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Some Results of Structure on Near Abelian Compact Groups Francesco G. Russo Department of Mathematics and Applied Mathematics University of Cape Town



Bern, Switzerland, 17 January 2017



The present talk is organized in the following sections:



I



Basic Notions



I



Classical Theorems on Compact Groups



I



Quasihamiltonian Compact Groups



I



Classical Results for Finite Quasihamiltonian Groups



I



Compact Near Abelian Groups



I



Preservation Properties of Near Abelian Groups



I



First Structure Theorem of Near Abelian Compact p-Groups



I



Second Structure Theorem of Near Abelian Compact p-Groups



I



The Main Classification Theorems



The material of the first three sections is inspired by: - K. H. Hofmann and S. A. Morris, The Structure of Compact Groups, de Gruyter, Berlin, 2013. - R. Schmidt, Subgroup Lattices of Groups, de Gruyter, Berlin, 1994.



The material of the next sections can be found here: - K. H. Hofmann and F. G. Russo, Near abelian profinite groups, Forum Math. 27 (2015), 647–698. - W. Herfort, Factorizing profinite groups into two abelian subgroups, Int. J. Group Theory 2 (2013), 45–47. - W. Herfort, K. H. Hofmann and F. G. Russo, Locally Compact Near Abelian Groups, Monograph 2016, 1– 197, in preparation.



1. Basic Notions A topological group is a group G with a topology such that the multiplication (x, y ) ∈ G × G 7→ xy ∈ G and the inversion x ∈ G 7→ x −1 ∈ G are continuous. If the topology is compact and Hausdorff, we say that G is a compact group. A locally compact group is a topological group such that the topology is Hausdorff and the identity has a compact neighborhood. The additive group R with the usual topology is a topological group. The multiplicative group R× with the induced topology is a topological group. More generally, the group A−1 of units of any Banach algebra A is a topological group. The general linear group Gl(n, R) of degree n is a topological group.



In Rn with the standard scalar product (x | y ) = x1 y1 + . . . + xn yn , Sl(n, R) = {g ∈ Gl(n, R) | det(g ) = 1} is a topological group, called special linear group of degree n over R, O(n, R) = {g ∈ Gl(n, R) | (gx | gx) = (x | x), ∀x ∈ Rn } denotes the orthogonal group of degree n and SO(n, R) = O(n, R) ∩ Sl(n, R) denotes the special orthogonal group of degree n. Replacing R with C and (x | y ) with (x | y ), we get the unitary group U(n, C) instead of O(n, R) and the special unitary group SU(n, C) instead of SO(n, R). O(n, R), SO(n, R), U(n, C) and SU(n, C) are compact groups for all n ≥ 1. A classical example of abelian compact group is the torus R/Z = T. Finite groups are compact when we consider the discrete topology.



It is not difficult to check that: (i) Subgroups of a topological group are topological groups wrt the induced topology. (ii) Quotients of topological groups are topological groups wrt the quotient topology. (iii) The cartesian product of topological groups is a topological group wrt the product topology. In the context of compact groups we should reformulate (i), (ii) and (iii) as follows: (1) If H is a closed subgroup of a compact group G , then H is a compact group. (2) If N is a closed normal subgroup of a compact group G , then G /N is a compact group. Q (3) If Gi is a compact group for each i ∈ I , then i∈I Gi is a compact group.



There is an additional (and interesting) property of invariance. Let J be a directed set, that is, a set with a reflexive, transitive and antisymmetric relation ≤ such that every finite nonempty subset has an upper bound. A projective system of topological groups over J is a family of morphisms {fjk : Gk → Gj | (j, k) ∈ J × J, j ≤ k}, where Gj are topological groups such that fjj = 1Gj and fjk ◦ fkl = fjl for all j, k, l ∈ J. Q Given a projective system of topological groups, P = j∈J Gj contains the closed subgroup G = {(gj )j∈J ∈ P | j ≤ k ⇒ fjk (gk ) = gj , ∀j, k ∈ J}, which is called projective limit and denoted by G = limj∈J Gj . Moreover, (4) If Gj is a compact group for each j ∈ J, then limj∈J Gj is a compact group.



