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Barycentric Coordinates on Surfaces Raif M. Rustamov Drew University, Madison NJ, USA



Abstract This paper introduces a method for defining and efficiently computing barycentric coordinates with respect to polygons on general surfaces. Our construction is geared towards injective polygons (polygons that can be enclosed in a metric ball of an appropriate size) and is based on replacing the linear precision property of planar coordinates by a requirement in terms of center of mass, and generalizing this requirement to the surface setting. We show that the resulting surface barycentric coordinates can be computed using planar barycentric coordinates with respect to a polygon in the tangent plane. We prove theoretically that the surface coordinates properly generalize the planar coordinates and carry some of their useful properties such as unique reconstruction of a point given its coordinates, uniqueness for triangles, edge linearity, similarity invariance, and smoothness; in addition, these coordinates are insensitive to isometric deformations and can be used to reconstruct isometries. We show empirically that surface coordinates are shape-aware with consistent gross behavior across different surfaces, are well-behaved for different polygon types/locations on variety of surface forms, and that they are fast to compute. Finally, we demonstrate effectiveness of surface coordinates for interpolation, decal mapping, and correspondence refinement.



1. Introduction Barycentric coordinates, which encode the location of a point with respect to a planar polygon (or polyhedron in 3D), have found many practical applications in computer graphics and other fields that involve geometric processing. Among such applications are interpolation, shading, free-form deformation of images and meshes, generalized Bézier surfaces, parametrization, interior distance measurement, image cloning, shape retrieval, and finite elements. To increase the scope of the applications it is useful to define barycentric coordinates in the setting of polygons lying on surfaces. It is desirable that such coordinates generalize existing planar coordinates, are intrinsic (insensitive to isometric deformations), and are fast to compute. While a variety of ways have been proposed for computing barycentric coordinates in the planar setting (e.g. Wachspress [Wac75], Mean Value [Flo03, HF06], etc.), the research in the surface setting remains very limited. A complete success has only been achieved for polygons on the sphere [ANS96, CON99, JSWD05, LBS06]. Constructions exist on sphere-like surfaces [ANS96] and the hyperbolic plane [Har03], but these are restricted to triangles. The goal of this work is to provide a method for definc 2010 The Author(s)
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Figure 1: Barycentric coordinate with respect to the vertex v1 of a surface triangle. ing and efficiently computing barycentric coordinates with respect to polygons on general surfaces (Figure 1). Our construction is geared towards injective polygons (polygons that can be enclosed in a metric ball of an appropriate size) and is guided by the following observation. The defining properties of barycentric coordinates can be transferred to the surface setting directly except for the linear precision property. In the surface setting it both contradicts another defining property (partition of unity) and depends on the embedding of the surface, which renders the resulting coordinates sensitive
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to deformations. Therefore, we replace the linear precision property of planar coordinates by an equivalent requirement in terms of center of mass, and generalize this requirement to the surface setting using the concept of the Riemannian center of mass. In addition to being natural, this approach has the following benefits. First, these coordinates generalize existing planar coordinates: for any given choice of planar coordinates, one obtains a construction of barycentric coordinates with respect to polygons on surfaces. When the underlying surface is the plane one gets back the planar coordinates one chose. In addition, many useful properties of the planar coordinates transfer to the surface setting. Second, our definition is based on the intrinsic properties of the surface, namely geodesic distances, and is independent of the particular embedding of the surface in space. This renders the resulting coordinates insensitive to isometric deformations. Moreover, surface coordinates can be used to reconstruct isometric maps between surfaces. Third, these coordinates are easy to implement and fast to compute. In fact, after preprocessing, their computation is as fast as computing planar barycentric coordinates. The main contribution of this paper is the proposed approach for defining (Section 3) and constructing (Section 4) barycentric coordinates with respect to injective polygons on surfaces. We also prove the theoretical properties of these coordinates (Section 5). After providing more detail about their computation in discrete setting (Section 6), we present their practical evaluation (Section 7) and applications (Section 8). 2. Previous Work Planar barycentric coordinates have been attracting a lot of attention recently. A variety of ways have been proposed for computing such coordinates, including but not limited to Wachspress [Wac75], Mean Value [Flo03,HF06], Positive Mean Value [LKCOL07], Harmonic [FHK06,JMD∗ 07], and Maximum Entropy [HS08] coordinates. However, research regarding coordinates on surfaces remains very limited. A complete success has only been achieved for polygons on the (hemi)sphere. Barycentric coordinates with respect to spherical triangles were studied as early as by Mobius; their modern use in computer graphics is associated with the works of Alfeld et al. [ANS96] and Cabral et al. [CON99]. Next, they were extended to convex spherical polygons in the work of Ju et al. [JSWD05], who called the resulting coordinates “vector coordinates”. Finally, a construction in the case of arbitrary spherical polygons was introduced by Langer et al. [LBS06]. In all of these spherical constructions the original linear precision property of barycentric coordinates was preserved at the cost of sacrificing the partition of unity property. The construction of Langer et al. reduces the computation of spherical coordinates to that of the planar coordinates in



