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In the present paper, we construct a continuous time model of economic growth with positive externalities and with variable capacity utilization, and study the global equilibrium paths in this model. If there is a homoclinic orbit or a periodic solution in this model, equilibrium is globally indeterminate. We show that positive externalities can yield multiple steady states, a one-parameter family of homoclinic orbits, and a two-parameter family of periodic solutions. It is also shown that there exists a sunspot equilibrium in this model. Key words
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1 Introduction The purpose of the present paper is to study the global dynamics of equilibrium paths in a continuous time model of an economic growth with variable capacity utilization and positive externalities. Recently there has been a renewed interest in the possibility of indeterminacy of equilibrium, or, put alternatively, in the existence of a continuum of equilibria that arises in dynamic economies with some market imperfections. See Benhabib and Farmer (1994), Benhabib and Perli (1994), Benhabib et al. (1994), Boldrin and Rustichini (1994), Wen (1998) and Benhabib et al. (2000). In the existing published literature on growth models with an infinitely-lived representative agent, indeterminacy properties are examined primarily for equilibrium paths lying in a small neighborhood of either a steady state or a balanced growth path (local indeterminacy). A few authors have studied the indeterminacy of equilibrium outside such a neighborhood in growth models with an infinitely-lived representative agent (global indeterminacy). We might cite Boldrin et al. (2001) for the Boldrin–Rustichini (1994) model, Xie (1994) and Mattana (2004) for the Lucas (1988) model, and section 3.2 of Nishimura and Shigoka (2006) and Slobodyan (2007) for the modified Romer (1990) model due to Benhabib et al. (1994). However, ∗ Department of Economics, New York University, New York, USA. † Institute of Economic Research, Kyoto University, Kyoto, Japan.
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compared with the case of local indeterminacy, the global properties of the equilibrium paths outside such a neighborhood have not yet been fully understood, especially when multiple steady states exist. In contrast, the large part of the literature on monetary economics is concerned with multiple steady states and with the global indeterminacy that is generated by either a hyperinflationary or a hyper-deflationary path connecting the multiple steady states. Among others, Benhabib et al. (2001) consider global dynamics in a macroeconomic model with money and without a predetermined variable in such a way as amenable to analyzing a growth model with a predetermined variable.1 In the present study, we shall use the same kind of a bifurcation theorem as used by Benhabib et al. (2001) to characterize global dynamics in a growth model with a predetermined variable and with a market imperfection. Greenwood et al. (1988) construct a growth model with an infinitely-lived representative agent and with constant-returns-to-scale technology such that the intensity of capacity utilization is variable and that the rate of capital depreciation is increasing in the intensity of capacity utilization. Wen (1998) extends the model of Greenwood et al. (1988) to a case of increasing-returns-to-scale technology with positive externalities, and construct stationary sunspot equilibria in the model thus extended that exhibits the local indeterminacy of equilibrium near a steady state. Both of these authors work in a discrete time framework and treat the case where the elasticity of scale in aggregate technology is constant. In the present study, we construct a continuous time version of the model of Wen (1998) that incorporates variable elasticity of scale in aggregate technology, and demonstrate in this model that positive externalities can yield multiple steady states, a one-parameter family of homoclinic orbits, and a two-parameter family of periodic solutions. If there is either a homoclinic orbit or a periodic solution, equilibrium is globally indeterminate in the interior of the bounded region enclosed by the homoclinic or the periodic orbit. In Section 3.2, we shall show how the region enclosed by a periodic orbit might be interpreted as a poverty trap. Matsuyama (1991) also treats the global indeterminacy of equilibrium, arising from the increasing-returns-to-scale technology with positive externalities, and a development trap by appealing to the global bifurcation theory. However, his model is quite different from ours. We treat a closed economy, where every relative price is an endogenous variable. In contrast, Matsuyama (1991) treats a small country embedded in an open economy in such a way that the terms of trade and the rate of interest are exogenously given. The way of applying the global bifurcation theory to his model is also different from the way of the present study. We shall use a codimension two bifurcation theorem so that the number of control parameters is two. In contrast, Matsuyama (1991) uses only one control parameter, which implies that a homoclinic orbit is perturbed away and disappears in his model in an instant, as the control parameter varies. In the large class of discrete time models, the indeterminacy of equilibrium implies the existence of sunspot equilibrium. See Shell (1977), Azariadis (1981) and Cass and Shell (1983) for the concept of sunspot equilibrium, and see Chiappori and Guesnerie (1991) and Guesnerie and Woodford (1992) for thorough surveys on the sunspot literature. 1 Exactly speaking, there exist two predetermined variables in the model of Benhabib et al. (2001): a real value of financial asset and a nominal price level. However, they do not appear explicitly in the autonomous system of differential equations that describes equilibrium dynamics.
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Peck (1988) and Chiappori and Guesnerie (1993) show that the global indeterminacy of equilibrium implies the existence of sunspot equilibrium in a discrete time model without a predetermined variable. Peck (1988) constructs a sunspot equilibrium such that each sample path converges to a specific point asymptotically. In contrast, Chiappori and Guesnerie (1993) construct a sunspot equilibrium such that each sample path does not converge to any specific point and continues to fluctuate without decaying asymptotically. In the present study, we show that in our continuous time model, there exists a sunspot equilibrium with a support located in the bounded region enclosed by either a homoclinic orbit or a periodic orbit such that each sample path does not converge to any specific point and continues to fluctuate without decaying asymptotically.2 The remainder of the paper is organized as follows. The model is described in Section 2. Section 3 characterizes equilibrium dynamics. Section 4 treats sunspot equilibrium.



