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Abstract I study bargaining between workers and large firms when commitment by the firm to longterm contracts is feasible. The marginal surplus associated with an employment relationship is split in a pre-determined ratio, analogously to generalized Nash bargaining. The resulting contracts are proof against worker-induced renegotiations. Commitment avoids the over-hiring inefficiency identified by Stole and Zwiebel (1996a,b) and Smith (1999). However, even under the Hosios (1990) condition, the equilibrium is still not constrained efficient because large firms search too intensively relative to small firms. This provides a novel justification for subsidizing vacancy creation by small firms. JEL Codes: E24, J31, J64. Key words: bargaining, random search, multi-worker firms, efficiency
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Introduction



This paper studies wage determination in a frictional labor market in which firms hire multiple workers and production exhibits decreasing returns to labor. I allow a firm and its workers to bargain over long-term contracts that govern future payments by the firm to the workers, and assume that the firm can commit to these contracts. This differs from the benchmark approach in the literature, due to Bertola and Caballero (1994, hereafter BC), Stole and Zwiebel (1996a,b, hereafter SZ), and Smith (1999, hereafter S99), which assumes that firms and workers bargain only about current wages. That approach is vulnerable to the critique of Barro (1977), since firms and workers do not behave in a jointly privately optimal way: firms hire excessively in order to drive down the wages of those already hired. Allowing for a bargaining protocol of the type I study solves this problem, which generates a qualitative difference in the efficiency properties of the resulting equilibrium and has implications for optimal labor market policy. I provide a novel justification for subsidizing small firms relative to large firms. Why does bargaining over wages alone not deliver a jointly privately efficient outcome?1 The reason is a hold-up problem. When a firm hires multiple workers sequentially, then even when some workers have already been hired, a decision must be made on how intensively to recruit additional workers. If bargained wages fall with the level of employment at the firm, then the firm hires more intensively than would be collectively privately optimal for the firm and its already-employed workers. In this paper I show how minimal assumptions of commitment power on the part of the firm allow for a straightforward solution to this hold-up problem. The bargaining protocol I study is a minimal generalization of the standard Nash bargaining approach of Pissarides (1985) and BC, augmented only by allowing for long-term contracts. This is neither complicated nor implausible, given the complexity of observed formal labor contracting in large firms, but it was ruled out by assumption in BC, SZ, and S99. The contracts I study are proof against renegotiations initiated by workers, so that only the firm need have any ability to commit; workers need not have commitment power, which is consistent with employment-at-will. Renegotiation-proofness pins down the timing of wage payments within the contract, but affects only this: firms and workers could do no better even if workers had full commitment power. The positive predictions of the model are qualitatively similar to those that obtain in similar models in which firms cannot commit to long-term contracts (see BC and Acemoglu and Hawkins, 2011, hereafter AH). Wages and the intensity of vacancy-posting both decrease with the age of the firm (consistently with evidence from Brown and Medoff, 2003).2 This is not surprising: both in 1



Private efficiency is simply the requirement that the firm and its workers jointly act to maximize the surplus arising from their being matched as opposed to unmatched. When matching is one-to-one, as in the canonical models of Mortensen and Pissarides (1994) or Pissarides (2000), this only requires that each agent receive a positive surplus whenever the other does, so that separations are privately efficient. In models without productivity shocks (Pissarides 1985), with purely aggregate productivity shocks (Shimer 2005), or with match-specific productivity shocks (Mortensen and Pissarides 1994), the standard generalized Nash bargaining approach ensures that separations are privately efficient. The requirement is more demanding when there are incentive problems (Ramey and Watson 1997) or asymmetric information (Acemoglu 1995; Kennan 2003). 2 In the model I study, firm age and firm size are highly correlated, so that wages are also decreasing with firm
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the current paper and in earlier work studying bargaining without commitment, the rent-sharing feature of bargaining ensures that wages fall as firms move down their marginal product of labor schedule over time. The intensity of vacancy-posting similarly falls with the marginal product of an additional worker for the firm. Allowing for privately efficient contracting between a firm and its employees does, in contrast, have important implications for the efficiency of equilibrium. This is the focus of the second part of the paper. I establish two main results. First, I generalize the Hosios (1990) condition to give conditions on the bargaining power of workers under which the equilibrium is efficient. This answers a challenge implicitly posed by BC, who observed that ‘the Nash bargaining device under the assumption of continuous renegotiation (or, non-enforceable long-term contracts) appears inadequate to internalize social inventives . . . (B)argaining should at the very least take place over state-contingent wage schedules rather than on wages at every point in time.’3 What is required for efficiency of equilibrium is not just private efficiency (the key distinguishing feature of the model of bargaining I study), but also that the bargaining power of a worker should increase the larger his employer. Since this second necessary condition for economy-wide efficiency seems a little implausible, I also study the case when workers do not have more bargaining power when negotiating with larger firms. The resulting inefficiency of equilibrium provides a novel rationale based on search externalities for subsidizing vacancy creation by small, young, fast-growing firms, something frequently observed in practice but seldom optimal in other economic models of heterogeneous firms. The paper is related to a burgeoning literature that studies large firms operating in a frictional labor market. A longstanding motivation for such work is to understand the cross-sectional and cyclical patterns of firm size, firm age, firm growth, and wages.4 The standard assumption in random search models of large firms is, as mentioned, that firms and workers can bargain only over wages, even though it is not privately efficient for them to do so. Models using such an assumption have found use in studying labor hoarding, business cycles, regulation, trade, and technological change.5 This paper suggests that further work is needed to determine the extent to which their positive and normative results arise from deep features of the economic environments they study as opposed to the assumption of the inability of firms and workers to solve a hold-up problem. size. However, empirically it has long been known that large firms pay higher wages (Brown and Medoff 1989; Davis and Haltiwanger 1991; Oi and Idson 1999). The model can be made consistent with this fact in the same way as Burdett and Mortensen (1998), by allowing for ex ante productive heterogeneity among firms. 3 BC, p. 454, emphasis in original. 4 In addition to the correlations of firm growth, firm age, and wages already described, two further examples are the observations by Moscarini and Postel-Vinay (2009) that employment at large firms is more cyclically sensitive, and by Davis et al. (2010) on systematic cross-sectional patterns of vacancy posting and of hiring per vacancy across firms in the Job Opening and Labor Turnover Survey for the United States. 5 BC studying the implications of the bargaining model for the extent to which firms hoard labor in response to mean-reverting idiosyncratic shocks. AH show that the bargaining model helps account for the persistence of labor market tightness in response to productivity shocks. Additional examples include work studying wage determination (Roys 2010), firms’ use of intensive and extensive margins of employment adjustment (Trapeznikova 2010), employment protection (Maury and Tripier 2011), the interaction of product market regulation and the labor market (Felbermayr and Prat 2007; Delacroix and Samaniego 2009; Ebell and Haefke 2009), and trade (Co¸sar et al. 2010; Helpman and Itskhoki 2010).
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Individual bargaining, whether over long-term contracts or not, is not the only sensible model of wage determination in multi-worker firms. One alternative is to replace bargaining with directed search. Kaas and Kircher (2011) study a model of directed search for long-term contracts, simply assuming that both firms and workers have full commitment power, and, through the directed search approach, also assuming away the search inefficiencies that are the focus of the second part of my paper.6 They emphasize that their model is consistent with the cross-sectional patterns of hires per vacancy observed by Davis et al. (2010).7 A second alternative is to replace individual bargaining with collective bargaining. Here the classic result when bargaining governs only wages and not also employment levels is that there is underemployment (McDonald and Solow 1981). Bauer and Lingens (2010) study in what circumstances this result extends to a setting with search frictions, as in the current paper. The remainder of the paper is structured as follows. I describe the economic environment in Section 2, while in Section 3 I introduce my model of bargaining. I first give an axiomatic presentation, and then show how to decentralize the resulting allocation in a noncooperative game in which the firm can commit to long-term contracts. In Section 4 I characterize and prove the existence of equilibrium. I discuss conditions under which equilibrium allocations are constrained efficient in Section 5, and consider a generalization of the model to the case where a worker’s bargaining power varies with the size of the firm he is negotiating with in Section 6. Finally, Section 7 concludes briefly.



2



Economic Environment



In this section I introduce the underlying production and matching technologies of my model. These could be significantly generalized, for example, to allow for aggregate and idiosyncratic productivity shocks, as well as exogenous separations of workers from continuing firms; however, none of these features would alter the main message of the paper. For the sake of simplicity I therefore do not incorporate them in my model. Time is continuous. All agents are risk neutral and discount the future at rate r. There are two types of agents, workers and firms. There is a fixed measure 1 of workers, who can at any time be either unemployed (in which case their flow home production is b) or employed by some firm. Firm-level employment n can take any non-negative integer value. The flow output of a firm employing n workers is given by a strictly increasing and concave production function y(·). I normalize y(0) = 0 and assume that y(n) − y(n − 1) < b for large n so as to guarantee that firm size is finite in equilibrium. There is a large measure of potential entrant firms. At any moment a potential entrant firm has the option of paying an entry cost k > 0 and becoming active. An active firm at each moment 6



Other directed search models with multi-worker firms include Lester (2010), Schaal (2010), Hawkins (2012), and Tan (2012). 7 It is straightforward to reinterpret my model to be consistent with this pattern also, by allowing for an unobserved intensity of hiring per measured vacancy, for example, advertising intensity.
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posts some number v ≥ 0 of vacancies, at a flow cost of c(v). I assume that c(0) = 0 and that c(·) is strictly increasing and strictly convex.8 I also assume that c(·) satisfies the standard Inada conditions that limv→0 c0 (v) = 0 and limv→∞ c0 (v) = +∞. A matching function M (u, v¯) maps the measures of unemployed workers and the total measure of vacancies posted by firms to a flow rate at which these agents are matched in pairs. Each unemployed worker is matched to a randomly-chosen vacancy at Poisson rate M (u, v¯)/u and each vacancy is matched to a randomly-chosen unemployed worker at Poisson rate M (u, v¯)/¯ v . I assume that M (u, v¯) exhibits constant returns to scale in (u, v¯). Define θ = v¯/u, the labor market tightness or vacancy-unemployment ratio. The assumption of constant returns to scale implies that the Poisson vacancy-filling rate and the Poisson job-finding rate for a worker can be written as functions of θ alone. Specifically, the rate at which a firm posting v vacancies contacts a worker is vq(θ) = vM (u, v¯)/¯ v = vM (θ−1 , 1), and the rate at which an unemployed worker receives a job offer is f (θ) = θq(θ) = M (u, v¯)/u = M (1, θ). I assume that q is monotonically decreasing in θ and satisfies the Inada conditions limθ→0 q(θ) = +∞ and limθ→∞ q(θ) = 0. I also assume that f is monotonically increasing in θ and satisfies f (0) = 0 and limθ→∞ f (θ) = ∞. All these assumptions are satisfied if M is Cobb-Douglas in (u, v¯), as Petrongolo and Pissarides (2001) cannot reject in US data. Existing firms are destroyed at a Poisson rate δ > 0. When a firm is destroyed, all its employees return to unemployment. There is no scrapping value. Firms and workers can voluntarily terminate any existing match at any time; in this case the separated worker returns to unemployment and the firm continues with any remaining matched workers. The unemployment rate is a state variable; its law of motion is given by u˙ = δ(1 − u) − f (θ)u. In this paper I consider only steady-state allocations, so that u˙ = 0, or equivalently δ(1 − u) = f (θ)u.