Because of (4), we have many interesting constructions. If we have p prime, J = N, the abelian group of order p n Gn = ha | p n · a = 0i = Z(p n ) = Z/p n Z and consider fmn = ϕm ◦ ϕm+1 ◦ . . . ◦ ϕn−1 for m < n, where ϕn : z + p n+1 Z ∈ Z(p n+1 ) 7→ z + p n Z ∈ Z(p n ), the projective limit of this system is called the group Zp of p-adic integers. Here ϕ



ϕ



ϕ



ϕn



1 2 2 3 3 Z(p)←−Z(p )←−Z(p )← . . . Z(p n )←−Z(p n+1 ) . . .



One can see that Zp is compact, torsion-free and abelian. While T is connected, Zp is totally disconnected.



2. Classical Theorems on Compact Groups Compact groups can be found always in the cartesian product of unitary groups, but the cartesian product possesses a very rich structure, containing not only projective limits but many other groups different from the factors.



Theorem (Peter and Weyl, 1927) Let G be a compact group and 1 6= x ∈ G . (i) There exist an n ∈ N and a continuous homomorphism f : G → U(n, C) such that f (x) 6= 1. Q (ii) G can be always embedded in n∈N U(n, C).



Another important result may be shown in the abelian case. It shows that a compact abelian group is always the projective limit of groups which are extensions of tori by finite abelian groups, namely



Theorem (Structure of Compact Abelian Groups) If G is a compact abelian group, then G = limj∈J Gj , where Gj = G /Nj ∼ = Tn(j) × Ej , n(j) ∈ N, Nj is a closed normal subgroup of G and Ej is finite abelian.



There is a more general version of the previous theorem, due to Sophus Lie.



Proposition (Description of Compact Lie Groups) For a compact group G the following statements are equivalent: (1) G is topologically isomorphic to a closed subgroup of O(n, R) (or of U(n, C)) for some n. (2) There is a homomorphism ρ : G → O(n, R) (or ρ : G → U(n, C)) with ker ρ = 1. (3) There is a homomorphism ρ : G → Gl(n, R) with ker ρ = 1. (4) G is topologically isomorphic to a closed subgroup of the multiplicative group A−1 of some Banach algebra A. (5) There is a Banach algebra A and an injective morphism j : G → A−1 . (6) G has no small subgroups, that is, there is a neighborhood U of the identity such that for every subgroup of H the relation H ⊆ U implies H = 1. (7) G has no small normal subgroups, that is, there is a neighborhood U of the identity such that for every normal subgroup of H the relation H ⊆ U implies H = 1.



A compact group is a compact Lie group if it satisfies one of the properties above.



We may describe compact abelian Lie groups more properly.



Theorem (Structure of Compact Abelian Lie Groups) A compact abelian group G is a compact Lie group if and only if G ' Tn × E for some n ≥ 1, where E is an abelian finite group. Because of this theorem and of the structure of compact abelian groups: any compact abelian group is the projective limit of suitable compact abelian Lie groups In the noncommutative situation the following holds



Theorem (Approximation of Compact Groups by Lie Groups) If G is a compact group, then G = limN∈N (G ) G /N, where N (G ) = {N = N / G | G /N is a compact Lie group}. . . . but the structure of compact Lie groups is more sophisticated than Tn × E . . .



We may specialize the set N (G ), which is in fact a filter base, in F (G ) = {N = N / G | G /N is a finite group} and will say that G is profinite, if G = limN∈F (G ) G /N. Furthermore we may specialize N (G ) even in P(G ) = {N = N / G | G /N is a finite p − group} and will say that G is a pro-p-group, if G = limN∈P(G ) G /N. Of course, P(G ) ⊆ F (G ) ⊆ N (G ). An abelian profinite group decomposes as a direct product of its p-primary components (or p-Sylow subgroups), generalizing a well known fact from the finite case. A p-Sylow subgroup of a profinite group is called compact p-group. Compact p-groups may be torsion-free, in fact Zp is torsion-free.



The notion of commutativity, characterized by a large presence of permuting elements, may be interpreted from the perspective of the lattice of subgroups. If E is a finite abelian group and L(E ) denotes its lattice of subgroups, then we have both the conditions (A) xy = yx for all x, y ∈ E ; (H) XY = YX for all X , Y ∈ L(E ). If we remove the assumption “abelian” from E , we cannot work with (A) anymore but we could ask what happens in E if only (H) is true. In fact the quaternion group Q8 = hi, j, k | ij = k, jk = i, ki = j, i 2 = j 2 = k 2 = −1i satisfies (H) but not (A). Can we describe the structure of compact groups satisfying (H) above ? Of course we will find abelian groups, but what else ?