2 The model Our model is based on a continuous time version of the growth model with positive externalities and with variable capacity utilization that is developed by Wen (1998) who works in a discrete time framework. The production function is of Cobb-Douglass type with positive externality e and with variable capacity utilization u > 0, and output y is produced by capital K and labor L. y = ae(uK )α L 1−α ,



(1)



where a and α are positive constants with 0 < α < 1. The economy is assumed to consist of a large number of identical firms, and from the viewpoint of the representative firm, e is exogenous. e is the externality expressed as a function of the average levels of capital K , capacity utilization u, and labor L . We assume that e = e(K , u, L ) is given by (1 − α)η + b e(K , u, L ) = A(K ) (uK )αη L , where A = A(K ) is a function of K ≥ 0 satisfying assumptions specified below, and where b and η are positive constants. The aggregate technology can be derived from (1) by recognizing that in equilibrium K = K , u = u and L = L . In the rest of the paper, we assume that A = A(x) satisfies the following two conditions.3 Assumption 1 A = A(x) is a continuous function of x ≥ 0, and A(x) > 0 for all x ≥ 0. For x > 0, A = A(x) is of C 2 class, and A (x) > 0. Assumption 2 Let θ = θ (x) be a function of x > 0 defined as θ (x) = xA (x)/A(x). θ (x) is increasing in x > 0. The limits lim x→0 θ (x) and lim x→∞ θ (x) exist, and lim x→∞ θ (x) = 1 > lim x→0 θ (x) = 0. 2 See Shigoka (1994), Drugeon and Wigniolle (1996) and Nishimura and Shigoka (2006) for a different kind of sunspot equilibria in continuous time models. 3 Wen (1998, p. 14) has assumed for the sake of simplicity that A in his model is constant, which is equivalent t to assuming that b = 0 and A = 0 in our specification of the positive external effects. As a result, a steady state is unique in his model. However, we shall consider the case of b > 0 and A > 0.
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The local measure of returns to scale, known as the elasticity of scale, of the aggregate technology is variable and given by 1 + η + b + θ . An example of a function of x ≥ 0 that 1 satisfies Assumptions 1 and 2 is given by A(x) = (mx q + d) q , where m, d, and q are positive constants. We assume that a higher intensity of capacity utilization causes a faster depreciation, because wear and tear increase with use. In this sense, u measures the intensity of the use of capital. We assume that the rate of capital depreciation δ is an increasing and convex function of u given by δ(u) = zuσ , where z and σ are positive constants with σ > 1. Output is allocated into consumption C and gross investment. •



y = C + K + δ(u)K .



(2)



Let log C − L be the instantaneous utility function of an infinitely-lived representative agent. Denote the time preference rate by ρ > 0. Let R ++ be a set of all positive real numbers. In the rest of the paper, we assume: 7 .1 < σ. α < 1 +1 η . Assumption 3 (a, α, η, b, z, σ, ρ) ∈ R++ α ( σ + (1 − α))(1 + η) + b − 1 = 0.



The representative agent treats (K (t), u(t), L (t)) as an exogenously given function of time, and solves the following intertemporal optimization problem.  ∞ max (log C − L )e −ρt dt, (P) C (t), L (t),u(t) 0



subject to •



K = a A(K )(uK )αη L



(1 − α)η + b



(uK )α L 1 − α − C − zuσ K ,



K (0) = K 0 > 0, where C(t), L(t), and u(t) are control variables, and K(t) is a state variable. The problem (P) is solved by defining the current value Hamiltonian   (1 − α)η + b (uK )α L (1 − α) − C − zuσ K , H = log C − L + p a A(K )(uK )αη L and obtaining the first-order necessary conditions for an interior solution, p = C − 1, •



L = p(1 − α)y,



K = y − C − zuσ K ,



σ z K uσ = α y,



  y • p = p ρ − α + zuσ , K



(3) (4)



plus the transversality condition, lim t→∞ e −ρt p(t)K (t) = 0, where p = p(t) is the Lagrange multiplier that represents the utility price of the output, and where (1 − α)η + b y = a A(K )(uK )αη L (uK )α L (1 − α) .4 4 We can easily check that the maximized Hamiltonian is linear in K, and so it is weakly concave in K.
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In equilibrium, (K , u, L ) is equal to (K, u, L). Combining with the market equilibrium conditions K = K , u = u and L = L , the first-order condition (3) implies 



y(K , p) = ( a A(K ) p g K h ) − β ,



(5)



where f = σα (1 + η), g = (1 − α)(1 + η) + b, h = α(1 − σ1 )(1 + η),  a = a( σαz ) f (1 − β = ( f + g − 1) − 1 .5 Substitute the equations (3) and (5) for the first-order α)g and  conditions (4), and the equations of motion for the system are given by   • 1 α y(K , p) − , (6) K = 1− σ p     1 y(K , p) • . p = p ρ −α 1− σ K



(7)



3 Equilibrium dynamics The present section characterizes the equilibrium dynamics in the presence of externalities. Section 3.1 treats multiple steady states, whereas Section 3.2 treats a homoclinic orbit and a periodic solution. 3.1 Multiple steady states Steady-state relations are reduced to the following:    α 1  1− py = 1, ρ K = α 1 − y, y = ( a A(K ) p g K h ) − β . σ σ



(8)



Combining the three equations in (8), we have the following equation that determines the steady-state value of capital stock. 