the tangent plane. While this strategy is similar to ours, they use gnomonic projection to achieve this reduction and we are not aware of any extensions of such an approach to general surfaces. In addition, if following Langer et al. one preserves the linear precision property in its original planar form, the resulting barycentric coordinates will strongly depend on the particular embedding of the surface in space and one would not be able to achieve insensitivity to deformations. Alfeld et al. [ANS96] also propose a construction of coordinates for triangles on sphere-like surfaces. These surfaces are “spheres” but with radius that is allowed to change from point to point. Given three points on such a surface, one considers the three corresponding vectors starting at the origin. These vectors constitute a basis for R3 . Therefore, the vector corresponding to a point on the surface can be written as a linear combination of these vectors. The coefficients in this linear combination give the barycentric coordinates of this point. Not only is such an approach limited to triangles, but also the original linear precision property of barycentric coordinates is preserved with the resulting sacrifices of partition of unity and insensitivity to deformations. A construction of barycentric coordinates for triangles on the hyperbolic plane can be found in mathematical literature [Har03]. This construction directly follows the planar definition based on triangle areas. The differences are that the point within the triangle is connected to the vertices via geodesic arcs, and the areas of the resulting hyperbolic triangles are used to define the coordinates. While being intrinsic and preserving the partition of unity property, this approach is limited to triangles. In addition, it is not clear what kind of linear precision property the resulting coordinates satisfy and how such a property would generalize to other surfaces. Our construction uses the concept of Riemannian center of mass which was first introduced by Élie Cartan [Car29] and later investigated in the works of Karcher [Kar77] and Kendall [Ken90]. This concept has found some important applications in geometry, Lie group theory, and intrinsic statistics. It has also recently been drawing the attention of the machine learning community; some of the applications include the out-of-sample pre-image problem [Sol06, EKS07, TSK09] and a generalization of the mean shifts to manifolds [SM09]. In computer graphics literature, Buss and Fillmore [BF01] use the Riemannian center of mass to define Bezier and B-spline curves on spheres.