(1)



max [y(n) − bn − (r + δ)k] > 0



(2)



I assume that n



so that positive entry is efficient and occurs in equilibrium; if (2) fails then no firms enter and all workers remain unemployed forever. 8 The assumption of increasing marginal costs of vacancy posting is standard, and is made also by BC, AH, and Kaas and Kircher (2011). Under constant or increasing returns, the dynamics of hiring at the firm level take a ‘bang-bang’ form, which is inconsistent with patterns of time-consuming growth at the establishment level being caused by labor market frictions. Davis et al. (2010) argue, on the other hand, that observed patterns of vacancy posting across firms are not entirely consistent with decreasing returns to scale at the establishment level. This does not affect the relevance of the current model. First, the results of Davis et al. (2010) are directly relevant only if vacancies as measured in the Job Openings and Labor Turnover Survey are a good proxy for the vacancies considered here, which are more properly a generalized measure of recruiting intensity. (What matters here is that doubling the Poisson rate of arrival of new hires should more than double the recruiting cost. This need not literally arise from decreasing returns in the technology for posting advertisements: for example, firms could advertise more intensively per vacancy, relax hiring standards, or screen workers less intensively.) Second, if there are indeed increasing returns to scale but only locally (for example, because there is a fixed cost of establishing a recruiting department within the firm), the inefficiency I focus on will still be present. Third, as Kaas and Kircher (2011) observe, if vacancy-posting uses the time of incumbent employees, then increasing marginal output reductions arise as vacancy posting increases because of the curvature in the production function.
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This completes the description of the basic economic environment. To close the model requires specifying how bargaining takes place. This is the subject of the next section.
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Bargaining



In this section I outline a simple theory of how firms and workers bargain jointly over wages and vacancy posting in a privately efficient manner. I first describe the theory in an axiomatic fashion, and then show that the axioms characterize uniquely the behavior of matched firms and workers. I then describe a decentralization of the axiomatic solution using an extensive-form non-cooperative offer-counteroffer game. The analysis in this section is partial equilibrium in the sense that I take aggregate variables as given; Section 4 studies general equilibrium.



3.1



Axiomatic Approach



I consider a bargaining protocol under which firms make two types of payments to workers. First, as usual in a continuous-time environment, firms make a flow wage w to workers. Second, when a firm hires a new worker, it makes a transfer t to each of its incumbent workers. The first property I require of how bargaining proceeds is a symmetry assumption. Assumption 1 (Symmetry) The wage w paid to each worker, the number of posted vacancies v, and the transfer t paid to each worker in the event of a new hire depend only on the number of employed workers at that firm. Assumption 1 ensures symmetry in the sense that each worker employed by a given firm receives the same wage and has the same value.9 However, it also has two additional implications. First, it is a steady-state assumption, since I assume that strategies do not need to be indexed by time. Second, it is a Markov assumption: it implies that the number of incumbent employees at a firm is a sufficient statistic for the values of the firm and of each of its employed workers.10 In summary, Assumption 1 ensures that I can write J(n) for the value of a firm in an ongoing relationship with n employees, and V (n) for the value of a worker at such a firm. Denote by V u the value of an unemployed worker (which firms and workers take as exogenous in partial equilibrium). Then the joint surplus associated with the relationship between a firm and its incumbent workers, relative to their respective outside options of being unmatched, is given by S(n) = [J(n) − J(0)] + n [V (n) − V u ] . 9



(3)



As is standard, I use the term ‘value’ to denote the Hamilton-Jacobi-Bellman value, that is, the expected present discounted value of future income. 10 Assumption 1 would not be appropriate in a generalization of the model which allowed for idiosyncratic shocks to the firm, such as productivity shocks. In that case the appropriate assumption would be that wages and vacancy posting depend only on the number of employed workers along with the firm’s idiosyncratic productivity shock. Allowing for aggregate shocks requires further enriching the notation to allow strategies to depend on the history of aggregate variables.
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Denote by w(n) the wage paid by a firm with n employees, t(n) the transfer paid by this firm to each of its incumbent employees if it hires an additional worker, and v(n) the measure of vacancies it posts. Then the Hamilton-Jacobi-Bellman (HJB) equations defining the values of matched firms and workers can be written (r + δ)J(n) = y(n) − nw(n) − c(v(n)) + qv(n) [−nt(n) + J(n + 1) − J(n)] rV (n) = w(n) + δ [V u − V (n)] + qv(n) [t(n) + V (n + 1) − V (n)] .



(4) (5)



To share the surplus between a firm and its workers, I follow the approach of the canonical one-to-one matching models of Pissarides (1985, 2000) and Mortensen and Pissarides (1994) and assume that the worker receives a share β of the surplus associated with his being employed at a firm rather than unmatched; I call β the bargaining power of a worker.11 Assumption 2 (Surplus Sharing) For all n = 0, 1, . . . , V (n + 1) − V u = β [S(n + 1) − S(n)] .



(6)



To see more transparently that Assumption 2 requires that the worker receives share β of the surplus arising from the match, substitute from (3) to write (6) in the equivalent form   (1 − β) [V (n + 1) − V u ] = β J(n + 1) − J(n) + n[V (n + 1) − V (n)] .



(7)



I then assume that the firm and its n incumbent workers are able to choose recruiting so as to maximize their joint gain from this activity.12 Assumption 3 (Privately Efficient Recruiting) For all n = 1, 2, . . . ,    v(n) = arg max −c(v) + qv J(n + 1) − J(n) + n [V (n + 1) − V (n)] . v≥0



(8)



As discussed in the Introduction, Assumption 3 is the distinguishing assumption of this paper. The benchmark model of bargaining, following BC, SZ, S99, or AH, also satisfies Assumptions 1 11



Proposition 1 below shows that S(·) inherits the concavity of the production function, so that V (n + 1) − V (n) = β[S(n + 1) − 2S(n) + S(n − 1)] is negative. It follows that (1 − β) [V (n + 1) − V u ] < β [J(n + 1) − J(n)]. In ˆ [V (n + 1) − V u ] = models where bargaining proceeds only over wages, as in BC and SZ, it is assumed that (1 − β) ˆ ˆ β [J(n + 1) − J(n)], and the worker’s bargaining power is considered to be β. If a worker has bargaining power β according to the definition in (6), then his bargaining power is less than β in this alternative sense. The two notions coincide in the case of one-to-one matching, as in Pissarides (2000). It is common in search models with bargained wages to refer to the analog of Assumption 2 as a generalized Nash bargaining assumption. However, because of risk neutrality and the availability of transfers, many bargaining microfoundations other than that of Nash would generate the same outcome, so I do not use this terminology. 12 Notice that because the transfers t(n) pass between the firm and its incumbent workers, they are not relevant to whether recruiting is privately efficient. The term in brackets on the right side of (7) satisfies J(n + 1) − J(n) + n [V (n + 1) − V (n)] = −nt(n) + J(n + 1) − J(n) + n [t(n) + V (n + 1) − V (n)] .
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and 2. The contribution of this paper is to understand how the microfoundations and implications of determining hiring in a privately efficient manner, according to Assumption 3. I establish in Section 3.2 below that Assumptions 1, 2, and 3 suffice to characterize a unique bargaining solution, with the exception that the breakdown of the payments received by workers into wages and transfer payments is not uniquely determined. To pin this down, one further assumption is needed. I require that the transfer t(n) made by the firm to each incumbent worker at the time an (n + 1)st worker is hired is such that that incumbent worker is indifferent about whether the hire is completed. Assumption 4 (Worker Indifference about Hiring) For all n ≥ 1, t(n) = V (n) − V (n + 1).



(9)



If a firm hires a new worker, its incumbent employees receive a transfer t(n) and future value V (n + 1), while if the firm does not hire, its incumbent employees continue to have value V (n). Assumption 4 requires that these be equal. This assumption on how the promised value V (·) is delivered will imply that the bargaining solution is renegotiation-proof in a sense to be made precise in Section 3.3 below. This completes the axiomatic description of the bargaining process.



3.2



Characterization



I now show that the axioms just introduced uniquely characterize the values of firms and workers. The analysis in this section continues to be partial equilibrium, so I take as given the two key equilibrium variables V u , the value of an unemployed worker, and q, the vacancy-filling rate. To begin the analysis, observe that vacancy-posting is uniquely determined given the value functions of firms and workers. Because c(·) is strictly increasing, strictly concave, and satisfies Inada conditions, the value of v(n) characterized by (8) is the unique solution to the first-order condition   c0 (v(n)) = q J(n + 1) − J(n) + n [V (n + 1) − V (n)] .



(10)



Next, observe that J(n + 1) − J(n) + n [V (n + 1) − V (n)] = [S(n + 1) − S(n)] − [V (n + 1) − V u ] = (1 − β) [S(n + 1) − S(n)] , where the first equality follows from the definition of the joint surplus in (3) and the second using (6). This is intuitive: the difference between S(n + 1) − S(n) and the term in brackets on the right side of (8) is that the former expression incorporates the surplus from employment of the (n + 1)st-hired worker, while the latter does not; however, because of the surplus sharing required by Assumption 2, the (n + 1)st worker’s share of the marginal surplus S(n + 1) − S(n) is β, leaving the remaining (1 − β) share for the firm and the n incumbent workers. This is what they take into
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account when determining their optimal vacancy posting strategy, which then satisfies v(n) = arg max {−c(v) + qv(1 − β)[S(n + 1) − S(n)]} . v≥0



(11)



Combining (4), (5), and (11) allows me to write a simple HJB equation for the surplus S(n): (r + δ)S(n) = y(n) − (r + δ)J(0) − nrV u − c(v(n)) + qv(n)(1 − β)[S(n + 1) − S(n)].