ρ  



 a α 1 − σ1



1 



 g β α 1 − σ1 K 1 − α(1 + η)  



. = α A(K ) ρ 1− σ



(9)



Let  q be the left-hand side of (9), and let Q = Q(K, α) be the right-hand side of (9) that is considered as a function of K and α. Differentiate Q = Q(K, α) with respect to K, and we obtain ∂Q Q = [1 − α(1 + η) − θ ] . ∂K K



(10)



By Assumptions 2 and 3, the equation of x, θ (x) = 1 − α (1 + η) has a unique solution. Let K 1 (α) be the unique solution of θ (x) = 1 − α (1 + η). From Assumption 2 and (10), the following lemma holds. 5 By Assumption 3,



f + g − 1 = 0, so  β is well defined.
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Lemma 1 1 − α(1 + η) > θ (K ) > 0 and



∂Q >0 ∂K



for 0 < K < K1 (α).



(11)



θ (K ) > 1 − α(1 + η) and



∂Q 


for K1 (α) < K.



(12)



For a given α, Q = Q(K , α) is maximized at K = K 1 (α), and the equation of q . If x, Q(x, α) = q , has at most two solutions. A steady state exists, only if Q(K 1 (α), α) ≥  q , two distinct steady states exist, and if Q(K 1 (α), α) = q , a unique steady Q(K 1 (α), α) > state exists. Let a be defined as g 1  



  σα (1 + η) α(1 − σ1 ) β ρ 1 − σα σz  Q(K 1 (α), α). 



a= (13) α ρ α(1 − α) 1 − σ1 Then, we obtain  q = aa Q(K 1 (α), α). Therefore, the following lemma holds. Lemma 2 For a < a, two distinct steady states exist. For a = a, a unique steady state exists. For a > a, no steady state exists. Because C = p −1 , and because p − 1 = (1 − σα ) α(1 ρ− 1 ) K at a steady state, the high (low) σ capital steady state corresponds to the high (low) consumption steady state. Because L = (1 − α) py = 11 −− αα at a steady state, labor supply takes the same value 11 −− αα for each σ σ steady state. Therefore, the level of utility is higher at the high capital steady state than at the low capital steady state. Assume a ≤ a. Differentiate (6) and (7) with respect to K and p, and evaluate the partial derivatives at a steady state, and we obtain • • 



 1 − σα ρ β ∂K ∂K  [θ + h] , =− 



= ∂K ∂p α 1 − σ1 



 • ρ 2 1 − σα p 2 ∂p  [(θ + h) 



= β + 1], ∂K α 1 − σ1



1 [1 − g  β ], p2



(14)



•



∂p = ρg  β. ∂p



(15)



Let J be the Jacobian matrix of the system of differential equations (6) and (7), evaluated at the steady state. From (14) and (15), J is given by   1 − α ρ β 1  [1 − g β ] − (α 1 −σ )1 [θ + h], 2 p ( σ)   J= 2 (16) . ρ (1 − σα ) p 2 [(θ + h) β + 1], ρg  β α (1 − σ1 ) The determinant of J is given by 



 ρ 2 1 − σα  β  [1 − α(1 + η) − θ ] , 



det J = 1 α 1− σ



(17)



and the following lemma holds. 342
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Figure 1 φ = φ(x).



Lemma 3 Assume a < a. Then, the system of differential equations (6) and (7) has two β > 0, (K ∗∗ , p ∗∗ ) is a distinct steady states (K ∗ , p∗ ) and (K ∗∗ , p ∗∗ ) with 0 < K ∗ < K ∗∗ . If  ∗ ∗  saddle, and if β < 0, (K , p ) is a saddle. PROOF: Because a < a, by Lemma 2, there are two steady states K ∗ and K ∗∗ with ∗∗ 0 < K ∗ < K 1 (α) < K . Because θ (K ∗ ) < θ (K 1 (α)) = 1 − α(1 + η) < θ (K ∗∗ ), det J < 0 β > 0, and det J < 0 at K ∗ , if  β < 0. Therefore, the lemma holds.  at K ∗∗ , if  Example 1 First, we consider the case  β > 0. Set (α, η, b, z, σ , ρ) = (0.8, 1 0.1, 0.453, 0.8, 1.25, 0.16), and let A(K ) = (mK q + d) q with (m, d, q) = (0.12, 0.88, 0.5). This parametric example satisfies Assumptions 1 to 3 and  β > 0. We α 1− α set a = α − σ (1 + η) ( 1 − ασ )(1 − α)(1 + η) + 0.446 . Then K 1 (α) = 1, Q(K 1 (α), α) = 1 and a = a(1.8)0.007 . So we have a < a and q = (1.8) − 0.007 < Q(K 1 (α), α) = 1. Thus, the present example has two distinct steady states (K ∗ , p∗ ) and (K ∗∗ , p∗∗ ) with 0 < K ∗ < K 1 (α) < K ∗∗ . 0.12 and Let φ(x) = (1.8)0.007 x 0.12 − (0.12x 0.5 + 0.88)2 .Q(K , α) = (0.12KK0.5 + 0.88)2 q . Thus, φ(K ∗ ) = φ(K ∗∗ ) = 0. Figure 1 plots the graph Q(K ∗ , α) = Q(K ∗∗ , α) = of φ = φ(x). (K ∗ , p ∗ ) ≈ (0.666948, 4.1649105) and (K ∗∗ , p ∗∗ ) ≈ (1.470032, 1.889603). The low capital steady state (K ∗ , p∗ ) has complex conjugate characteristic roots with a positive real part, and the elasticity of scale at K ∗ is 1 + η + b + θ (K ∗ ) ≈ 1.653205. The high capital steady state (K ∗∗ , p∗∗ ) is a saddle and the elasticity of scale at K ∗∗ is 1 + η + b + θ (K ∗∗ ) ≈ 1.694877. Example 2 Next, we consider the case  β < 0. Set (α, η, b, z, σ , ρ) = (0.3, 0.01, 0.01, 0.5, 2, 1 0.1), and let A(K ) = (mK q + d) q with (m, d, q) = (0.01, 0.99, 10). This parametric example satisfies Assumptions 1 to 3 and  β < 0. K 1 (α) ≈ 1.720848, Q(K 1 (α), α) ≈ 1.296861,