3. Definition Our goal is to generalize the definition of planar barycentric coordinates to the setting of polygons on surfaces. A surface polygon is similar to a planar one except that the straight line segments are replaced by the geodesic segments connecting the vertices. Let {vi }ni=1 be the vertices of such a polygon, and p be a surface point within the polygon. We seek to define the barycentric coordinates bi (p), i = 1...n. c 2010 The Author(s)
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The defining properties of planar barycentric coordinates are as follows: the Lagrange property requires that bi (v j ) = δi j (the Kronecker delta); partition of unity requires the coordinates to add up to one, ∑ bi (p) = 1; linear precision property is that the equality ∑ bi (p)vi = p holds, where vi and p are considered as vectors. These defining properties of barycentric coordinates can be transferred to the surface setting directly except for the linear precision property. In the surface setting it both contradicts the partition of unity property (e.g. consider the case when all polygon vertices lie on the intersection of the surface with a plane, but p is not on that plane) and depends on the embedding of the surface, which renders the resulting coordinates sensitive to deformations. Therefore, we replace the linear precision property by a new requirement which we call the “center of mass property”. The planar linear precision property ∑ bi (p)vi = p is equivalent to requiring that the point p is the center of mass of the point set {vi }ni=1 where the vertex vi has mass bi (p). We generalize this reformulation of the linear precision property to surfaces by requiring that p is the Riemannian center of mass of the point set. In the rest of this section we elaborate on the concept of the Riemannian center of mass. The center of mass on Riemannian manifolds is introduced by modeling on Euclidean geometry. Let v1 , v2 , ..., vn be a set of points with corresponding masses m1 , m2 , ..., mn . In the Euclidean case it is known that the center of mass of this pointset is the (unique) point minimizing the function U(x) = ∑ mi d 2 (x, vi ), where d(·, ·) is Euclidean distance. This can be directly extended to surfaces by replacing Euclidean distances with geodesic distances; the local minima of the function U(x) in this case are called the Riemannian centers of mass. Rigorous results about the uniqueness of Riemannian center of mass are provided in Karcher [Kar77] and Kendall [Ken90]; a summary can be found in Pennec [Pen06]. The main theorem is that if the points vi are not “too far” from each other, then there exists a unique Riemannian center of mass. To make this more precise we will need the following definitions that we borrow from [Pen06]. The metric ball B(y, r) = {x | d(y, x) < r}, where d(y, x) is the geodesic distance between y and x, is called geodesic if there exists a unique minimizing geodesic from the center y to any point in B(y, r); i.e. if r is smaller than the injectivity radius p at y. The ball is called regular if its radius satisfies 2r max(0, k) < π, where k is the maximum of the Riemannian curvature (equivalent to Gaussian curvature for surfaces) in this ball. For example, on the unit sphere the curvature is k = 1, and thus any geodesic ball of radius r < π/2 is regular. Such a ball can almost cover a hemisphere, but not the equator. For surfaces of non-positive curvature, a regular geodesic ball can be as large as desired. Theorem (Karcher [Kar77]) If the points {vi }ni=1 are contained in a geodesic ball B(y, r) and if the ball of double radius B(y, 2r) is still geodesic and regular, then the potenc 2010 The Author(s)



c 2010 The Eurographics Association and Blackwell Publishing Ltd. Journal compilation 



tial U(x) is convex and achieves a unique minimum within the ball B(y, r). Moreover, this point of minimum is characterized by being the unique zero of the gradient vector field ∇U(x) within B(y, r). In the rest of the paper we will only consider polygons for which this theorem holds. Namely, we assume that the vertices of polygons can be enclosed in a regular geodesic ball as in Karcher’s theorem, and we call these injective polygons. The edges and the interior of an injective polygon will be necessarily contained within the geodesic ball as well. Also note that any two points within a regular geodesic ball are connected by a unique geodesic (which will lie within the ball, cf. [Ken90]).



4. Construction In this section we provide a general framework for constructing barycentric coordinates satisfying our definition. For any choice of planar barycentric coordinates (e.g. mean value coordinates) we show how to obtain the corresponding barycentric coordinates on surfaces. The construction is based on the following observation. For a given surface point p let bi = bi (p), i = 1, ..., n the sought barycentric coordinates. The center of mass property together with Karcher’s theorem (Section 3) imply that ∇U(x) = ~0 must hold at x = p, where U(x) = ∑ bi d 2 (x, vi ). Consider the (scaled) gradient vectors 1 ~gi = − ∇(d 2 (x, vi )) 2 x=p lying in the tangent plane to the surface at the point p. The scaling was introduced in order to simplify notation and dis-



Figure 2: The construction of surface coordinates. The (scaled) gradient vectors of squared geodesic distances and the polygon formed by their endpoints are shown on the tangent plane to the surface at the point p. The surface barycentric coordinates are equal to the planar barycentric coordinates of p with respect to the dashed polygon.
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cussions in the sequel. We have that 1 − ∇U(x) = ∑ bi~gi = ~0. 2 x=p



(1)