(12)



Equations (11) and (12) establish that the bargaining process generates a privately efficient outcome. The firm and its n incumbent workers anticipate that they will make any newly-hired worker net payments (in excess of the value of unemployment) of EPDV equal to β [S(n + 1) − S(n)]. Taking this as given, the firm and its incumbent workers then choose their vacancy posting intensity to maximize their joint surplus. More precisely, because firms and workers will act in the future according to Assumptions 1-3, the value accruing to the firm and its n incumbent workers in the event that an (n + 1)st worker is hired is (1 − β)[S(n + 1) − S(n)]. Then unless the current level of vacancy posting satisfies (11), the firm and its workers are not optimizing. Any bargaining model which assumes that vacancy posting is determined in some other way must therefore fail Barro’s (1977) critique of models in which a firm and its employees are unable to act in their own joint best interests. In particular, supposing as in BC, SZ, S99, or AH that the firm chooses vacancy-posting to maximize its own value net of vacancy posting costs, −c(v) + qv[J(n + 1) − J(n)], is subject to this critique. Under Assumptions 1-3, the value functions S(·), J(·), and V (·) and the vacancy posting strategy v(·) are unique. Assumption 4 additionally guarantees the uniqueness of wages w(·) and transfers t(·). These functions depend in a simple way on firm size.13 Proposition 1.



1. Under Assumptions 1-3, there is a unique solution for the functions S(·),



J(·), and V (·) and for the vacancy posting strategy v(·) given the values of V u and q. 2. If n∗ is the largest integer such that y(n∗ ) − y(n∗ − 1) > rV u , then (a) S(·) is strictly increasing and strictly concave for 0 ≤ n ≤ n∗ , and S(n) = S(n∗ ) for all n ≥ n∗ ; (b) v(·) is strictly positive and strictly decreasing for 0 ≤ n ≤ n∗ − 1, and v(n) = 0 for all n ≥ n∗ ; and (c) V (·) is strictly decreasing for 0 ≤ n ≤ n∗ . 3. Under Assumptions 1-4, there is also a unique solution for w(·), with w(n) = rV u + (r + δ)[V (n) − V u ]. w(n) is strictly decreasing in n for 0 ≤ n ≤ n∗ . The wages and vacancy-posting strategies described by Proposition 1 are qualitatively similar to those observed in models of bargaining without commitment such as BC and AH. Because the 13



The proof of Proposition 1 is in the Appendix, as are all other omitted proofs.
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marginal product of a worker falls with firm-level employment, so too do wages (because of rentsharing under Assumption 2) and vacancy-posting (because the value of hiring additional workers falls). This is the same intuition that applies in the absence of commitment. Firm size in the model is best thought of as corresponding empirically to firm age: small firms in the model are young and far from their target employment level n∗ , grow fast, and pay high wages. Accordingly, the model-derived correlation between wages and either firm age or firm growth is consistent with what Brown and Medoff (2003) report empirically. Empirically, it is well known that firm size is positively correlated with firm age. The model as written down with no productive heterogeneity is not consistent with this, but adding productive heterogeneity of firms solves this issue in a straightforward way; a similar strategy is used by Burdett and Mortensen (1998) to deal with an analogous difficulty for their model. To conclude this section, note that it is straightforward to use (11) and (12) to solve the partial equilibrium problem of a firm and its workers numerically. A particularly tractable special case arises in a continuous-employment version of the model. In this case, the marginal surplus S(n + 1) − S(n) appearing on the right side of those two equations must be replaced by S 0 (n). Substitution from (11) into (12) then generates a differential equation for S(·) that can be solved using standard numerical techniques. If the production function y(n) = An − 21 Bn2 and the vacancy-posting cost function c(v) = 12 γv 2 are both quadratic, which is the case studied in BC, this differential equation has a closed-form (quadratic) solution for S(·), and it would be straightforward to use it to study labor hoarding as BC do. In summary, the bargaining model characterized in this paper is no less tractable than models of bargaining without commitment in the literature.



3.3



Noncooperative Microfoundation



Assumptions 2 and 3 ensure that the firm and workers can bargain to a point on their joint Pareto frontier and specify the way in which the resulting surplus is divided. The axiomatic bargaining approach has been standard in labor search and matching models since Diamond (1982) and Pissarides (1985). BC, SZ, S99, and AH take a similar approach to models with multi-worker firms. However, it is also interesting to ask whether there is a non-cooperative microfoundation for the axiomatic model just described, and in this section I construct one, under the assumption that firms have sufficient commitment power. When firms wish to hire only a single worker, Binmore et al. (1986, hereafter BRW) show how the Nash surplus-splitting rule arises as the unique subgame perfect equilibrium of a non-cooperative sequential offer-counteroffer game in which there is a small possibility after each rejected offer of negotiations breaking down.14 Two potential difficulties arise in building on this construction in the multi-worker setting of the current paper. First, unlike in BRW, the firm must make a non-trivial decision even when it already has 14 To be precise, the argument of BRW applies in the limit as the probability of breakdown after each rejected counteroffer vanishes. The basic model in BRW also applies only to the case β = 12 , but by assuming that the probability that negotiations break down depends on the identity of the last player to make an offer as discussed in Section 4 of their paper, the construction can be generalized for other β ∈ (0, 1). I use this approach in this section.



9



incumbent employees, specifically, how intensively to post vacancies to undertake further hiring. When the firm makes a decision on how many vacancies to post, it trades off the cost of vacancy posting c(v) with its own private gain from hiring,15 − nt(n) + J(n + 1) − J(n).



(13)



However, the total gain enjoyed by the firm together with its incumbent employees is 



     −nt(n)+J(n+1)−J(n) +n t(n)+V (n+1)−V (n) = −n V (n)−V (n+1) +J(n+1)−J(n). (14) Second, when the firm negotiates with a newly-matched worker, the joint surplus being shared



is the private gain shared by the new worker and the firm,   [V (n + 1) − V u ] + − nt(n) + J(n + 1) − J(n) ,



(15)



while for the equilibrium outcome of an offer-counteroffer game following BRW to satisfy Assumption 2, the joint surplus to be shared between the newly-matched worker and the firm should be the true surplus   S(n + 1) − S(n) = [V (n + 1) − V u ] + J(n + 1) − J(n) + n [V (n + 1) − V (n)] .



(16)



When a firm behaves noncooperatively and maximizes its own value, in general it does not internalize the effect its vacancy-posting and bargaining activity has on its incumbent workers. That is, (13) and (15) do not in general coincide with (14) and (16). However, if (and only if) the transfer payment t(n) made to incumbent workers on hiring satisfies Assumption 4, that is, t(n) = V (n) − V (n + 1), then the firm does internalize its incumbent workers’ preferences: (13) equals (14) and (15) equals (16). That is, if a firm has committed to appropriate paths of future wages and transfers, then even though it behaves non-cooperatively and maximizes its own private value, it may still act so as to maximize a joint surplus. This observation is the foundation of the noncooperative microfoundation I describe in this section. I now more formally construct the noncooperative game. Consider a firm with n ≥ 0 incumbent employees, with each incumbent employee k = 1, . . . , n employed under a long-term contract which promises a sequence of flow wages wk (n) to be paid when employment at the firm is n (for n ≥ k) and a sequence of lump-sum transfers tk (n) to be paid to the worker when the firm hires a (k + 1)st worker. As long as the firm does not meet a new worker, at each time τ it chooses an intensity of vacancy posting vτ , and pays the wage wk (n) to each incumbent worker. 15



When the functional forms for J(·) and V (·) described in Section 3.2 are substituted, (13)-(16) correctly calculate gains and surpluses in the allocation described in Proposition 1. However, because that allocation was derived using the axiomatic foundation in Section 3.1 rather than using the non-cooperative equilibrium concept discussed in this section, these expressions should formally here be replaced by analogs constructed as in footnote 16 below. For P k n+1 n+1 example, using the notation of footnote 16, (13) should more correctly read − n ,t )− k=1 t (n) + J(n + 1; w n n J(n; w , t ).
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Next suppose that the firm’s vacancy posting is successful and it meets a new worker (as occurs at Poisson rate qvτ ). In this case, the firm and the new worker engage in an offer-counteroffer game as in BRW. The game occurs in fictitious time (that is, it is completed instantaneously, no matter how many offers are rejected). There is a small exogenous chance of breakdown after each rejected counteroffer, the probability being dw after a rejected offer made by the worker and df after a rejected offer made by the firm. If breakdown occurs, or if no offer is ever accepted, the worker returns to unemployment and the firm continues matched only to its incumbent employees. I assume that dw = βd and df = (1 − β)d for some d > 0, and consider the limit as d → 0. An offer in the BRW game consists of a long-term contract. This contract promises a sequence of flow wages wk (n) for k ≤ n ≤ n∗ to be paid by the firm to the worker if employment at the firm is n, together with a sequence of lump-sum transfers tk (n) for k ≤ n ≤ n∗ − 1 to be paid by the firm to the worker when it hires a (n + 1)st worker. The firm is able to commit to whatever contract is agreed, so that it governs the employment relationship with this worker until the firm is exogenously destroyed. Upon agreement, the newly-matched worker is employed by the firm, which begins to pay it the wage wn+1 (n + 1) as specified in the new contract. The firm makes lump-sum transfers tk (n) to each of its incumbent workers, and changes their flow wage from wk (n) to wk (n + 1) as specified in their existing contracts. The appropriate noncooperative equilibrium concept in this environment is a version of Markov perfect equilibrium. To emphasize that the aggregate variables V u and q are taken as given in the bargaining game between a single firm and its workers, I call this equilibrium concept Markov perfect partial equilibrium, or MPPE. An MPPE of the game just described consists of (a) a maximum employment level n∗ ; (b) a sequence of contracts indexed by k = 1, . . . , n∗ where for each k the ∗



∗



n −1 contract consists of a sequence (wk (n))nn=k of nonnegative wages and a sequence (tk (n))n=k of



nonnegative transfers to be made by the firm to the kth worker hired when total employment at the firm is equal to n ≥ k; and (c) a vacancy posting strategy v(·) for the firm as a function of its current employment level (with v(n) = 0 for n ≥ n∗ ), such that (1) the firm chooses vacancy posting to maximize its profit and (2) each contract maximizes the joint surplus associated with the new match and shares it in ratio β : (1 − β) between the newly-hired worker and the firm.16 The equilibrium is Markov perfect in the sense that wages, transfers, and vacancy-posting depend 16



More precisely, the value function of a firm with n workers, taking as given the set of contracts wn = (wi (·))n i=1 and tn = (ti (·))n i=1 already signed with incumbent workers, satisfies the HJB equation (r + δ)J(n; wn , tn ) = y(n) −



n X



n  X  wk (n) − c(v(n; wn , tn )) + qv(n; wn , tn ) − tk (n) + J(n; wn , tn ) − J(n; wn , tn ) .