σ z  σα (1 + η)  α(1 − σ1 )  β1  ρ (1 − σα ) g and a ≈ 1.268102. We set a = α ≈ 0.977824. Then ρ α(1 − α)(1 − σ1 ) q = 1 < Q(K 1 (α), α). Thus, the present example has two distinct we have a < a and  C IAET International Journal of Economic Theory 4 (2008) 337–355 
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Figure 2 ϕ = ϕ(x).



steady states (K ∗ , p∗ ) and (K ∗∗ , p∗∗ ) with 0 < K ∗ < K 1 (α) < K ∗∗ . Let ϕ = ϕ(x) be defined 0.697 0.697 q. as ϕ(x) = (0.01x 10x + 0.99)0.1 − 1.Q(K , α) = (0.01KK10 + 0.99)0.1 , and Q(K ∗ , α) = Q(K ∗∗ , α) = ∗ ∗∗ ∗ ∗∗ Thus, ϕ(K ) = ϕ(K ) = 0. Figure 2 plots the graph of ϕ = ϕ(x). K = 1, K ≈ 4.571539, p ∗ ≈ 1.764706 and p∗∗ ≈ 0.3860201. The low capital steady state (K ∗ , p∗ ) is a saddle, and the elasticity of scale at K ∗ is 1 + η + b + θ (K ∗ ) = 1.03. The high capital steady state (K ∗∗ , p ∗∗ ) is a source with two positive real eigenvalues, and the elasticity of scale at K ∗∗ is 1 + η + b + θ (K ∗∗ ) ≈ 2.019975. 3.2 Homoclinic orbit 



 Throughout the present section, we assume that ρ = α 1 − σ1 and that A(K ) = 1  1 q α(1 + η))d q (mK q + d) q with (m, d, q ) ∈ R 3++ . Then, θ (K ) = mKmKq + d , and K 1 (α) = (1 − . α(1 + η)m Let p 1 (α) and b 1 (α) be defined as 1  p1 (α) = 



, α 1 − σ K 1 (α) 



   1 − σα 1  (1 − α(1 + η)). (1 + η) + 



b1 (α) = α 1 − σ α 1 − σ1 We shall use (b, α) as a control parameter, when applying a bifurcation theorem due to Kopell and Howard (1975) to our model. Let U = U (η, σ ) be a correspondence from R ++ × (1, + ∞) to a family of open subsets of R 2++ that is defined as follows.6   1 1 2 > α > 0, b > α 1 − (1 + η).}. U (η, σ ) = {(b, α) ∈ R++ : 1+η σ 6 By construction, for any given (a  , α  , η , b  , z  , σ  ) ∈ R 5 × (1, + ∞), if (b  , α  ) ∈ U (η , σ  ), then ++ β > 0. (a, α, η, b, z, σ, ρ) = (a  , α  , η , b  , z  , σ  , α  (1 − σ1 )) satisfies Assumption 3 and 
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Let g b,α = g (b, α), h α = h(α),  βb,α =  β (b, α), a b,α = a(b, α), a1 = a1 (α), a (b, α) be defined as the following, where (b, α) ∈ U (η, σ ):7  ab,α =   1 (1 + η), g (b, α) = (1 − α)(1 + η) + b, h(α) = α 1 − σ 1  β (b, α) = α , (1 + η) + g (b, α) − 1 σ  σ z  σα (1 + η)  1 − α g (b,α) K (α)1 − α(1 + η) 1 σ a(b, α) = 1 , α 1−α (mK 1 (α)q + d) q



and



a1 (α) = a(b1 (α), α),   σα (1 + η) α  a (b, α) = a (1 − α)g (b,α) . σz Let y: R 2++ × U (η, σ ) → R and F : R 2++ × U (η, σ ) → R 2 be defined as   − β (b,α) 1 y(K , p, b, α) =  a (b, α)(mK q + d) q p g (b,α) K h(α) , 



  1 − σα y(K , p, b, α) − 1p . F (K , p, b, α) =  



  α 1 − σ1 p 1 − y(K , Kp,b,α)