Together with partition of unity this implies that bi are planar barycentric coordinates of ~0 (which on the tangent plane can be identified with the point p) with respect to the polygon generated by gradient vectors ~gi . Using this observation we compute the surface barycentric coordinates as follows, see Figure 2. First, for consistency, we fix a choice of planar barycentric coordinate type, e.g. mean value coordinates. Second, we compute the gradient vectors ~gi of squared distances from the surface polygon vertices. Third, we set bi equal to planar barycentric coordinates of p with respect to the polygon whose vertices are the endpoints of the gradient vectors ~gi (the dashed polygon in Figure 2); this polygon, which we will call the gradient polygon, is endowed with the same connectivity as the surface polygon. In general the gradients ~gi can be obtained via a divided difference approximation. However, an explicit form for the (scaled) gradient of squared geodesic distance exists, namely, ~gi = exp−1 p (vi ) (cf. [Kar77]). Here, the inverse exponential map exp−1 p (vi ) (cf. [Ber03]) is the vector in the tangent plane at p that points in the direction (within an infinitesimal neighborhood at p) of the geodesic connecting p to vi , and has length equal to the geodesic distance between p and vi . The involved geodesic is unique as mentioned at the end of the last section. In the next section we will prove that our construction provides barycentric coordinates with desirable properties. At an intuitive level, one can see that this construction provides coordinates commensurable with planar coordinates. Loosely stated, due to the inverse exponential map, the vertices of the gradient polygon are located at the “correct” directions and distances from the point p. For comparison, consider the spherical barycentric coordinate construction of Langer et al. [LBS06] who use a similar strategy of reduction to planar coordinates. They obtain the planar polygon via the gnomonic projection onto the tangent plane (shoot a radial ray through the point on the sphere, take the intersection point with the plane). The vertices of this gnomonic polygon are located at the “correct” directions with respect to p, but the distances are given by a non-linear function of the geodesic distance. 5. Theoretical Properties This section is devoted to describing the properties of surface barycentric coordinates obtained using the construction above. In particular, we will argue that these coordinates satisfy the defining properties, inherit properties of planar coordinates, are isometry invariant, and smooth. Defining properties: We start by proving that the resulting