k=1



k=1



The HJB equation for the kth worker hired when total employment at the firm is n takes the form h i h i (r + δ) V k (n; wn , tn ) − V u = wk (n) − rV u + qv(n) tk (n) + V k (n + 1; wn+1 , tn+1 ) − V k (n; wn , tn ) . Vacancy posting is optimal if v(n) = v(n; wn , tn ) solves ) ( n  X n n k n+1 n+1 n n  v(n; w , t ) = arg max −c(v) + qv − t (n) + J(n + 1; w ,t ) − J(n; w , t ) . v≥0



k=1
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only on the number of workers at the firm. It is partial in the sense that, as noted, the value of an unemployed worker, V u , and the vacancy-filling rate, q, are exogenous. The main result of this section is that there is an MPPE in which the values of firms and workers and the vacancy-posting strategies of firms satisfy Assumptions 1-4. The equilibrium allocation therefore coincides with the unique solution to the axiomatic bargaining problem described in Section 3.1 and characterized in Section 3.2. To construct this equilibrium, let n∗ , S(·), J(·), V (·), v(·), w(·), and t(·) satisfy Assumptions 1-4; these objects are unique according to Proposition 1. Let the contract signed by the kth-hired worker specify wages wk (n) = w(n) (for k ≤ n ≤ n∗ ) and transfers tk (n) = t(n) (for k ≤ n ≤ n∗ − 1). It is straightforward in view of the discussion in this section to demonstrate that these wages and transfers, together with the vacancy-posting strategy v(·) for the firm, form part of an MPPE. Although the MPPE concept allows for workers each to sign potentially very different contracts for wages and transfers, in the equilibrium just described all workers sign contracts that are very similar. Take any two workers employed by the firm, hired jth and kth, and suppose the current level of employment at the firm is n ≥ max{j, k}. Then in equilibrium both workers receive the same wage wj (n) = wk (n) = w(n) and in the event the firm hires an (n + 1)st worker, both will receive the same transfer tj (n) = tk (n) = t(n). That is, if k > j, then the contract signed by k is a truncation of the contract signed by j, and both are truncations of the contract signed by the first-hired worker.17 The contracts just described are proof against bilateral renegotiations. Consider a worker who is an incumbent employee at a firm, and therefore whose employment is governed by a contract (wk (·), tk (·)) signed at the time of hiring. Suppose that unexpectedly this worker is allowed an option to tear up her contract and negotiate with the firm as if newly matched. Then the previous paragraph shows that she would again sign a contract that delivers the same future wages and lump-sum transfers as were delivered by her existing contract.18 A similar result applies if the firm is able to initiate the renegotiation with a single worker. I say that an equilibrium with this property The surplus shared between the firm and the (n + 1)st-hired worker at matching, to be divided in the BRW game, is " n # X k  n+1 n+1 u n+1 n+1 n n V (n + 1; w ,t )−V + − t (n) + J(n + 1; w ,t ) − J(n; w , t ) , i=k



and it is divided in ratio β : (1 − β) between the worker and the firm if # " n X k  n+1 n+1 u n+1 n+1 n n (1 − β) V (n + 1; w ,t )−V =β − t (n) + J(n + 1; w ,t ) − J(n; w , t ) . k=1 17



This result is reminiscent of the analogous characterization in Burdett and Coles (2003) of optimal wage-tenure contracts, although the economic intuition behind it is quite different: their model relies on on-the-job search, not on multi-worker firms with decreasing returns to labor in production. 18 Under a renegotiation as described in this paragraph, there is a possibility that, off the equilibrium path, negotiations could break down and the firm’s workforce decrease by one. In order to generate the correct private gain for the firm so that the results of the BRW game played during the renegotiation are identical to one played with a newly-hired worker, one needs to assume that in this case, workers make a transfer of t(n − 1) to the firm. Of course, such a transfer will not actually be observed on the equilibrium path since in equilibrium offers are not rejected so that separation does not occur.
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is bilaterally renegotiation-proof. This is a desirable property since the implicit assumption in the description of the equilibrium that workers, like firms, are able to commit to long-term contracts at the time of hiring, is not a particularly realistic feature of real labor markets. The MPPE is not unique because the timing of payments (and in particular, the breakdown of payments between flow wages and lump-sum transfers) is not uniquely determined. However, requiring that the MPPE also be bilaterally renegotation-proof serves as an equilibrium refinement which guarantees uniqueness. I summarize the preceding discussion more formally as follows. Proposition 2. There is a unique bilaterally renegotiation-proof MPPE. The equilibrium allocation satisfies Assumptions 1-4, and coincides with that described in Proposition 1.



3.4



Discussion of Main Assumptions



In the remainder of this section, I briefly discuss the role of the key assumptions used in the game studied in Section 3.3. These are commitment to long-term contracts, the ability to make lump-sum transfers, and bilateral renegotiation-proofness. The ability of firms to commit to long-term contracts is a fundamental feature of the model. Commitment on the part of firms plays two roles. First, the firm can bind itself to make a future lump-sum payment to its incumbent workers when it hires a new worker. Making such a payment is not time-consistent: once search frictions have been overcome and the new worker has been met, the negotiating position of the incumbent workers is less strong than it was beforehand, so the firm has an incentive ex post to renegotiate the contract and renege on the promised payment. (This can be seen since V (n + 1) < V (n) according to Proposition 1 - in fact, the two values differ according to (9) by exactly the amount of the transfer the firm commits to make.) The second role of commitment in the model is that the firm can commit not to renegotiate multiple contracts simultaneously. The equilibrium is robust to renegotiation of a single worker’s contract but it is not clear whether this extends if the firm can renegotiate multiple contracts simultaneously. Multilateral bargaining might produce very different results from the essentially bilateral negotiations I consider, but specifying exactly what would happen, while interesting, is beyond the scope of this paper. Intuitively, allowing for this moves us towards the ‘extreme employment-at-will’ world of SZ where no commitment to contracts is feasible. The motivating observation of the current paper, however, is that the firm and its workers have an ex ante incentive to commit to contracts that deliver the privately efficient outcome seen here. While employmentat-will is a strong argument that realistic labor contracts should be proof against renegotiation initiated by workers, real firms clearly have substantial ability to commit to binding contracts, with the tenure of faculty in U.S. universities as only one (admittedly extreme) example. The contracts I allow firms and workers to commit to are not the most general contracts imaginable. I assume that the contracts a firm signs with workers it hires early in its history cannot directly limit the terms of those it signs with a later-hired worker, nor its bargaining power β when it negotiates a division of the marginal surplus with that new hire. Thus, the contracting 13



arrangements I present are not intended as models of union bargaining, to give an example in which such contractual arrangements might be reasonable.19 Casual empiricism suggests that contracts of individual workers with large non-unionized firms tend not to have such features, justifying the relevance of the contracting environment I consider. Additionally, as S99 argues, allowing the right to manage to each individual worker might be ruled out in a more complete model due to the costs of coordination between many workers. A second notable feature of both the axiomatic bargaining arrangement described in Section 3.1 as well as of the noncooperative game in Section 3.3 is the use of lump-sum transfers t(n) made by the firm to its incumbent workers when a new worker is hired. These transfers give the firm the correct incentives to hire workers. I assume that decisions about how intensively to post vacancies and how aggressively to bargain with new hires are taken by the firm alone; the transfers cause the firm to internalize the preferences of its incumbent workers when it does so. A possible objection is that such lump-sum transfers are not explicitly observed in real firms. This is not a serious concern. First, because the firm has commitment power, the transfers can be delivered as future higher (flow) wage payments. Second, the distinction between flow wages and lump-sum transfers is exaggerated in the environment I consider in which time is continuous but employment is discrete. Finally, if some alternative way of making the firm take the effect of its actions on its incumbent workers is available, transfers are not needed, and all compensation of workers can be done through flow wages.20 Examples of such arrangement might including having hiring decisions made by a committee incorporating representative from both the firm and its incumbent employees or by managers who internalize the preferences of workers. Because the resulting allocations would coincide with those given by Assumptions 1-4 and with the equilibrium of the noncooperative game described in this section except possibly for the timing of payments, I do not pursue this further. Finally, uniqueness of equilibrium is guaranteed by the requirement that contracts be bilaterally renegotiation-proof. If one is willing to assume that firms and workers have full commitment power, there are alternative ways of structuring wage and transfer payments so that the equilibrium in a decentralized bargaining game studied in Section 3.3 satisfies the key assumptions on surplus sharing and privately efficient vacancy posting, Assumptions 2 and 3. One particularly tractable case arises if firms pay a signing bonus equal to the worker’s share of the match surplus, followed by a flow payment of rV u , the outside option, thereafter. The firm will hire efficiently under such an arrangement because it enjoys the full flow value of the employment relationship, y(n) − nrV u , as well as paying the full costs of recruiting, c(v). Private profit maximization by the firm then 19



Bauer and Lingens (2010) consider a model of collective bargaining between workers and large firms in a context similar to that considered here, with different positive and normative predictions; in particular, the ability of workers to threaten at any time to withhold their labor en masse tends to drive up wages and reduce hiring inefficiently. 20 According to (5) with t(n) ≡ 0, the flow wage payment to workers would then need to be w(n) = rV u + (r + δ) [V (n) − V u ] − qv(n) [V (n + 1) − V (n)] in order to satisfy Assumptions 1-3, where V (n) satisfies (6) using the values of S(·) characterized in Proposition 1.
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decentralizes the outcome that is jointly efficient for the firm and all its workers.21



4



Equilibrium



In Section 3 I introduced a model of bargaining axiomatically, and established that it could be decentralized using a noncooperative game under commitment to long-term contracts. The analysis thus far has been in partial equilibrium: the value of an unemployed worker V u and the vacancyfilling rate q were taken as given. In this section I show how to endogenize these variables, and establish the existence of an economy-wide equilibrium. I assume that the behavior of individual firms and workers continues to satisfy Assumptions 1-4. By Proposition 1, conditional on V u and q there are unique value functions S(·), J(·), and V (·), a unique vacancy-posting strategy v(·), and unique wage and transfer policies w(·) and t(·) consistent with these assumptions. The surplus S(·) satisfies the HJB equation (12), and vacancy-posting v(·) satisfies (11). The first equilibrium condition arises from free entry. Because any inactive firm can become active by paying the entry cost k, it must be that J(0) ≤ k. Since I assumed in (2) that the economy is sufficiently productive, in fact this must hold with equality in steady state. By (3) this condition can equivalently be written as S(0) = k.