(18)



(19)



Then, under the assumption mentioned above, the system of differential equations (6) and (7) is reduced to •



•



(K , p)T = F (K , p, b, α),



(20)



where T denotes transpose. By Lemma 2, we have the followings. (1) For a(b, α) > a, two distinct steady states exist. (2) For a(b, α) = a, a unique steady state exists. (3) For a(b, α) < a, no steady state exists. Because a(b, α) is increasing in b, and because a(b1 (α), α) = a1 (α), the following relation holds:     > > a(b, α)  =  a1 (α), if and only if b  =  b1 (α). (21) < < We shall later use this relation when we apply a homoclinic bifurcation theorem to the system (20). Suppose that a(b, α) ≥ a so that (20) has a steady state. Let J b,α = J (b, α) be the Jacobian matrix of F b,α (K , p) = F (K , p, b, α) with respect to (K, p), evaluated at a steady state. Substitute ρ = α(1 − σ1 ), and p = 1 −1α K into (16), and we obtain the following, ( σ) 7 By construction, a



b,α



= a(b, α) is an increasing function of b.
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where K˜ = K˜ b,α is the steady state value of K, and θ = θ ( K˜ b,α ):   







 2 − 1 − σα  1 − σα (1 − g b,α βb,α ) K˜ 2 βb,α [θ + h α ] , , Jb,α ( K˜ ) =  α(1 − 1 )   



 1  σ  α 1 − g β b,α b,α α ˜ 2 (θ + h α ) βb,α + 1 , σ (1 − σ ) K   α 1   1− βb,α [1 − α(1 + η) − θ ] , det Jb,α ( K˜ ) = α 1 − σ σ



(22)



(23)



  



     θ 1 − σα 1 1   trace Jb,α ( K˜ ) = α 1 − βb,α b − α 1 − (1 + η) + 



. (24) σ σ α 1 − σ1 Then, we have the following result. Lemma 4 Suppose that (b, α) ∈ U (η, σ ), and that there exist two distinct steady states ∗∗ ∗ ∗∗ ∗ ∗ (K ∗b,α , p ∗b,α ) and (K ∗∗ b,α , p b,α ) with 0 < K b,α < K 1 (α1 ) < K b,α . Then (K b,α , p b,α ) is either ∗∗ ∗∗ a sink or a source, whereas (K b,α , p b,α ) is a saddle. ∗∗ PROOF: Because (b, α) ∈ U (η, σ ),  βb,α > 0. Thus, (K ∗∗ b,α , p b,α ) is a saddle by Lemma 3. ∗ Because 1 − α (1 + η) = θ (K 1 (α)) > θ (K ∗b,α ), and because  βb,α > 0, det Jb,α (K b,α ) > 0. ∗ ∗  Thus, (K b,α , p b,α ) is either a sink or a source.



Let α¯ be a given constant such that 0 < α¯ < 1 +1 η . By Lemma 2, and by (21), • • ¯ α) ¯ and a = a1 (α), ¯ then (K , p)T = F (K , p, b, ¯ has a unique if we set b¯ = b1 (α) ¯ α) ¯ , p1 (α)). ¯ And, from (22) to (24), det J (K 1 (α) ¯ , b, ¯ = 0, steady state (K , p) = (K 1 (α) ¯ ¯ ¯ ¯ , b, α) ¯ = 0, and J (K 1 (α) ¯ , b, α) ¯ has rank 1. Thus, J (K 1 (α) ¯ , b, α) ¯ has a 0 traceJ (K 1 (α) eigenvalue of multiplicity 2 with a single eigenvector, and we have the following result. Proposition 1 There exists a non-empty subset  of R 3++ × (1, + ∞) × R 3++ such that if (a, η, z, σ , m, d, q ) ∈ , then there exist non-empty subsets U H and U P of U (η, σ ) that satisfy the following conditions. 1. U H is a one-dimensional manifold, whereas U P includes an open subset of U (η, σ ). U H is located on the boundary of U P . •



•



2. If (b, α) ∈ U H , then (K , p)T = F (K , p, b, α) has a homoclinic orbit. The homoclinic orbit is a stable as well as an unstable manifold of the high capital steady state, whereas the low capital steady state is located in the interior of the bounded region enclosed by the homoclinic orbit. • • 3. If (b, α) ∈ U P , then (K , p)T = F (K , p, b, α) has a periodic solution. The low capital steady state is located in the interior of the bounded region enclosed by the periodic orbit, whereas the high capital steady state is located outside of that bounded region. PROOF: See Appendix I.







