and resultant computations. In [WM06] Wintz et al. describe a new subdivision method to construct the arrangement of implicit planar algebraic curves and provide an incremental dynamic algorithm maintaining the solution of the problem as the input objects are inserted, without preliminary knowledge on the input data. The subdivision scheme is based on the bounding boxes of the input data - rather than using a classical hierarchical quadtree - keeping though advantage of quadtrees’ adaptivity feature. The method combines the multivariate Bernstein’s basis with Descarte’s Law of Sign and uses an algebraic criterion to decide whether further subdividing a box. Experiments have been run on the algebraic modeling platform AXEL using the algebraic computation library SYNAPS. The technique proved reliable and can be extended to higher dimensions and different kinds of objects.



4.4 Arbitrary curves Little work has been done for computing the planar arrangement of arbitrary planar curves as they are unpredictable objects and not well known mathematically. Nevertheless, there have been two attempts in this direction using a divide-to-conquer interval arithmeticbased approach. In [CdFC98] the authors are interested in determining the exact topological adjacency structure of the planar subdivision induced on a rectangle by a set of curves given in implicit form. They use a recursive method based on estimates provided by interval arithmetic, together with conditions guaranteeing the topological correctness of the arrangement. In [HB06] the authors present a method to compute the planar arrangement of implicitly defined curves using an interval arithmetic-based recursive algorithm. In their method, interval arithmetic is used both for reliable numerical computations and as an integral part of the search. They use an adaptive subdivision of the domain: interval arithmetic is used to reliably classify each rectangle according to whether it is empty, contains a curve, or contains multiple curves and/or intersections. The resulting decomposition is used to construct a topologically well-characterized representation of the arrangement together with algebraic representations of the cell boundaries. The algorithm is applicable to the enumeration of the cells of arrangements of arbitrary collections of curves defined implicitly using interval arithmetic and generalizes to higher dimensional spaces.
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5 Applications of arrangements This section is inspired from the survey of Agarwal/Sharir [AS00], as being the reference for this topic. The reader is invited to consult the survey for details. The following nonexhaustive list of applications involves planar arrangements: range searching, transversals, geometric optimization (slope selection, distance selection, segment center, minimumwidth annulus, geometric matching, center point, Ham sandwich cuts) and robotics. We develop some of them. 5.1 Range searching Geometric range searching [AE98] is the problem of: Preprocessing a set S of n points in R d , so that all points of S lying in a query region can be counted quickly. Range searching has important applications in Geographic Information Systems (GIS), computer graphics, spatial databases, and time-series databases. Range searching and arrangements are strongly related as point location in hyperplane arrangements can be used for range searching. Mathematically, we can formulate this as follows: By defining the dual of a point p = (a1 , ..., ad ) to be the hyperplane p ∗ : xd = −a1 x1 − ... − ad−1 xd−1 + ad , and the dual of a hyperplane h : x d = b1 x1 + ... + bd−1 xd−1 + bd to be the point h ∗ = (b1 , ..., bd ), then p lies above h if and only if the hyperplane p ∗ lies above the point h ∗ . Hence, halfspace range searching has the following equivalent “dual” formulation: Preprocess a set Γ of n hyperplanes in R d so that the hyperplanes of H lying below a query point can be reported quickly. Using the point-location data structure for hyperplane arrangements provided in d [Ch90], the level of a query point can be computed in O(logn) time using O( lognd n ) space. 5.2 Geometric optimization In this subsection we focus on geometric optimization problems and how they are related to arrangements. As we will see, the area of geometric optimization is a natural extension and a good application area of the study of arrangements. We examine a sample of them starting with slope selection. • slope selection: Given a set S of n points in R 2 and an integer k, find the line with the kth smallest slope among the lines passing through pairs of points of S. If points of S are dualized to a set Γ of lines of R 2 , the problem becomes that of computing the kth leftmost vertex of the arrangement A(Γ). 64



• minimum-width annulus: Compute the annulus of smallest width that encloses a given set of n points in the plane. This problem arises in fitting a circle through a set of points in the plane, though involving arrangements. • geometric matching: Given two sets S1 and S2 of n points in the plane, compute a minimumweight matching in the complete bipartite graph S 1 xS2 , where the weight of an edge (p, q) is the Euclidian distance between p and q. One can use the underlying geometric structure of these graphs in order to obtain faster algorithms than those available for general abstract graphs. In term of complexity, geometric matching problems can be seen as sweeping or exploring a geometric arrangement generated by constraint sets [B92] [B01]. • Ham sandwich cuts: Let S1 , S2 , ..., Sd be d sets of points in Rd , each containing n points, where n is assumed being even. A ham sandwich cut is a hyperplane h so that each open halfspace bounded by h contains at most n/2 points of Si , for i = 1, ..., d. It is known [E87] that such a cut always exists. Let Γ i be the set of hyperplanes dual to Si . Then the problem reduces to computing a vertex of the intersection of An/2 (Γ1 ) and An/2 (Γ2 ), i.e. involving arrangements.



5.3 Robotics Motion planning for a robot system has been a major motivation for the study of arrangements. The problem can be seen as: Let B be a robot system with d degrees of freedom, which is allowed to move freely within a given two- or three-dimensional environment cluttered with obstacles. Given two placements I and F of B, determine whether there exists a collision-free path between these placements. This problem reduces to determining whether I and F lie in the same cell of arrangement of the family Γ of “contact surfaces” in R d , regarded as the configuration space of B. Other problems in robotics that have exploited the theory of arrangements to lead to efficient algorithms include assembly planning, fixturing, micro electronics mechanical systems (MEMS), path planning with uncertainty, and manufacturing. 65



6 Conclusion Computing arrangements has been of great interest for researchers starting in the 19th century with the study of lines and many results already arised from this simple class of curves. Naturally came the curiosity of studying non-linear objects such as conics and cubics, as quite well understood mathematically, which concretized in [EKLW04]. In current research, people are also interested in computing the arrangement of algebraic curves and arbitrary ones. We can distinguish between three main approaches to overcome this problem: an approximate method [MS06] based on numerical equation solver; an exact method [W03] using rational arithmetic; and finally subdivision schemes where Yap provides a complete algorithm for intersecting two B´ezier curves [Y06], Wintz et al. [WM06] compute the arrangement of implicit planar algebraic curves based on algebraic criterion, [HB06] et al. provide an output-sensitive algorithm based on interval arithmetic for computing the arrangement of arbitrary planar curves. This interest in arrangements is motivated by a wide range of real world applications and therefore a need of more general methods being both theoretically and practically welldefined. There are still many open problems as adressed in [Y06] and a compromise is to be found between exactness and efficiency as the complexity of the input data increases.
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