It is easy to see that H and K compact abelian ⇒ H × K compact abelian In other words the property (A) is invariant under direct products. But Q8 × Q8 does not satisfy (H). In fact, (j, 1) · (i, i) · (j, 1)−1 = (j, 1) · (i, i) · (j −1 , 1−1 ) = (j, 1) · (i, i) · (j −1 , 1) = (j, 1) · (i, i) · (−j, 1) = (−i, i) 6∈ h(i, i)i = {(1, 1), (i, i), (−1, −1), (−i, −i)}. Then: what happens for (A) and (H) with respect to projective limits ? We will answer this question later on. Now we will weaken “for all” in (H), introducing an interesting notion.



A brief comment of historical nature



Inscription: Here as he walked by on the 16th of October 1843 Sir William Rowan Hamilton in a flash of genius discovered the fundamental formula for quaternion multiplication i 2 = j 2 = k 2 = ijk = −1 cut it on a stone of this bridge



3. Quasihamiltonian Compact Groups If H is a closed normal subgroup of a compact group G , then HK = KH for all closed subgroups K in G . Then the property of being permutable is weaker than being normal.



Definition Let G be a compact group. (i) A closed subgroup H of G is quasinormal in G , if HK = KH for all closed subgroups K of G ; (ii) G is hamiltonian, if every closed subgroup is normal in G ; (iiii) G is quasihamiltonian, if every closed subgroup is quasinormal in G .



Of course, (ii) implies (iii), but the converse is false. In fact one can see that n



n−1



Mn = ha, b | b 2 = 1, b 2 satisfies (iii) but not (ii) for all n ≥ 2.



= a2 , bab −1 = a−1 i



Let M be the group of order 16 presented by M = ha, b | a2 = b 8 = 1, ba = ab 5 i. M has three subgroups of order 8, namely ha, b 2 i, hbi, and habi. Moreover one can see that (i) ha, b 2 i ∼ = Z(2) × Z(4), (ii) hbi ∼ = Z(8), (iii) habi ∼ = Z(8). (iv) Every proper subgroup of M is contained in (i), or (ii) or (iii) above. (v) L(M) is isomorphic L(Z(2) × Z(8)). In particular,



L(M) = {{1}, M, hai, hab 4 i, hb 4 i, hab 2 i, ha, b 4 i, hb 2 i, hbi, habi, ha, b 2 i}. {z } | {z } | {z } | of order 2



of order 4



of order 8



This is the structure of L(Z(2) × Z(8))



Because L(Z(2) × Z(8)) is isomorphic (as a lattice) to L(M), the diagram above describes even L(M), when u = a and v = b.



Using the previous diagram and generators and relations of M, we claim that {1, a} ∼ = Z(2) is not normal in M. A quick remark on the first relation in M: a2 = b 8 = 1 6⇒



a = b4 ,



in fact if a = b 4 , then ba = ab 5 = ab, but a and b do not commute ! Then note that



Z(2) ∼ = hab 4 i = {1, ab 4 }



On the other hand, ba = ab 5



⇒



a = b −1 ab 5 ⇒



ab −4 = b −1 ab



Therefore, if we conjugate a via b, b −1 ab = ab −4 = ab 4 6∈ hai = {1, a}, which means that hai is not normal in M, but haiH = Hhai for all H ∈ L(M).



4. Classical Results for Finite Quasihamiltonian Groups The history of quasihamiltonian groups is very long and several mathematicians contributed to their classification, because these groups are very close to be abelian.



Theorem (Kenkichi Iwasawa, 1941) A nonabelian finite p–group G is quasihamiltonian if and only if (i) either G ∼ = Q8 × Z(2)n for some n ≥ 1; (ii) or G contains an abelian normal subgroup A and an element b such that s G = Ahbi and that there is a positive integer s such that b −1 ab = a1+p for all a ∈ A with s ≥ 2 in case p = 2.



The groups Mn belong to the case (ii) of the theorem of Iwasawa.



The following result was shown independently by P. Diaconis and S. P. Strunkov.