By Proposition 1, the equilibrium dynamics (20) has a one-parameter family of homoclinic orbits in (K, p, b, α) space, and a two-parameter family of periodic solutions in (K, p, 346
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b, α) space. In each of these two cases, equilibrium is globally indeterminate in the interior of the bounded region enclosed by either the homoclinic orbit or the periodic orbit. ×5 , 0.1, 0.8, 1.25, Example 3 In Appendix I, we show that (a, η, z, σ , m, d, q) = ( 33 2251/125 8 ¯ α) ¯ = (0.446, 0.8). This implies 0.12, 0.88, 0.5) ∈ . In doing so, we set (b, 1 ¯ and a = a1 (α). ¯ p1 (α)) ¯ = (1, 0.36 ¯ The elasticity of scale at K 1 (α) ¯ is ), b¯ = b1 (α) (K 1 (α), ¯ = 1.666. 1 + η + b¯ + θ (K 1 (α)) 83/250



19/500



Suppose that (b, α) ∈ U P . The low capital and low consumption steady state (K ∗b,α , is located in the interior of the region enclosed by a periodic orbit. If the initial value (K (0), p(0)) = (K 0 , p 0 ) is different from, but close to, the low capital steady state (K ∗b,α , p ∗b,α ), then the solution of (20) continues to stay in the interior of the region enclosed by the periodic orbit, and it can not converge to the high capital and high consumption steady ∗∗ ∗∗ ∗∗ state (K ∗∗ b,α , p b,α ). As mentioned above, the level of utility is higher at (K b,α , p b,α ) than at ∗ ∗ (K b,α , p b,α ). Therefore, the region enclosed by the periodic orbit might be interpreted as a poverty trap. Suppose that (b, α) ∈ U P is sufficiently close to the boundary U H of U P , and that a given initial capital stock K (0) = K 0 is sufficiently close to K ∗b,α . Then, the stable manifold ∗∗ of (K ∗∗ b,α , p b,α ) intersects the vertical line K = K 0 in the K − p plane transversally, and some optimistic self-fulfilling expectation can put the economy on a deterministic path ∗∗ converging to the high utility steady state (K ∗∗ b,α , p b,α ), and it might enable the economy to escape the poverty trap. p ∗b,α )



4 Sunspot equilibrium We introduce a stochastic component based on extrinsic uncertainty to our model. Let ε t (ω) = ε(t, ω) be a random variable irrelevant to fundamental characteristics of a given economic model (i.e. a sunspot variable), where t denotes time and ω denotes a specific point of an underlying probability space . We assume that a set of sunspot variables {ε t (ω)} t≥ 0 is generated by a two-state continuous-time Markov process with stationary transition probabilities9 and that ε t :  → {1, 2} for each t ≥ 0. Let [{εt (ω)}t ≥ 0 , (, B , P )] be a continuous time stochastic process, where ω ∈ , B is a σ -field in , and P  is a probability measure. We further assume that (, B , P ) is a complete measure space and that the stochastic process {ε t (ω)} t≥ 0 is separable.10 Our model of the previous section has one predetermined variable. Let F : R 2++ → 2 R be the system specified by (6) and (7). The deterministic equilibrium dynamics is then given by •



•



(K , p)T = F (K , p),



(25)



8 3383/250 ×519/500 ≈ 1.730757162505650786. 2251/125 9 The same stochastic process is also used by



Shigoka (1994), Drugeon and Wigniolle (1996) and Nishimura and Shigoka (2006). 10 See Doob (1953, II.2) for the concept of separability. C IAET International Journal of Economic Theory 4 (2008) 337–355 
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where K is a predetermined variable and p is a non-predetermined variable. If the deterministic dynamics given by (25) has either a homoclinic orbit γ in R 2++ or a periodic orbit χ in R 2++ , then equilibrium is globally indeterminate in the interior of the bounded region enclosed by either γ or χ . 2 2 2 2 , P 2 ) be a probability space on the open subset R , B R++ Let (R++ R++ ++ of R , where 2 2 denotes the Borel σ -field in R ++ . Let (, B, P ) be the product probability B R++ 2 2 2 , P 2 ) and (, B , P ). That is, (, B, P ) = (R 2 , B R++ × space of (R++ R++ ++ × , B R++ ∗ ∗ 2 × P ). Let (, B , P ) be the completion of (, B, P ). It is assumed that B , P R++ {ε t (ω)} t≥ 0 does not affect the fundamental characteristics in this economy such as preferences, technology and endowment. Let (K 0 , p 0 ) be a value of the endogenous variable (K , p) at t = 0. We denote a point (K 0 , p 0 , ω) in  as λ. That is, λ = (K 0 , p 0 , ω). Let Bt = B(K 0 , p0 , εs , s ≤ t) be the smallest σ -field of λ sets with respect to which K 0 , p 0 and ε s , s ≤ t are measurable. Let Bt∗ = B ∗ (K 0 , p0 , εs , s ≤ t) be the σ -field of those λ sets which are either Bt sets or which differ from Bt sets by sets of probability 0. Let E t be the conditional expectation operator relative to Bt∗ . Consider the following stochastic differential equation. •



(K t (λ), Et



d pt (λ) T ) = F (K t (λ), pt (λ)), dt



where (K 0 (λ), p 0 (λ)) = (K 0 , p 0 ), and where ddtpt is defined as ddtpt = limh→ + 0 the limit exists. We define a sunspot equilibrium in the following way.



(26)



pt + h − pt , h



if



Definition Suppose that {(K t (λ), p t (λ))} t≥ 0 is a solution of the stochastic differential equation (26) with (K t (λ), p t (λ)) ∈ R 2++ . If for any pair t > s ≥ 0, (K t (λ), p t (λ)) is Bt∗ -measurable, but not Bs∗ -measurable, {(K t (λ), p t (λ))} t≥ 0 constitutes a sunspot equilibrium. We have the following results. Proposition 2 Suppose that the deterministic equilibrium dynamics (25) has a steady state (K ∗∗ , p ∗∗ ) in R 2++ and a homoclinic orbit γ in R 2++ such that γ is a stable as well as an unstable manifold of (K ∗∗ , p ∗∗ ). Then there exists a sunspot equilibrium whose support is located in the bounded region enclosed by the homoclinic orbit γ . Each sample path of the sunspot equilibrium does not converge to any specific point and continues to fluctuate without decaying asymptotically. 