coordinates indeed satisfy our definition. The partition of unity and center of mass properties are satisfied by construction. The Lagrange property is satisfied because if a point p coincides with a surface polygon vertex v j , then the gradient vector ~g j = ~0 and in the tangent plane p will coincide with the j-th vertex of the gradient polygon (the polygon whose vertices are the endpoints of the gradient vectors ~gi ). Since the planar coordinates with respect to the gradient polygon satisfy the Lagrange property, we will also have bi (p) = δi j . Unique reconstruction: The linear precision property of planar barycentric coordinates allows reconstructing a point when given its barycentric coordinates. Similarly, the center of mass property provides a way of uniquely reconstructing a surface point if its surface coordinates are given. This follows from the injectivity assumption on the polygon and Karcher’s theorem in Section 3. Planar reproduction: When the underlying surface is the plane, the surface coordinates are equal to the planar coordinates used in the construction. The reason for this is that the gradient polygon coincides with the original polygon, and one would be computing the planar coordinates with respect →i as can be seen to this polygon. Indeed, on the plane ~gi = − pv from the explicit form of the gradient vectors in terms of the inverse exponential map. Uniqueness on triangles: On planar triangles only a single system of barycentric coordinates exists – one gets the same coordinate values for a point no matter what construction (e.g. Mean Value, Maximum Entropy) one uses to obtain them. This property is inherited by our construction as well. Indeed, the gradient polygon would be a triangle, and a single set of coefficients exists to make Eq. (1) hold. This set of coefficients will be the unique surface barycentric coordinates for the point in the surface triangle. Edge linearity: The edges of surface polygons are geodesics; along these edges the surface coordinates display the following behavior. Suppose that vi and v j are adjacent vertices in the polygon, then for any point p on the edge vi v j we have bk (p) = 0 for all k 6= i, j, and bi (p) = 1 − d(p, vi )/d(vi , v j ); similarly for b j . In other words, on the edges the coordinates either vanish or behave like hat functions. This property is inherited from the similar property of the planar barycentric coordinates. Indeed, if p is on the edge vi v j , then in the tangent plane we have that p belongs to the edge of the gradient polygon connecting the endpoints of ~gi and ~g j ; the exact formula now follows from the explicit form of the gradient vectors, namely the fact that the lengths of the gradient vectors are equal to the corresponding geodesic distances. Similarity invariance: Planar barycentric coordinates do not change when a uniform scaling is applied to the ambient Euclidean space. A similar property is inherited by the surface coordinates: if the surface is uniformly scaled, then the coordinates stay the same. Indeed, such a scaling will keep c 2010 The Author(s)
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the directions of the gradient vectors the same but scale their lengths by the same factor. The gradient polygon will be uniformly scaled with respect to the origin (identified with the point p in the tangent plane) and, so the planar barycentric coordinates will not change, meaning that the surface coordinates will stay the same. Smoothness: Surface coordinates are smooth in the interior, provided that the planar coordinates used in the construction are polygon smooth, namely if barycentric coordinates of a fixed point strictly inside a planar polygon depend smoothly on the polygon vertex locations. This assumption implies the smoothness of surface coordinates because the gradient polygon depends smoothly on point p. Indeed, due to the injectivity assumption on the surface polygon, its vertices are located within the injectivity radius of p (because any two points within a regular geodesic ball are connected by a unique geodesic, cf. [Ken90]), so the squared geodesic distances appearing in the potential U(·) and their gradients depend smoothly on p. While we intuitively expect mean value (Floater [Flo03] proves this in a special case) and harmonic coordinates to be polygon smooth, a rigorous proof is beyond the scope of this paper. Isometry invariance: If the surface is isometrically deformed, then the coordinates of the deformed point with respect to the deformed polygon will stay the same. Indeed, the gradient polygon used in the construction is obtained in terms of intrinsic quantities of the surface, namely the inverse exponential map. As a result, the gradient polygon will stay the same, and the computed coordinates will be the same as before the deformation. Isometry reconstruction: Planar barycentric coordinates have the following property: if a polygon undergoes a rigid transformation, then one can apply barycentric interpolation to the new vertex positions to determine where any point within the polygon maps under this transformation (compare to cage-based editing when the cage undergoes a rigid transformation). A similar property holds for surface coordinates with respect to isometric transformations: an isometric map within an injective polygon can be reconstructed given the images of the polygon vertices. Since this property is used in one of our applications in Section 8, we provide more details. Given two isometric surfaces S and S0 with the isometric map φ : S → S0 , let {vi }ni=1 be a polygon in S, and {v0i = φ(vi )}ni=1 the corresponding polygon in S0 . Consider the map ψ : S → S0 defined as follows. For a point p ∈ S within the polygon, let bi (p) its surface coordinates with respect to the polygon {vi }ni=1 . Define ψ(p) ∈ S0 to be the unique Riemannian center of mass of the pointset {v0i }ni=1 with masses bi (p). Then it is true that φ = ψ within the polygon. To prove this property, for a point p ∈ S within the polygon consider its image p0 = φ(p) ∈ S0 . Due to isometry invariance of surface coordinates, we know that the coordinates bi (p0 ) of p0 with respect to the polygon {v0i }ni=1 satc 2010 The Author(s)
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isfy bi (p0 ) = bi (p). By the center of mass property we have that p0 is the Riemannian center of mass of the pointset {v0i }ni=1 with masses bi (p0 ) = bi (p). As a result, we have ψ(p) = p0 = φ(p).