(17)



The other key equilibrium relationship is the HJB equation for an unemployed worker. An unemployed worker contacts a vacancy at Poisson rate f (θ), which depends on market tightness θ and on the matching function. Because search is random, the vacancy with which she is matched is drawn randomly from the unconditional distribution of vacancies across firms. The measure of vacancies posted by active firms with n incumbent workers is a product of g(n), the measure of active firms with n incumbent workers, and v(n), the measure of vacancies posted by each such firm. If the worker meets a firm with n incumbent workers, she enjoys a capital gain V (n+1)−V u , which according to (6) is equal to β[S(n + 1) − S(n)]. Proposition 1 establishes that V (n) is decreasing in n, so that the worker would prefer to meet a firm with few incumbent employees, but because 21 The case of full commitment is presented in more detail in an earlier version of this paper, Hawkins (2011a). Full commitment delivers private efficiency for the same reason that having the worker post a performance bond would generate efficiency in the shirking model of Shapiro and Stiglitz (1984). Once the decision-maker (here, the firm choosing vacancy-posting; in Shapiro and Stiglitz, the worker choosing effort) becomes the full residual claimant on the surplus generated by his actions, private optimization is enough to generate an efficient outcome. This solution might not be feasible because of limitations on the commitment power of the other agent. In Shapiro and Stiglitz, the worker may not have sufficient wealth to ‘buy the job.’ Here the ability of both workers and firms to commit not to renegotiate a contract could be lacking. A lack of commitment power by workers affects only the timing of payments but does not affect hiring, provided that firms have sufficient commitment power. However, if neither side can commit, then private efficiency does not obtain and we are back in the world of BC, SZ, and S99.
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search is random, she cannot influence the chance of this occurring. That is, u



rV = b+f (θ)



P∞



[V (n + 1) n=0 g(n)v(n) P∞ n=0 g(n)v(n)



− V u]



P∞



[S(n + 1) n=0 g(n)v(n)β P∞ n=0 g(n)v(n)



= b+f (θ)



− S(n)]



. (18)



The firm size distribution g(n) evolves according to the standard differential equations characterizing flows. These take the following form (where the dot denotes the time derivative):  −(δ + qv(0))g(0) + e n=0 g(n) ˙ = −(δ + qv(n))g(n) + qv(n − 1)g(n − 1) n ≥ 1



(19)



Here e denotes the flow measure of firms paying the entry cost k and becoming active. The measure of firms with 0 employees increases with entry by newly-active firms, and decreases as incumbent firms with no employees are either exogenously destroyed or succeed in hiring a new employee. Firms with a positive number n of employees arise when firms with n − 1 employees hire, and vanish as a result either of exogenous destruction or successful hiring by a firm with n incumbent employees. In steady state, g(n) ˙ = 0 for all n, so that  e n=0 (δ + qv(n))g(n) = qv(n − 1)g(n − 1) n > 0.



(20)



Finally, the unemployment rate must satisfy (1) and market tightness must be consistent with the vacancy-posting policy of firms and with the measure of unemployed workers: P∞ θ=



n=0 g(n)v(n)



u



.



(21)



A steady state equilibrium consists of a market tightness θ, an unemployment rate u, an entry rate e, a firm size distribution (g(0), g(1), . . .), a vacancy-posting policy (v(0), v(1), . . .), a value of unemployment V u , sequences of values (S(0), S(1), . . .), (J(0), J(1), . . .), and (V (0), V (1), . . .), and sequences of wages (w(1), w(2), . . .) and transfers (t(1), t(2), . . .), such that Assumptions 1-4 are satisfied, the free entry condition (17) holds, V u satisfies (18), the unemployment rate and the firm size distribution satisfy (1) and (20), and θ satisfies (21). Establishing the existence of a steady-state equilibrium is straightforward. Given the unique solutions for the surplus S(·) and the vacancy-posting policy v(·), I can use (20) to solve for the firm size distribution and market tightness. I then need to verify whether the guessed values for θ and V u are consistent with (17) and (18); this reduces the problem to a fixed-point problem which can be shown to have a solution using a continuity argument. Proposition 3 (Existence of Equilibrium). A steady-state equilibrium exists. While in numerical examples, the equilibrium appears to be unique, the presence of two offsetting effects makes it difficult to prove uniqueness in theory. When the posited value of an 16



unemployed worker V u is high, firms post relatively few vacancies, which makes jobs difficult to find and drives down the value of an unemployed worker given by the right side of (18); on the other hand, it means that the firm size distribution implied by (20) is more concentrated on firms with relatively low numbers of employees. All else equal, such firms generate higher values of hiring (1 − β)[S(n + 1) − S(n)], which increases the value of the right side of (18). These offsetting effects make it difficult to apply the kind of argument that proves the uniqueness of equilibrium in the benchmark one-to-one matching model as in Pissarides (2000).
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Constrained Efficiency



In this section I ask whether steady-state equilibria are constrained efficient. As foreshadowed in the Introduction, I show that they are not, except in trivial cases. Because of the presence of search externalities, private efficiency of the relationship between a firm and its employees is a necessary, but not sufficient, condition for economy-wide efficiency. The basic condition for equilibrium efficiency is familiar from other models of random search with bargaining. First, because of random search, a firm imposes a congestion externality on other firms by posting a vacancy. The firm ignores this externality, which increases the private return to posting a vacancy relative to the social return. Second, because wages are determined by bargaining, there is a hold-up problem which reduces the private return to firms from successfully filling a vacancy relative to the social return.22 The equilibrium is constrained efficient only if the two effects always exactly offset each other. In an environment without heterogeneity, Hosios (1990) showed that this occurs when the bargaining power of workers equals the unemployment elasticity of the matching function.23 In this paper, however, firms differ endogenously in size and therefore in (marginal) productivity, because hiring is time-consuming and because of decreasing returns to labor in production. The congestion externality a firm exerts by posting a vacancy is independent of its productivity, but the rent extracted by workers through bargaining is not. Given that the bargaining power β of workers is constant, workers enjoy higher wages at more productive firms. Firms with a high marginal product of labor therefore post inefficiently few vacancies relative to a firm with a low marginal product of labor. Because of decreasing returns to labor, firm growth will be too slow for small firms, while large firms will grow to a greater-than-efficient size. The model therefore provides a rationale for policies subsidizing vacancy creation by small, young firms, something frequently observed in practice but seldom optimal in other economic models of heterogeneous firms. I now formalize these results. To do so requires first specifying the (constrained) efficient benchmark. Suppose that there is a benevolent planner for the economy. This planner takes 22



This hold-up problem, unlike the one a firm imposes on its incumbent workers by hiring new ones, cannot reasonably be overcome by a richer bargaining or contracting process; doing so would require a contract among all agents in the economy, which is both implausible in general and not feasible given that search frictions prevent agents from meeting each other en masse. 23 See also treatments of constrained efficiency by Mortensen (1982) and Acemoglu and Shimer (1999) for the case of one-to-one matching.
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as given the matching and production technologies, and maximizes social welfare subject to these constraints. Since all agents are risk-neutral, this is equivalent to maximizing the present discounted value of output. The planner’s choice variables are a vacancy-posting strategy for each active firm, and a time path for the flow rate at which potential firms become active in order to maximize the present discounted value of output. (The choices of these two variables then endogenously determine market tightness, the distribution of firms by size, and the unemployment rate.) This problem is in general high-dimensional, but characterization of the optimum is straightforward in steady state. The planner optimally requires all firms with current employment n > 0 to post the same number of vacancies, because the strictly concave production function y(·) and weakly convex vacancy-posting cost function are common to all firms. This reduces the planner’s problem to a choice of sequences of labor market tightness θt , the unemployment rate ut , the flow entry rates et of new firms, measures gt (n) of incumbent firms with current employment n, and vacancy posting policies vt (n) for such firms. I will characterize optimal steady state allocations only, so I assume that all these sequences are constant. A constrained efficient steady-state allocation solves Z max
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To understand this definition, note that flow output is the sum of the income generated by unemployed workers and the output of firms, less entry costs and vacancy posting costs. Equation (23), the analog to the equilibrium condition (21), requires that labor market tightness θ be equal to the ratio of the measures of vacancies posted by firms and of unemployed workers. Equation (24) is the analog to the equilibrium condition (19) and requires that the evolution of the firm size distribution be consistent with the hiring and firm destruction process. Finally, equation (25) makes a similar demand for the unemployment rate. Having characterized constrained efficiency formally, I can now show that the equilibrium is not constrained efficient except in the trivial case when firms employ more than a single worker. Of course, in this case the model reduces to the standard case of one-to-one matching, so that the Hosios (1990) condition is sufficient to guarantee efficiency.24 24



There are also two limiting special cases of the model which deliver constrained efficient equilibria, but do not



18



Proposition 4 (Inefficiency of Equilibrium). Any steady-state equilibrium in which v(1) > 0 is constrained inefficient. Any steady-state equilibrium in which v(1) = 0 is constrained efficient only 0



(θ) if β = − θqq(θ) .



The intuition for Proposition 4 is as given at the beginning of this section. If all firms in the market had the same marginal value of hiring, the Hosios condition would ensure that two effects balance: the congestion externality arising from firms’ vacancy-posting, and the hold-up problem arising from bargaining. However the productivity dispersion across firms arising from time-consuming hiring and decreasing returns to labor ensures that vacancy-posting intensity is not efficiently allocated across firms. Because bargained wages are higher at firms with low employment, these firms post too few vacancies and grow too slowly, while larger firms, which pay lower wages to new hires, post too many vacancies and over-hire: they continue hiring to a size greater than the planner would prefer. One way to formalize this over-hiring result is to compare the sizes of the largest firms in the decentralized equilibrium and in the constrained efficient allocation. I can make this comparison either in partial or general equilibrium. To do the first, I solve for market tightness θ and the value of an unemployed worker V u in the constrained efficient allocation. I then ask how a single firm that took q(θ) and V u as given would behave if it negotiated with its workers by bargaining satisfying Assumptions 1-4. To do the second, I assume that all firms in the economy bargain following Assumptions 1-4, which endogenizes θ and V u . Intuitively, the partial equilibrium overhiring result is strengthened in general equilibrium because in an inefficient allocation, the flow value of an unemployed worker falls, driving down wages and increasing hiring further. Proposition 5 (Over-hiring). In partial equilibrium, the maximum firm size n∗E under bargaining with commitment is greater than the maximum firm size n∗P in the constrained efficient allocation. The same is true in general equilibrium. Proposition 5 is reminiscent of similar results identified by SZ, S99, and Cahuc and Wasmer (2001) in models of bargaining without commitment. However, the two over-hiring results arise from very different economic forces. Here, the over-hiring arises from a search externality: firms do not internalize the congestion externality they cause. When firms and workers bargain without exactly satisfy the assumptions of strictly decreasing returns to labor and strictly increasing marginal costs of vacancy posting. The first special case is very intuitive. Inefficiency can arise because of (marginal) productivity dispersion across firms of different sizes, with vacancy posting being distributed inefficiently in the cross section. If the production technology exhibits constant returns to labor, there is no such productivity dispersion since the marginal product is independent of firm size. In this case the model reduces to the ‘large firm’ variant of the standard search model (Pissarides, 2000, Section 3.1), and the usual argument shows immediately that the Hosios condition will suffice for constrained efficiency. The second special case arises when the cost function for the flow cost of vacancy posting exhibits constant returns. In this case, a firm’s vacancy posting strategy takes a ‘bang-bang’ form: all entering firms immediately hire to a target size n∗ and then stop posting vacancies. This means that the value function of a firm becomes linear in the range [0, n∗ ], because the firm will never produce with fewer than n∗ workers, so that the curvature in the production function does not generate curvature in the value function. Once again there is no heterogeneity in the marginal value of an additional worker across all firms which actually hire in equilibrium, so it is intuitive that the Hosios condition will suffice for constrained efficiency of equilibrium. The details of this argument are given in Hawkins (2011b).