PROOF: See Appendix II.



Proposition 3 Suppose that the deterministic equilibrium dynamics (25) has a periodic orbit χ in R 2++ . Then there exists a sunspot equilibrium whose support is located in the bounded region enclosed by the periodic orbit χ . Each sample path of the sunspot equilibrium does not converge to any specific point and continues to fluctuate without decaying asymptotically. PROOF: Replace γ with χ in the proof of Proposition 2. 348
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Now we can simply apply Propositions 1, 2 and 3 to our deterministic growth model to immediately infer the following: (i) For some parameter values, the deterministic equilibrium dynamics given by (6) and (7) undergoes homoclinic bifurcation and gives rise to a one-parameter family of homoclinic orbits and a two-parameter family of periodic orbits. By Propositions 2 and 3, there exists a sunspot equilibrium with support in the bounded region enclosed by either a homoclinic orbit or a periodic orbit. (ii) For some parameter values, due to pessimistic self-fulfilling expectations, sunspot equilibria exist in some neighborhood of the low capital steady state which is enclosed by a periodic orbit. Still, under the conditions mentioned in the last paragraph of Section 3.2, for a given low initial capital stock, an optimistic self-fulfilling expectation might put the economy on a deterministic path converging to the high utility steady state, and it might enable the economy to escape the poverty trap.



Appendix I The present section proves Proposition 1 by appealing to Lemma 4 in the main text, theorem 7.2 in Kopell and Howard (1975) and the remark given below. •



Theorem 1 (Kopell and Howard 1975, theorem 7.2). Let X = G µ,v (X) be a two-parameter family of ordinary differential equations on R2 , such that G µ,v (X) = G (X, µ, v) is C 2 smooth in all of its four arguments (X, µ, v) = (x 1 , x 2 , µ, v). Denote the i-th element of G by G i , i = 1,2 , and let dG µ,v (0) = dG(0, µ, v), g 1 , g 2 , m 1 , and m 2 , and Q(X, X) be defined as dG µ,v (0) = m1 =



∂G 1 ∂ X (0, ∂G 2 ∂ X (0,



µ, v) µ, v)







, g1 =



∂G 1 ∂µ (0, ∂G 2 ∂µ (0,



0, 0) 0, 0)







, g2 =



∂G 1 ∂ν (0, ∂G 2 ∂ν (0,



0, 0) 0, 0)



,



  ∂ 



∂ 



trace dG µ,v (0) |(µ,v) = (0,0) , m2 = trace dG µ,v (0) |(µ,v) = (0,0) , ∂µ ∂ν T  2 2 Q(X, X) = 12 X T ∂ G21 (0, 0, 0)X, 12 X T ∂ G22 (0, 0, 0)X . ∂X ∂X •



Suppose that G 0,0 (0) = 0, so that X = G µ,v (X) is written in the form •



X = dG 0,0 (0)X + µg1 + νg2 + Q(X, X) + R(X, µ, ν), where R(X, µ, ν) = o(µ, ν, xi xj ). Assume further, that (i) dG 0,0 (0) has rank 1 and a zero eigenvalue of multiplicity 2. Let e be the right eigenvector of the zero eigenvalue and 1 the left eigenvector. l · g 1 m1 = 0. (ii) det l · g 2 m2 (iii) [dG 0,0 (0), Q(e, e)] has rank 2. •



Then: There is a curve f (µ, v) = 0 such that if f (µ 0 , v 0 ) = 0, then X = G (X, µ0 , v0 ) has a homoclinic orbit. This one-parameter family of homoclinic orbits (in (X, µ, v) space) is on the boundary of a two-parameter family of periodic solutions. C IAET International Journal of Economic Theory 4 (2008) 337–355 
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Remark 1 Let W be a domain of f in Theorem 1, and let W H be defined as W H = {(µ, v) ∈ W : f (µ, v) = 0}. • Let W P be a set of (µ, v) such that if (µ, v) ∈ W P , X = G (X, µ, v) has a periodic solution. By lemma 7.1 in Kopell and Howard (1975), for any given open neighborhood U 0,0 of (0, 0), W H ∩ U 0,0 is a one-dimensional manifold. By lemma 7.2 in Kopell and Howard (1975), W P ∩ U 0,0 includes an open subset of U 0,0 , and W H ∩ U 0,0 is located •