6. Computation and Complexity In this section we provide more details about the computation of surface coordinates on triangle meshes. The main component in computing the coordinates is the inverse exponential map exp−1 p (vi ) which can be inferred given the geodesic connecting the points p and vi . In the discrete setting this geodesic is a poly-line; the first straight segment (the one that contains p) of this poly-line is projected onto the tangent plane at p to obtain a vector in the direction of exp−1 p (vi ). To obtain the actual value of the inverse exponential map, we rescale this vector to have length equal to the geodesic distance between p and vi . We compute the geodesics using the exact geodesic algorithm [MMP87, SSK∗ 05]. The projection onto the tangent plane is done using the normals at mesh vertices, estimated as the averages of per-face normals with the weights proposed by Max [Max99]. When projecting onto the tangent plane poses robustness issues (e.g. the coarse cheetah mesh in Figure 7) we employ the approach of Welch and Witkin [WW94] to “flatten” the one-ring neighborhood of a vertex. Namely, consider the triangles in the one-ring together with the segments (needed for the computation of the inverse exponential map) they contain; we uniformly scale all the angles (including the angles between segments and triangle edges) incident to the vertex to sum to 2π, so as to transform the one-ring neighborhood into a planar configuration; using the transformed segments we obtain the inverse exponential map vectors as described before. Next we estimate the computational complexity of computing the coordinates with respect to surface polygons with n vertices. The underlying triangular surface mesh has M vertices. We consider two approaches best suitable for two different scenarios and show that after preprocessing, the complexity of surface coordinate computation is the same as the complexity of planar barycentric coordinates. The first scenario is when the surface polygon is fixed, and the coordinates of r different points are computed. In the preprocessing step, from each polygon vertex we compute geodesics to all the mesh vertices We have to solve n instances of “single source, all destinations” problem, which has an average time complexity of O(nM 1.5 log M) (worst case is O(nM 2 log M)) when solved using the exact geodesic algorithm [MMP87, SSK∗ 05]. Now for each surface point we need to compute the planar barycentric coordinates with respect to its gradient polygon. The complexity of this step varies depending on the kind of the planar coordinates used; if mean value coordinates are assumed, the complexity is O(n), and the overall complexity of the computation for r
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Figure 3: Effect of surface shape on coordinates. Underlying surfaces are (from left to right) plane, sphere, hyperboloid, saddle, Matlab’s peaks.



surface points is O(nM 1.5 log M + nr). Note that this complexity is linear with respect to the polygon size. The second scenario is when a single surface point is fixed, and the coordinates with respect to s different ngons are computed. In the preprocessing step, we compute geodesics from the given point to all the mesh vertices. We have to solve an instance of “single source, all destinations” problem, which has an average time complexity of O(M 1.5 log M) (worst case is O(M 2 log M)). Now for each surface polygon we need to compute the planar barycentric coordinates of the point with respect to the gradient polygon. If mean value coordinates are assumed, the complexity is O(n) per polygon, and the overall complexity of the computation is O(M 1.5 log M + sn). Note that in this scenario the approximate inverse exponential map algorithm of [SGW06] can be used to reduce the complexity to O(M log M + sn). 7. Results In order to investigate the practical properties of surface coordinates, we ran a set of experiments using a variety of 3D meshes and synthetic models. In these experiments, our goals are to understand how the coordinates behave on different surfaces, to test their properties empirically, and to make qualitative comparisons to planar barycentric coordinates. Due to their computational efficiency, we use mean value coordinates [Flo03, HF06] as the planar coordinates in our construction. For the experiments, we compute surface coordinates with respect to a polygon and visually evaluate the results. For ease of visualization, we select a single vertex of the polygon and then display the corresponding coordinate for all points in the interior of the polygon. This polygon vertex is depicted as a dark red point; twenty equally spaced isocontours of the coordinate function are shown. The following color coding is used to enhance the visual information content: dark red represents large coordinate values, dark blue represents small values. The whole range of values taken by the coordinate – both positive and negative – is included for isocontouring and color coding. Figure 1 depicts the surface coordinates on a triangle. The coordinates display the behavior as expected from the planar



Figure 4: Coordinates shown on a variety of meshes.



case. The isolines within the triangle are approximately parallel to the base and are uniformly spaced. Also, on the two adjacent edges (to the vertex with respect to which coordinate function is displayed) we can see that the isolines are distributed uniformly. Figure 3 shows the effect of surface variation on the coordinates. In this experiment we controlled the polygon vertices to provide similar configurations on different types of surfaces. When compared, we can see that surface coordic 2010 The Author(s)
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Figure 5: Insensitivity of coordinates to isometric deformations.



|V| 2K 4K 8K 17K 27K 53K



|F| 4K 7K 16K 35K 56K 105K



Preprocess 0.81 1.25 5.46 7.12 12.71 28.04



Per-point 0.0018 0.0018 0.0019 0.0021 0.0024 0.0027



Table 1: Timing in seconds for coordinate computation with respect to an octagon for different sizes of 3D surface models. During the preprocessing the geodesic distances from polygon vertices to all mesh vertices are computed together with the data structure needed to determine the geodesic paths. Given the preprocess data, the last column shows the time needed to compute the surface coordinates for a single point. This involves computing the gradient vectors (inverse exponential map) and finding the mean value coordinates with respect to the gradient polygon.