19



commitment, firms hire excessively many workers in order to drive down the wages of all incumbent workers, a force that is entirely absent in the current paper.25 Finally, note that a planner able to use appropriate tax and transfer instruments would be able to restore efficiency in this environment. Proposition 6 (Efficiency of Equilibrium with Taxes). Suppose that the planner imposes a lumpsum tax on firms for each worker hired and rebates the revenue to workers. Then, if the tax is appropriately chosen, the equilibrium is constrained efficient. The intuition for this result is straightforward. The planner taxes firms a fixed amount per worker hired (so as to cause them to internalize the congestion externality, which is independent of the productivity of the firm). She then rebates the present value of wages the firm will pay to the worker. The first component of this scheme causes the firm to internalize the congestion externality, while the second makes the firm the full remaining residual claimant on the surplus generated by its hiring of a new worker. Proposition 6 provides a novel search-based explanation for why policies subsidizing vacancy creation by small, young firms can be welfare-improving. Such policies are frequently observed in practice but seldom optimal in other economic models of heterogeneous firms. For example, in a model in which firms are characterized by different fixed productivities such as Restuccia and Rogerson (2008), small firms are small precisely because they have low productivity, and subsidizing them is not optimal.
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Generalization: Firm-Size Dependent Bargaining Power



The assumption that any newly-hired worker enjoys the same bargaining power β when negotiating with a firm has been maintained throughout this paper. This is the usual benchmark imposed by authors studying models of bargaining with large firms.26 The bargaining power of workers is an exogenous parameter of the model and has no particularly compelling microfoundation. Accordingly, it is unclear whether assuming that it is constant with firm size is a good assumption or not. In this section I therefore allow for a worker’s bargaining power to depend on the size of the firm with which she is negotiating. Making this generalization is interesting because it allows me to establish that if bargaining power varies with firm size in a very specific way, then the equilibrium can be constrained efficient, unlike in Section 5. Establishing this result is the main goal of this section. To allow workers’ bargaining power to depend on the number of incumbent employees at the firm they are matched with, replace Assumption 2 with the assumption that for each n = 0, 1, . . . 25



To be more precise, the reason for over-hiring I focus on is actually also present in the case of bargaining without commitment: the familiar over-hiring result in that setting is more complex than previously realized. In a previous version of this paper, Hawkins (2011a), I established that Proposition 5 can be extended to show that a firm which bargains with workers under lack of commitment, as formalized in AH, over-hires by more, in the sense that the maximum firm size under bargaining without commitment, n∗N C , is greater than n∗E . 26 Examples of papers studying bargaining without commitment and assuming that the bargaining power of workers is independent of firm size include BC, SZ, S99, Cahuc and Wasmer (2001), and AH.
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there is β(n + 1) ∈ [0, 1], such that V (n + 1) − V u = β(n + 1) [S(n + 1) − S(n)] .



(26)



The results of Section 3 and Section 4 extend in a straightforward way to this case.27 I now ask whether there are conditions on the sequence of bargaining powers (β(1), β(2), . . .) under which the equilibrium is constrained efficient. Consider any equilibrium allocation which involves positive vacancy posting by some firms; then θ > 0. In this case I can rewrite the constraint on an efficient allocation (23) in an equivalent form by multiplying by q(θ) to obtain 0 = f (θ)u − q(θ)



∞ X



g(n)v(n).



(27)



n=0



Denote by λ(n) the multipliers on the sequence of constraints (24), by λu the multiplier on (25), and by µ the multiplier on (27). I can interpret λu as the shadow value to the planner of an unemployed ˆ worker, λ(n) ≡ λ(n) − nλu as the shadow marginal value of having n employees matched to a single firm rather than being unemployed, and µ ˆ ≡ µ − λu as the shadow cost of creating a new match (which is positive because creating a new match requires posting vacancies, which congests the process of matching for other firms). With this notation I can state the following result. Proposition 7 (Efficiency of Equilibrium). The steady-state equilibrium is constrained efficient if and only if for each n, β(n + 1) =



µ ˆ ˆ + 1) − λ(n) ˆ λ(n



.



(28)



Proposition 7 generalizes the Hosios (1990) condition to the environment of this paper. Like the result of Hosios, Proposition 7 indicates that the equilibrium of a model with bargaining and random search will be constrained efficient only if the bargaining power of a worker negotiating with a firm takes one uniquely-determined value. The difference between Proposition 7 and Hosios’ result arises because in this paper, firms are heterogeneous in productivity because of their timeconsuming growth. To generate an efficient pattern of vacancy posting across firms requires that the bargaining power of workers vary with the size of the firm in a uniquely-determined way. An intuition for why (28) gives the appropriate value of bargaining power to decentralize the constrained efficient allocation is easy to give. The marginal increase in congestion caused by an individual firm posting more vacancies is independent of the particular firm that is posting 27 The proofs of Propositions 1, 2, and 3 given in the Appendix allow for the workers’ bargaining power to be dependent on n. There are two limitations. First, the way in which wages and values depend on firm size in the second half of Proposition 1 relies on constant bargaining power, so does not extend to general β(·). Second, if β is not constant, it is possible that some transfers t(n) may be negative (this occurs if β = β(n) is sufficiently increasing in n). In this case, incumbent workers make payments to the firm when it hires an additional worker, to compensate it for higher future wages and transfers. Wealth constraints could potentially prevent workers from making such payments, which would represent an additional constraint on firms’ and workers’ ability to decentralize the constrained efficient allocation using the noncooperative game in Section 3.3.
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vacancies. What causes firms to internalize this congestion externality is that they do not get to keep the full marginal product of an additional worker, but rather must pay the worker a share as wages and transfers. Thus, efficiency requires two things. First, the present value of payments to a worker must be independent of the number of incumbent employees at the hiring firm, or equivalently, that V (n) must be independent of n. Because of (26), this requires that β(n + 1) ˆ + 1) − λ(n) ˆ must be inversely proportional to S(n + 1) − S(n), or equivalently to λ(n since it can be ˆ shown that in an efficient allocation S(·) ≡ λ(·). This explains the denominator of the right side of (28). Second, the greater the congestion externality caused by vacancy posting, the higher wages must be. The severity of the congestion externality is measured by µ ˆ. This explains the numerator of the right side of (28). There is a sense in which (28) is not exactly comparable to Hosios’ result. This is that µ ˆ, the shadow cost of creating a new match, measures not just the expected number of matches lost to congestion if an individual firm increases its vacancy posting enough to hire one worker but also the expected productivity of those foregone matches. The following result, like Hosios’, isolates the first effect only. Proposition 8 (Hosios Condition). If the equilibrium is constrained efficient, then P∞



n=0 g(n)v(n) g(n)v(n) n=0 β(n+1)



P∞



=−



θq 0 (θ) . q(θ)



(29)



Hosios showed that when matching is one-to-one, a necessary condition for constrained efficiency is that the bargaining power of workers equal the unemployment elasticity of the matching function. In the multi-worker setting studied here, this must be true in an average sense. (29) makes this precise: the appropriate notion of average bargaining power is the weighted harmonic mean of all the bargaining powers β(n), weighted by the measures of vacancies posted by firms with n incumbent employees as weights, which is g(n)v(n).28 The Hosios (1990) condition can be criticized since there is no reason to expect that the bargaining power, which is a structural parameter of how firms and workers split a bilateral surplus, should equal the elasticity of the matching function, which is a completely unrelated object.29 In the environment I study, this criticism is doubly powerful. Not only does a Hosios-type condition need to hold on average for the equilibrium allocation to be constrained efficient, but the bargaining power needs to vary with firm size, and that in a way that is characterized by (28). Moreover, ˆ the terms appearing in that equation, namely the multipliers λ(n) and µ ˆ, depend not only on the matching function, but also on the production function, the vacancy posting cost function, and 28



It should already be clear from the previous discussion that unlike in case of one-to-one matching considered by Hosios, the converse to Proposition 8 is not true: even if the bargaining power of firms is correct in an average sense, it still need not be true that the relative intensity of vacancy posting by firms of different sizes is what the planner would like it to be. 29 Of course, in an environment where search is directed and not random, the Hosios condition is necessarily satisfied since the competitive posting of contracts by market-makers generates an equilibrium relationship between the two quantities (Moen 1997; Shimer 1996). This carries over to this environment (Kaas and Kircher 2011).
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other parameters of the model in a complicated way. For example, the first-order condition for the optimal steady-state value of g(n) can be rewritten as30 h i ˆ ˆ + 1) − λ(n) ˆ (r + δ)λ(n) = y(n) − nrλu − c(v(n)) + qv(n) λ(n −µ ˆ ;



(30)



so that the production function y(·), the vacancy-posting cost function v(n), and other primitives of the model enter into the equations defining the terms occurring on the right side of (28). Therefore the required set of bargaining power parameters (β(0), β(1), . . .) would need to be different across economies which differed in any model primitive. Moreover, even within a given economy, a worker’s bargaining power would need to be greater the larger the firm he was bargaining with, which seems less plausible than the reverse assumption.31 Thus, the condition for efficiency represented by (28) is certainly a demanding one. I conclude the discussion of efficiency by discussing how my results differ from and extend those of the seminal paper of BC, which was the first to examine efficiency in a model with bargaining and decreasing returns to labor in production. They studied a similar economic environment, but they assumed that firms and workers could not commit to long-term contracts. They assumed a single bargaining power parameter β common across all firms, and found that their equilibrium was always constrained inefficient for any β, arguing that even if the average level of vacancy posting was efficient, still there would not be an efficient distribution of vacancies across firms. One way to understand the contribution of this paper is that it shows what modifications must be made to the model of bargaining in BC in order for the equilibrium of a bargaining model to decentralize the constrained efficient allocation. Two qualitatively different modifications are required. First, long-term contracts are needed to remove the incentive of the firm to over-hire in order to hold up its own incumbent workers and solve the over-hiring problem identified by SZ and S99. In the first part of the paper, I showed how this can be achieved in a straightforward way assuming that firms at least have sufficient commitment power, and is a consequence of requiring private efficiency. Second, the bargaining process must be changed. The bargaining power of a worker needs to vary with the firm he is negotiating with so that he extracts the same surplus no matter how productive the firm. Although this could occur, there is no reason to expect it to do so. If the bargaining power of workers is constant or falling with firm size, as seems the natural case, I have shown that subsidizing vacancy creation by small firms is optimal, even when firms and workers negotiate individually in a privately efficient manner.
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Conclusion