Theorem (The Structure Theorem of Compact Hamiltonian Groups) Let G be a compact group. Then G is a hamiltonian compact group if and only if it is either abelian or Q8 × A, where A is a profinite abelian group whose 2-primary component A2 has exponent 2. This is surprising ! In other words, unless Q8 or abelian (profinite) groups there are no more hamiltonian compact groups ! This theorem answers the previous question: “Can we describe the structure of compact groups satisfying (H) ?”



Now there is something of of highly nonintuitive character: quasihamiltonian compact groups are stable by projective limits !



Theorem (K¨ ummich’s Projective Limit Theorem, 1979) Let G be a compact group. Then G is a quasihamiltonian compact group if and only if it is profinite and has a filter basis of compact-open normal subgroups N converging to the identity such that G /N is a finite quasihamiltonian group. In fact the theorem of K¨ ummich answers the previous question: “ what happens for (A) and (H) with respect to projective limits ? ” At this point, one would like to answer a deeper question : (K) Can we describe the projective limits of finite quasihamiltonian groups in terms of a condition like (ii) in Iwasawa’s Theorem ? In order to answer, we must introduce a new class of groups.



5. Compact Near Abelian Groups A compact group is monothetic, if it contains a dense cyclic subgroup. In particular, a compact p-group H is monothetic iff either H ∼ = Zp or H ∼ = Z(p n ).



Definition (Hofmann and Russo, 2015) A compact p-group G is near abelian if it contains a closed normal abelian subgroup A such that (i) G /A is monothetic; (ii) all closed subgroups of A are normal in G . In this situation, we call A ⊆ G an abelian base, and H = hg i ⊆ G (for any g ∈ G such that hgAiG /A = G /A) a scaling subgroup of G . Every compact abelian p-group is near abelian. Mn is always near abelian.



We are motivated by the desire of answering (K) and by the previous two examples. The next construction can be done for any p, but we will assume p 6= 2 for easiness. For each compact abelian p-group A, we may construct (a semidirect product) S(A) = A oσA Pp , where Pp = h1 + pZp i is a (characteristic) subgroup of the multiplicative group Z× p of units of Zp , σA denoted the scalar multiplication σA : r ∈ Z× p 7→ σA (r )(a) = r · a ∈ Autscal (A) = {α ∈ Aut(A) | α(hai) = hai ∀a ∈ A} and the multiplication in S(A) is given by (a1 , r1 )(a2 , r2 ) = (a1 + r1 · a2 , r1 r2 ),



Proposition (Hofmann and Russo, 2015) S(A) is quasihamiltonian for all compact abelian p-groups A.



6. Preservation Properties of Near Abelian Groups As noted before, near abelian compact groups are stable under the formation of subgroups, quotients and limits. This is proved in the next result.



Theorem (Hofmann and Russo, 2015) (j) A quotient group of a near abelian compact p-group is near abelian. (jj) A closed subgroup of a near abelian compact p-group is near abelian. (jjj) A projective limit of near abelian compact p-groups is near abelian.



The proof of (jjj) is very technical and different from that of (j) and (jj).



The proof of (j) may be sketched when the following fact is proved.



Lemma Given a compact abelian p-group A which is a Γ-module for a compact group Γ, we have that Γ acts by scalar multiplication iff it preserves subgroups. The proof of this lemma is quite technical, and is omitted. Let G1 be a compact near abelian p-group and G2 = G1 /N a quotient group. Let A1 be an abelian base of G1 . Then the action of G1 by inner automorphisms on A1 preserves subgroups by definition (of near abelian) and by the above lemma. Hence A1 ∩ N is normal in G1 . Now G1 /(A1 ∩ N) G1 /(A1 ∩ N) and G1 /A1 ∼ . G2 ∼ = = N/(A1 ∩ N) A1 /(A1 ∩ N) It follows that G2 is a factor group of G1 /(A1 ∩ N) and that G1 /(A1 ∩ N) is near abelian with an abelian base A1 /(A1 ∩ N). WLOG we may assume A1 ∩ N = {1}. ∼ A1 /(A1 ∩ N) ∼ Now A2 = A1 N/N = = A1 is an abelian normal subgroup of G2 and all subgroups of A1 are normal in G1 , so all subgroups of A2 are normal in G2 . Also G2 /A2 = (G1 /N)/(A1 N/N) ∼ = G1 /(A1 N) is a homomorphic image of G1 /A1 , thus monothetic. This implies G2 is near abelian.