Figure 6: Effect of using different planar coordinates in surface coordinate construction: Mean Value (left) versus Maximum Entropy [HS08] (right).



nates display consistent isoline patterns across different surfaces, yet are also “shape-aware” and adapt to the surface behavior. The combined effect of surface and polygon type is studied in Figure 4. A variety of meshes with different types of polygons are shown. We can see that the coordinates are defined and well-behaved across different polygon types/locations on a variety of surface forms. Figure 5 shows that the surface coordinates are insensitive to isometric deformations of the underlying surface. Starting with a plane we deform (bend) it in a way that preserves geodesic distances. The same polygon is drawn on these surfaces. The resulting figure confirms the theoretical isometry invariance property of the surface coordinates.



8. Applications Interpolation: A standard application of planar barycentric coordinates is interpolation. Similarly, surface coordinates can be used to interpolate values given on polygon vertices to the interior. Given function values fi , i = 1, ..., n on the vertices of the polygon {vi }ni=1 , the interpolant is defined by f (p) = ∑ fi bi (p). Figure 7 shows the result of interpolating the height function (z-coordinate) from vertices into the interior of polygon. Since surface coordinates do not satisfy the linear precision property, our interpolation scheme does not reproduce the height function (or any other linear function of Cartesian coordinates). However, note that the obtained interpolant has isolines that approximately match those of height – an indication that the center of mass property provides an appropriate replacement for the linear precision property in this context. Due to edge linearity of surface coordinates, one can tile the surface with polygons and obtain a continuous interpolant on the entire surface. Higher order continuity can be achieved by adapting the techniques such as described by Farin [Far90].



Figure 6 shows the surface coordinates’ dependence on the choice of the planar barycentric coordinates used within our construction. Non-trivial variation in the behavior results from this choice, which provides a better assortment of coordinates for different applications. Compute time: Table 1 reports time in seconds to compute the surface coordinates for a variety of surface mesh sizes on a 3.06Ghz Intel T9900 processor. The main part of our implementation is done in MATLAB. To compute geodesics and vertex normals we call C++ libraries. Despite the fact that the main part of the code is unoptimized, coordinate computations still take milliseconds after preprocessing. c 2010 The Author(s)
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Figure 7: Interpolating the height function (z-coordinate) using surface coordinates.
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Figure 8: Decal mapping using surface coordinates and backward mapping.



Figure 9: Decal mapping examples obtained using surface coordinates. Decal mapping: Planar barycentric coordinates are known to provide an especially elegant solution to the problem of image warping, cf. [HF06]. We show that this solution can be extended to give local parameterizations that are useful for surface texturing by placing images – decals [Ped95, SGW06] – on surfaces. While the following procedure can be used for other types of polygons as well, for simplicity we will illustrate the approach for quadrilaterals. Given a user selected quadrilateral v1 v2 v3 v4 on the surface, for a point p within this quadrilateral we obtain its texture coordinates (U,V ) by the following procedure (Figure 8). First, compute the surface coordinates bi = bi (p), i = 1, 2, 3, 4 of p with respect to the surface quadrilateral. Next, consider the unit square in the UV plane, and set the point q equal to the linear combination of the square vertices with weights bi :           U 0 1 1 0 q= = b1 + b2 + b3 + b4 . V 0 0 1 1 The UV -coordinates of point q give the sought texture coordinates for point p on the surface. Figure 9 shows examples of decal mapping using this approach. Observe that we have a complete control over the boundary of the decal due to the edge linearity property of surface coordinates. Thus, when two decals are adjacent, the texture coordinates on the common boundary will coincide. In comparison, the exponential map decals of Schmidt et al. [SGW06] provide only control over the central portion of a decal, and not its boundary.