The question of how bargaining occurs between workers and firms is key for understanding both empirical predictions and the policy recommendations arising from studying models of frictional 30



For the derivation of (30), refer to the proof of Proposition 7. The microfoundation provided by bargaining as in BRW is not helpful in understanding why bargaining power would vary in a particular way with n, since it relates β(n) to the exogenous probabilities of breakdown after rejection of an offer by the firm or the worker, but does not provide a theory of these probabilities. 31
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labor markets. In this paper, I propose a model of bargaining with random search that avoids the failure of firms and workers to contract on privately efficient actions enshrined in theoretical and applied work following BC, SZ, and S99. The contracts I study require commitment power only on the part of the firm, so they are consistent with employment-at-will and do not require unreasonable commitment by workers. They are also proof against renegotiations. The resulting model is as tractable as alternatives in the literature which simply assume that contracting is impossible. As often in search models, private efficiency is necessary but not sufficient for equilibrium efficiency. Even under the Hosios (1990) condition, firms of different sizes and productivities do not face the correct incentive to hire additional workers. Firms with a high marginal product of labor face too low an incentive to hire, so that they post too few vacancies and grow too slowly; firms with a low marginal product of labor earn too high a return from hiring, so that they post too many vacancies and grow too fast. This provides a new rationale for active labor market policies which favor small firms, and one that arises purely from search externalities and not from the assumption that firms and workers do not behave in a jointly optimal way once they have met. The importance of the inefficiency studied in this paper is ultimately an empirical question. Investigating this relies on identifying how workers and firms bargain with each other and what kinds of contracts they can sign. In principle, the growth paths of firms (or equivalently, the pattern of vacancy-posting across firms of different sizes) can be used to identify the nature of bargaining when hiring is time-consuming, and in fact, can potentially also help with the challenging research question of distinguishing between random and directed search in the labor market. Using the wealth of information on firm dynamics from data sources like the Job Openings and Labor Turnover Survey to shed light on these issues seems a promising area for future research.



A



Omitted Proofs



Proof of Proposition 1. 1. The surplus S(·) is characterized by (12), using the vacancy-posting strategy defined in (11). Because y(·) is strictly concave and satisfies y(n) − y(n − 1) < b for n large, it follows that for large enough n, y(n + 1) − y(n) < rV u . Therefore there is a value n∗ ≥ 0 such that v(n) > 0 iff n < n∗ . Because a firm with n∗ workers never changes its employment level thereafter, it is immediate that S(n∗ ) = [y(n∗ ) − n∗ rV u ] /(r + δ). Optimality requires that n∗ be the largest value of n such that y(n) − y(n − 1) > rV u , so that n∗ is unique. Next, (11) and (12) can be solved recursively for S(n) for 0 ≤ n ≤ n∗ . To see this, observe that  (r + δ) [S(n + 1) − S(n)] + max − c(v) + qv(1 − β) [S(n + 1) − S(n)] v



= (r + δ)S(n + 1) − y(n) + nrV u .



(31)



The left side of this equation is an increasing function of S(n + 1) − S(n), and therefore a decreasing function of S(n); the right side is independent of S(n), so that there is a unique solution for S(n) given the value of S(n + 1). Continuing recursively, I can then solve for the implied value of S(0), 24



the value of a firm that posts vacancies optimally in future, taking as given the values of θ and of V u . Moreover, the vacancy posting policy of firms is uniquely defined since v(n) > 0 for n < n∗ , so that v(n) satisfies the first-order condition (11); if n ≥ n∗ then v(n) = 0. Uniqueness of V (·) follows from (6), and then uniqueness of J(·) follows from (3). All the preceding argument continues to hold in the generalized model studied in Section 6 in which (6) is replaced by (26). 2. The comparative statics results are all straightforward to establish once it is shown that S(·) is strictly increasing and strictly concave for 0 ≤ n ≤ n∗ . This is equivalent to showing that ∆(n) ≡ S(n) − S(n − 1) is strictly positive and strictly decreasing in n on the same range. Because v(n) > 0 for n < n∗ , it is immediate from (11) that ∆(n∗ ) is strictly positive. If ∆(·) is not strictly decreasing in the range of interest, then there is k such that ∆(k + 1) ≥ ∆(k). Choose the largest such k < n∗ . Write φ(x) = maxv [−c(v) + qvx], and note that φ(·) is strictly increasing. In this notation, (12) can be written as (r + δ)S(n) = y(n) − (r + δ)S(0) − nrV u + φ(∆(n + 1)). Taking first differences implies that (r + δ)∆(n) = y(n) − y(n − 1) − rV u + φ(∆(n + 1)) − φ(∆(n)).



(32)



Applying this equation for n = k gives that (r + δ)∆(k) = y(k) − y(k − 1) − rV u + φ(∆(k + 1)) − φ(∆(k)) ≥ y(k) − y(k − 1) − rV u > y(k + 1) − y(k) − rV u > y(k + 1) − y(k) − rV u + φ(∆(k + 2)) − φ(∆(k + 1)) = (r + δ)∆(k + 1), where the first inequality follows because φ(·) is increasing and ∆(k + 1) ≥ ∆(k), the second by the strict concavity of y(·), and the third because φ(·) is strictly increasing and k is maximal so that ∆(k + 2) < ∆(k + 1); the last equality follows by (32) for n = k + 1. Thus ∆(k) > ∆(k + 1), a contradiction, which implies that ∆(·) is strictly decreasing. 3. Substituting from (9) into (6) establishes the expression for wages in the statement of the second part of the Proposition. From this equation, along with the first part of the Proposition, it is immediate that wages are decreasing in n. Proof of Proposition 2. The proof proceeds by backward induction. First, providing that the contracts signed by incumbent workers specify nonnegative wages and transfer payments, because y(n) − y(n − 1) < b for n sufficiently large, there is a last worker it is profitable for the firm to hire. Suppose without loss of generality that the contracts signed by the first n ˆ − 1 workers hired by a firm are such that a positive surplus is generated for the firm by hiring one further worker, but that there is no possible contract such that it will be profit-maximizing to hire additional workers. Then one possible bilaterally efficient contract signed by the n ˆ th worker and the firm specifies tnˆ (k) = 0 25



for all k ≥ n ˆ + 1 and chooses the wage wnˆ (ˆ n) to split the surplus in ratio β : (1 − β). Next, anticipating that the n ˆ th worker will sign such a contract, there are also many possible optimal contracts that could be signed by the firm and the (ˆ n − 1)st worker. One suitable contract is constructed by setting wnˆ −1 (ˆ n) = wnˆ (ˆ n), and choosing wnˆ −1 (ˆ n − 1) and tnˆ −1 (ˆ n) so as to split the bilateral surplus in ratio β : (1 − β) and so that the transfer exactly compensates the worker for the loss in value associated with the hiring of the n ˆ th worker. Moreover, the refinement that the contract be bilaterally renegotiation-proof requires that the contract take this form. Continuing inductively allows the contract of each worker hired, from the (ˆ n−2)nd to the first, to be constructed analogously. The resulting allocation satisfies that n ˆ = n∗ , with wn+1 (k) = w(k) for k ≤ n+1 leqn∗ and tn+1 (k) = t(k) for k ≤ n + 1 ≤ n∗ − 1. Moreover, bilateral renegotiation-proofness specifies the contracts, and therefore the equilibrium, uniquely. Proof of Proposition 3. I give a proof which applies to the general case in which bargaining power depends on firm size, so that (6) is replaced by (26). Proposition 1 guarantees the uniqueness of S(·) and of vacancy-posting v(·), taking the values of θ and of V u ≥ b as given. I can therefore define two functions χ, ω : R+ × R → R as follows. • χ(θ, V u ) is the value of S(0) obtained by a firm taking θ and V u as given and posting vacancies optimally; and h i P∞ g(n)v(n)β(n+1)[S(n+1)−S(n)] P∞ • ω(θ, V u ) is the value rV u − b + f (θ) n=0 produced using the sog(n)v(n) n=0



lution for S(·) and the vacancy-posting policy v(·) given in Proposition 1, along with the firm size distribution g(·) characterized by (20). Note that rV u − ω(q, rV u ) is just the expression on the right side of (18) for the value of an unemployed worker in an economy populated by firms behaving as already characterized. It is clear that (θ, rV u ) is part of an equilibrium allocation iff 0 = ω(θ, V u ) and k = χ(θ, V u ).



(33)



(To construct the remainder of the equilibrium allocation, choose e so that (21) is satisfied; the remaining equilibrium conditions are satisfied by construction.) It is immediate from (11) and (12) that (33) defines a continuous 1-manifold in R+ × R, with S(0) strictly decreasing in both θ and V u if there are active firms in equilibrium). It is therefore sufficient to show that ω restricted to this manifold defines a continuous function which takes both positive and negative values; the intermediate value theorem then gives the result. To establish this claim, first define v¯ to solve k=



1 max [y(n) − n¯ v] . r + δ n>0



(34)



A firm that pays flow payment of v¯ to each of its employees will just break even if and only if it can reach the employment level n∗ that maximizes the right side of (34) instantaneously on entry 26



and at zero cost. (If it does so, then V (n) = V u for all n, so that w(n) ≡ rV u and t(n) ≡ 0.) It follows that limθ→0 χ(θ, v¯) = k. Also, for v > v¯, χ(θ, v) < k by construction. Now, if θ → 0, then any firm will instantaneously hire n∗ ; thus in the limit, S(n) = S(n∗ ) for all n ∈ [0, n∗ ]. From the definition of ω(·), it follows that in this case, ω(θ, v¯) = v¯ − b. This is strictly positive by (2). ˆ b) = 0. Such a θˆ will exist provided that v¯ > b; In the other extreme, let θˆ > 0 satisfy χ(θ, assume this. By definition, ˆ b) = −f (θ) ˆ ω(θ,



Pn∗



n=0 g(n)v(n)β(n + 1) [S(n Pn∗ n=0 g(n)v(n)



+ 1) − S(n)]



ˆ > 0, and S(n + 1) − S(n) > 0 for each n. Thus the only possibilities are If θˆ is positive, then f (θ) ˆ b) < 0. That is, if v¯ − b > 0, then C that θˆ = 0 (which is impossible since v¯ 6= b) or that ω((θ), contains points at which ω takes values of opposite signs, which completes the proof of the existence of an equilibrium via the intermediate value theorem. Proof of Proposition 4. This result is a straightforward consequence of the more general Proposition 7 (proved below). Consider a steady-state equilibrium allocation. According to Proposition 7, ˆ ˆ − 1) take some constant value λ ¯ for all 1 ≤ n ≤ n∗ . Then (44) efficiency requires that λ(n) − λ(n implies that   ¯−µ c0 (v(n)) = q λ ˆ , so that also v(n) ≡ v¯ is constant for 1 ≤ n ≤ n∗ . Rearrange (43) analogously to (48) and substitute ˆ ˆ − 1) = λ ¯ to deduce that that v(n) is constant and λ(n) − λ(n   ¯ − c(¯ ¯−µ ˆ (r + δ)λ v ) + q¯ v λ ˆ − (r + δ)λ(n) − (n − 1)λu = −y(n − 1).