The notions of near abelian compact group and quasihamiltonian compact group are related by the following result:



Corollary (Hofmann and Russo, 2015) Every quasihamiltonian compact p-group is near abelian. An idea of the proof is the following: (1) Let G be a quasihamiltonian p-group. (2) By K¨ ummich’s Projective Limit Theorem, G = limj∈G Gj of finite quasihamiltonian Gj . (3) By Iwasawa’s Theorem, Gj is near abelian. (4) Apply (jjj) of the previous theorem and deduce that G is near abelian. The converse of the above corollary is quite difficult to show, but it is essentially true.



7. First Structure Theorem of Near Abelian Compact p-Groups



Theorem (Hofmann and Russo, 2015) Let G be a near abelian compact p-group with an abelian base group A. Then the following mutually exclusive cases occur: (i) G is abelian and G = A. (ii) G /A ∼ = Zp and G ∼ = A oα Zp for a suitable morphism α : Zp → Autscal (A). ∼ Z(p m ), A is a compact torsion p-group and there is a scaling subgroup (iii) G /A = H∼ = Z(p n ) for some n ≥ m such that A ∩ H ⊆ Z (G ) and j



ε



1 → A ∩ H −→A oα H −→G → 1 is a short exact sequence, where α : H → Autscal (A) is a suitable morphism with ker α = A ∩ H, j(a) = (a−1 , a) for a ∈ A ∩ H, and ε(a, h) = ah.



8. Second Structure Theorem of Near Abelian Compact p-Groups



Theorem (Hofmann and Russo, 2015) Let p be an odd prime. For a compact p-group G the following statements are equivalent: (i) G is a near abelian compact p-group; (ii) G is a homomorphic image of Sm (ZX p ) for some set X and m ≥ 1.



Having in mind the previous notations for S(A), we may write m × m m A = ZX p = Zp × Zp × . . . and σA : r ∈ Zp 7→ σA (r )(a) = r · a ∈ Autscal (A) | {z } |X |−times



without changes on the multiplication between (a1 , r1 ) and (a2 , r2 ), so we get Sm (ZX p ), which specializes to S(A) when m = 1.



It is possible to formulate the previous theorem without the condition that p is odd. In fact the construction of Sm (A) works for any compact abelian p-group A. The case p = 2 differs from the case p odd, because Z× 2 is structurally different from Z× p and consequently one needs to do a careful analysis when p = 2. In fact for the case p = 2 we need of special notions.



9. The Main Classification Theorems For simplicity reasons we formulate the following result only for odd primes p.



Theorem (Hofmann and Russo, 2015) The following assertions are equivalent for a compact p-group G with p odd: 1. G is quasihamiltonian. 2. G is a homomorphic image of Sm (ZX p ) for some set X and m ≥ 1.



The theorem above answers the previous question (K).



A comprehensive formulation of the previous result is offered by the following theorem, where we get the best available description.



Theorem (Herfort, 2015) A compact p-group G is quasihamiltonian if and only if one of the following statements is true: 1. G ' Z(2)X × Q8 for some set X . 2. There are a compact normal abelian subgroup A of G , an element b ∈ G and s s ≥ 1 (with s ≥ 2 if p = 2) such that G = Ahbi and b −1 ab = a1+p for all a ∈ A.



Again, this answers (K).



Is it possible to formulate (H) and (K) in the context of locally compact groups ? After almost four years of joint work with W. Herfort and K.H. Hofmann, we can give a positive answer. - After developing a Sylow theory for totally disconnected locally compact groups, we proved a version of the Schur-Zassenhaus splitting theorem along the lines for profinite groups. - A careful analysis of scalar action, i.e., when a group acts on a locally compact abelian group, leaving all closed subgroups invariant, leads to the notion of prime graph, which in turn gives rise to a full structure theorem of locally compact periodic near abelian groups. - Another building block deals with the theory of the so called “inductively monothetic groups” (introduced by Ju. N. Mukhin). These groups have every finite subset contained in a monothetic subgroup. - As an application, quasihamiltonian locally compact groups can be described. Our efforts are here: W. Herfort, K. H. Hofmann and F. G. Russo, Locally Compact Near Abelian Groups Monograph 2016, 1– 197 pp., in preparation.
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