Figure 10: Colored spheres show the new correspondences found using surface coordinates. Labeled dark blue spheres depict the input coarse correspondence.



Correspondence refinement: We exploit the isometry reconstruction property of the surface coordinates in order to provide an approach to correspondence refinement. Given a coarse correspondence between two surfaces we would like to obtain a larger set of corresponding points. Let us denote the involved surfaces by S and S0 ; our input consists of corresponding point pairs (vi , ui ) ∈ S × S0 , i = 1, ..., n. For a given point p ∈ S we would like to construct a corresponding point p0 ∈ S0 . Let us assume that the points (or a subset of them) vi , i = 1, ..., n give an injective surface polygon that contains the point p. We use the map introduced during the discussion about the isometry reconstruction property to find the corresponding point p0 ∈ S0 . Namely, we compute the surface coordinates bi = bi (p) of point p with respect to the polygon {vi }ni=1 . The corresponding point p0 is found as the mesh vertex in S0 lying within the polygon {ui }ni=1 that minimizes the potential U(x) = ∑ bi d 2 (x, ui ). Figure 10 shows an experiment of correspondence refinement using this approach. In each row of the figure we show the initial coarse corresponding points as dark blue spheres with labels. The new correspondences found using our approach are shown as colored spheres. We can see that the approach works for polygons of different types: in this figure the surface coordinates are computed with respect to a triangle (cat) and quadrilateral (human and gorilla). We can also see that this approach is robust enough to give meaningful correspondences between objects from different classes, as evidenced by the second row of the figure. c 2010 The Author(s)



c 2010 The Eurographics Association and Blackwell Publishing Ltd. Journal compilation 



Raif M. Rustamov / Barycentric Coordinates on Surfaces



9. Conclusion and Future Work This work presents a novel definition and construction of barycentric coordinates on surfaces based on a reformulation of the linear precision property in terms of the Riemannian center of mass. The resulting coordinates properly generalize existing planar coordinates and carry some of their useful properties such as unique reconstruction of a point from its coordinates, uniqueness for triangles, edge linearity, and similarity invariance. In addition, these coordinates are insensitive to isometric deformations, can be used to reconstruct isometries, are easy to implement, and fast to compute. This work provides a small, first step and therefore has limitations that suggest topics for future work. A first topic suitable for further investigation is to characterize the theoretical and empirical properties of surface coordinates for different design choices. For example, our definition and construction of surface coordinates has an added degree of freedom provided by the choice of the distance d(·, ·) appearing in the potential U(·). This allows constructing new surface coordinates by varying the choice of the distance. In our initial implementation, we chose to use geodesic distances because the resulting coordinates provide a proper generalization of planar barycentric coordinates with provable properties. A drawback of geodesic distances is that we had to require polygons to be injective. Although this does not prevent producing useful results and applications, an interesting direction for future research would be to choose/design a distance that provides less restrictive analogues of Karcher’s theorem, and thus, obtain surface coordinates for a larger variety of polygons. Another interesting avenue for future work would be to investigate applications of surface coordinates in computer graphics and geometric modeling. We describe applications to interpolation, decal mapping, and surface correspondence, but we imagine that several other applications of surface coordinates will be possible. Acknowledgments We thank the reviewers for the constructive comments and suggestions that helped to streamline and clarify the exposition of the paper significantly. We are grateful to the senior reviewer for their extraordinary effort in improving the final version. We thank Szymon Rusinkiewicz for the very useful Trimesh2 library. We are thankful to Danil Kirsanov for making publicly available the MATLAB/C++ libraries for the exact geodesic algorithm. For the 3D models we thank Daniela Giorgi, AIM@SHAPE, and Project TOSCA [BBK08]. References [ANS96] A LFELD P., N EAMTU M., S CHUMAKER L. L.: Bernstein-Bézier polynomials on spheres and sphere-like surfaces. Computer Aided Geometric Design 13, 4 (1996), 333 – 349. 1, 2 c 2010 The Author(s)
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