(35)



All but one term on the left side of (35) is a constant, and by hypothesis the remaining term is an affine function of n, while the right side is strictly convex in n. This equation needs to be satisfied whenever 1 ≤ n ≤ n∗ . If n∗ ≥ 3, this cannot be true. ˆ If n∗ = 2, so that v(2) = 0 but v(1) > 0, then the HJB equations defining λ(n) for n = 0, 1, 2 take the form   ˆ ¯−µ (r + δ)λ(0) = −c(¯ v ) + q¯ v λ ˆ   ˆ ¯−µ ˆ (r + δ)λ(1) = y(1) − λu − c(¯ v ) + q¯ v λ ˆ (r + δ)λ(2) = y(2) − 2λu . ˆ The multiplier on e, equation (38), establishes that λ(0) = k. Taking first differences then proves that h i ¯ = (r + δ) λ(1) ˆ ˆ (r + δ)λ − λ(0) = y(1) − λu
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and h i   ¯ = (r + δ) λ(2) ˆ ˆ ¯−µ (r + δ)λ − λ(1) = y(2) − y(1) − λu + c(¯ v ) − q¯ v λ ˆ = y(2) − y(1) − λu − (r + δ)k, which establishes that y(2) − 2y(1) = (r + δ)k. The left side of this equation is negative since y(·) is strictly concave; the right side is positive, which is a contradiction. Finally, if both in the equilibrium and in the efficient allocation only firms with no incumbent workers post vacancies, the Hosios condition is necessary and sufficient for efficiency. Proposition 8 ˆ ˆ establishes necessity. The proof of sufficiency is elementary. Define λ(1) = S(1), λ(0) = S(0) = k, λu = V u , and µ ˆ = β [S(1) − S(0)], where β satisfies the Hosios condition. Then define λ(1) = u ˆ ˆ λ(1) + λ , λ(0) = λ(0), and µ = µ ˆ + λu . Then (38) follows from (17), and (40) follows because from (18), rλu = rV u = b + f (θ)β [J(1) − J(0)] = b + f (θ)ˆ µ. (41) and (42) are just (11) and (12) rearranged. Finally, to see that (39) holds, multiply by θ/[v(0)g(0)] and use the consistency condition θu = g(0)v(0) to see that it is equivalent to show that µ + θq 0 (θ)λ(1) − f 0 (θ)λu = 0. Proof of Proposition 5. Again, this result is a consequence of Proposition 7, proved below. According to the first-order condition for vacancy-posting (42), firms in the constrained efficient allocation ˆ ∗)−µ ˆ ∗ + 1) − λ(n ˆ ≤ 0. Using stop posting vacancies at the smallest size n∗ which satisfies λ(n P



(43), it follows that this is the smallest n such that



P y(n+1)−y(n)−rV u r+δ



P



≤µ ˆ. Equivalently, n∗P is the



least value satisfying y(n∗P + 1) − y(n∗P ) ≤ rV u + (r + δ)ˆ µ.



(36)



The analogous argument using (11) and (12) establishes that under bargaining with commitment, firms stop posting vacancies at the smallest size n∗E at which S(n∗E +1)−S(n∗E ) ≤ 0, or equivalently, the smallest value satisfying y(n∗E + 1) − y(n∗E ) ≤ rV u .



(37)



Comparing (36) and (37) establishes the result immediately since µ ˆ > 0. The general equilibrium result is immediate from the partial equilibrium result, together with the observation that rV u falls in general equilibrium since welfare must be lower in a constrained inefficient allocation. Proof of Proposition 6. The reason that constrained efficiency is not obtained in the absence of taxes and transfers is that the intensity of vacancy-posting of firms of different sizes will not be efficient; in addition, if the Hosios condition does not hold in the appropriate average sense, entry will not be efficient conditional on vacancy-posting. This can be rectified if the planner imposes a ˆ + 1) − λ(n)) ˆ lump-sum tax on a firm with n incumbent workers so that it pays µ ˆ − β(λ(n in order to hire an (n+1)st employee. The µ ˆ component of the tax forces the firm to internalize the externalities its posting of vacancies imposes on other firms. The remaining component makes the firm the full remaining residual claimant on the surplus generated by its hiring of a new worker. (In fact, since ˆ + 1) > λ(n) ˆ λ(n for firms which post vacancies, this component is a subsidy: it compensates the firm for rent extracted by workers.) With this choice of tax scheme, firms’ private incentives for 28



both vacancy-posting and entry coincide with the social marginal values of these activities, so that the allocation generated by the equilibrium with taxes and transfers is constrained efficient. Proof of Proposition 7. The first-order conditions for an efficient allocation with respect to e, θ, u, g(n), and v(n) can respectively be written 0 = −k + λ(0) "



(38)



0 = µ f 0 (θ)u − q 0 (θ)



∞ X



# g(n)v(n) + q 0 (θ)



n=0



∞ X



g(n)v(n) [λ(n + 1) − λ(n)] − f 0 (θ)uλu



(39)



n=0



rλu = b + f (θ) [µ − λu ]



(40) u



rλ(n) = y(n) − cv(n) + qv(n) [λ(n + 1) − λ(n) − µ] − δ [λ(n) − nλ ] 0 = qg(n) [λ(n + 1) − λ(n) − µ] − g(n)c0 (v(n))



(41) (42)



where the last equation applies only if v(n) > 0. Here, as defined in the main text before the statement of the Theorem, µ is the multiplier on (23), (λ(n))∞ n=0 are the multipliers on (24), and u u ˆ λ is the multiplier on (25); and I write µ ˆ = µ − λ and λ(n) = λ(n) − nλu . If the equilibrium allocation is efficient, it must be that I can find values of the multipliers µ, λu , and {λ(n)}∞ n=0 so that where v(·) and θ are the equilibrium vacancy posting strategy and market tightness, equations (38) through (42) are all satisfied. Write n∗ for the least n such that v(n) = 0. Rearrange (41) as h i ˆ ˆ + 1) − λ(n) ˆ (r + δ)λ(n) = y(n) − nrλu − c(v(n)) + qv(n) λ(n −µ ˆ



(43)



h i ˆ + 1) − λ(n) ˆ c0 (v(n)) = q λ(n −µ ˆ .



(44)



and (42) as



Compare (44) with (11) (generalized to allow for firm size-dependent bargaining power) to deduce that if n < n∗ , then h



i ˆ + 1) − λ(n) ˆ λ(n −µ ˆ = (1 − β(n + 1)) [S(n + 1) − S(n)]



(45)



ˆ ∗ + 1) − λ(n ˆ ∗) − µ while λ(n ˆ < 0. The next step of the proof is to show that λu = V u . To do this, first observe that because v(n∗ ) = 0, the first-order condition for the efficient value of g(n∗ ) takes the simple form (r + δ)λ(n∗ ) = y(n∗ ) − n∗ rλu , whereas the HJB equation for a firm with n∗ workers is (r + δ)J(n∗ ) = y(n∗ ) − n∗ rV u .
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It follows that (r + δ) [λ(n∗ ) − S(n∗ )] = n∗ r [V u − λu ] .



(46)



Next, write the HJB equation for a firm with n∗ − 1 workers as in (31) as (r + δ) [S(n∗ ) − S(n∗ − 1)] − c(v(n∗ − 1)) + qv(n∗ − 1)(1 − β(n∗ )) [S(n∗ ) − S(n∗ − 1)] = (r + δ)S(n∗ ) − y(n∗ − 1) + (n∗ − 1)rV u .



(47)



and analogously rearrange (43) in the case n = n∗ − 1 as h i h i ˆ ∗ ) − λ(n ˆ ∗ − 1) − c(v(n∗ − 1)) + qv(n∗ − 1) λ(n ˆ ∗ ) − λ(n ˆ ∗ − 1) − µ (r + δ) λ(n ˆ ˆ ∗ ) − y(n∗ − 1) + (n∗ − 1)λu . = (r + δ)λ(n



(48)



Subtract (47) from (48) and substitute from (45) and (46) to see that h i ˆ ∗ − 1) − S(n∗ − 1) = (n∗ − 1)r [V u − λu ] . (r + δ) λ(n Continue inductively to establish that for each n ≤ n∗ , h i ˆ (r + δ) λ(n) − S(n) = nr [V u − λu ] , and then take first differences to establish that whenever 1 ≤ n ≤ n∗ , h



i u u ˆ ˆ − 1) − [S(n) − S(n − 1)] = rV − rλ . λ(n) − λ(n r+δ



(49)



Compare (49) with (45) to deduce that β(n) [S(n) − S(n − 1)] = µ ˆ−



rV u − rλu r+δ



(50)



which is constant and independent of n. The HJB equation for an unemployed worker then implies that u



Pn∗ −1



rV = b + f (θ)



n=0



g(n)v(n)β(n + 1) [S(n + 1) − S(n)] , Pn∗ −1 n=0 g(n)v(n)



a weighted average of equal terms; it follows that  rV u − rλu rV = b + f (θ) µ ˆ− . r+δ u







Write (40) as rλu = b + f (θ)ˆ µ and subtract to deduce that rV u − rλu = −f (θ) so that V u = λu .
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rV u − rλu , r+δ



ˆ It now follows immediately from (46) that λ(n) = S(n) for n ≤ n∗ , so that (28) now follows immediately from (50). The converse, that if (28) holds then the equilibrium is constrained efficient, follows immediately from the fact that in this case, the values S(·) and V u solve the first-order conditions for the planner’s problem, together with the concavity of that problem. Proof of Proposition 8. Rewrite (39) by multiplying by θ and substituting for u using the constraint (23) to see that X ∞ ∞ h i X f 0 (θ)q(θ) 0 ˆ + 1) − λ(n) ˆ µ ˆ − q (θ) g(n)v(n) + q 0 (θ) g(n)v(n) λ(n = 0. f (θ) 



n=0



n=0



Replacing f (θ) = θq(θ) implies that f 0 (θ)q(θ)/f (θ) = q(θ)/θ + q 0 (θ). Substitute this expression and use (28) to obtain that µ ˆ



∞



∞



n=0



n=0



X µ ˆ q(θ) X g(n)v(n) + q 0 (θ) g(n)v(n) = 0, θ β(n + 1)



(51)



so that either µ ˆ = 0 (which implies that µ = λu , so that the shadow value of a match is the same as the value of an unemployed worker, which happens only if the economy is not productive enough to generate positive entry) or else (29) holds.
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