on the boundary of W P ∩ U 0,0 . Suppose that X = G µ,v (X) has at most two steady states and that X 1 (µ, v) and X 2 (µ, v) are two steady states for (µ, v) ∈ (W H ∪ W P ) ∩ U 0,0 , continuous in (µ, v), with lim (µ,v) → 0 X 1 (µ, v) = lim (µ,v) → 0 X 2 (µ, v) = (0, 0) and that X 1 (µ, v) is either a sink or a source, whereas X 2 (µ, v) is a saddle. From lemma 7.2 in Kopell and Howard (1975), we have the following. (i) If (µ, v) ∈ W H ∩ U 0,0 , then the homoclinic orbit is a stable as well as an unstable manifold of X 2 (µ, v), whereas X 1 (µ, v) is located in the interior of the bounded region enclosed by the homoclinic orbit. (ii) If (µ, v) ∈ W P ∩ U 0,0 , then X 1 (µ, v) is located in the interior of the bounded region enclosed by the periodic orbit, whereas X 2 (µ, v)is located outside of that bounded region. ¯ α − α), ¯ p − p1 (α), ¯ b − b, ¯ and let G µ,v (X) = G (X, µ, v) be defined as Let (x1 , x2 , µ, v) = (K − K 1 (α), ¯ ν + α), ¯ x2 + p1 (α), ¯ µ + b, ¯ G (X, µ, ν) = F (x1 + K 1 (α), where F b,α (K , p) = F (K , p, b, α) is specified as in (19). Then, the two-parameter family of dif• •



•



ferential equations (K , p)T = F (K , p, b, α) is written in the form X = G (X, µ, v). Suppose that α¯ is ¯ and a = a1 (α) ¯ hold. Then, bea given constant with 0 < α¯ < 1 +1 η and that the relations b¯ = b1 (α) ¯ α) ¯ α) ¯ p1 (α), ¯ b, ¯ = 0, G 0,0 (0) = 0 does hold. Because J (K 1 (α), ¯ b, ¯ = dG 0,0 (0), the first concause F (K 1 (α), 83/250 ×519/500 dition in Theorem 1 is satisfied. Set (a, η, z, σ, m, d, q ) = ( 33 2251/125 , 0.1, 0.8, 1.25, 0.12, 0.88, 0.5) and 1 ¯ α) ¯ and a = a1 (α). ¯ p1 (α)) ¯ = (1, 0.36 ), b¯ = b1 (α), ¯ We obtain ¯ = (0.446, 0.8). This implies (K 1 (α), (b, dG 0,0 (0) = g1 ≈



−



−



324 3125 36 125







0.571901



,



− 0.706050 



Q(X, X) = 



36 125 4 5



1 T 2X



g2 ≈











l=



,



−1







324 3125



36 125



 ,







0.505752 − 0.624386



2916 15625 55404 390625



432 925 2916 15625



e=



,







9 25



m1 ≈ 0.178254, m2 ≈ 1.155762,



,







X,



1 T 2X







−



1208 555



−



144 625



− −



144 625



1296 15625







T



X .



And we have 



l · g1



m1



l · g2



m2



≈







 dG 0,0 (0)







0.091504



0.178254



0.080920



1.155762







Q(e, e) = 



−



36 125



−



dG 0,0 (0) has rank 1 and a 0 eigenvalue of multiplicity 2. det



−



l·g



83/250



,



491346 14453125



324 3125



36 125



4 5







1



l · g2



57564 578125



 .



m1  = 0, and [ dG 0,0 (0) Q(e, e) ] m2



19/500



×5 , 0.1, 0.8, 1.25, 0.12, 0.88, 0.5), then has rank 2. Thus, if we set (a, η, z, σ , m, d, q ) = ( 33 2251/125 ¯ α) ¯ = (0.446, 0.8) is an interior point of U (η, σ ) such that the three conditions in Theorem 1 (b, are satisfied at this point. Hence, by Lemma 4, Theorem 1 and Remark 1, (a, η, z, σ, m, d, q ) = 83/250 ×519/500 , 0.1, 0.8, 1.25, 0.12, 0.88, 0.5) is an element of . Therefore,  is non-empty, and the proposition ( 33 2251/125 holds. 
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Appendix II The present section proves Proposition 2. Section A specifies a stochastic process generating a set of sunspot variables. Section B proves Proposition 2.



Sunspot variables We specify a stochastic process {ε t } t≥ 0 generating sunspot variables in a way consistent with the formulation in (25) and (26). We have assumed that a set of sunspot variables {ε t (ω)} t≥ 0 is generated by a two-state continuous-time Markov process with stationary transition probabilities and that ε t :  → {1, 2} for each t ≥ 0. Let [{εt (ω)}t ≥ 0 , (, B , P )] be a continuous time stochastic process specified in the main text. We have further assumed that (, B , P ) is a complete measure space and that the stochastic process {ε t (ω)} t≥ 0 is separable. Let P(h) = [ p i j (h)] 1≤ i, j ≤ 2 , h ≥ 0, denote a 2 × 2 stationary transition probability matrix, where p i j (h) is the conditional probability that ε t (ω) moves from ε t (ω) = i to ε t + h (ω) = j through the length of time h under the  condition εt (ω) = i . 2j = 1 pi j (h) = 1 for i = 1, 2, and for each h ≥ 0. We assume that the transition probability matrix satisfies the following continuity condition. limh→ + 0 P(h) =



10 01



.



(27)



For a fixed ω, ε t = ε(t) considered as a function of t is called a sample function. A function g(·) will be called a step function, if it has only finitely many points of discontinuity in every finite closed interval, if it is identically constant in every open interval of continuity points, and if g (t 0 −) ≤ g (t 0 ) ≤ g (t 0 + ), or g (t 0 + ) ≤ g (t 0 ) ≤ g (t 0 −), when t 0 is a point of discontinuity. Then we have the following result. See Section 3 of Shigoka (1994) and the relevant parts of Doob (1953) referred for a proof. Theorem 2 Suppose that the condition (27) is satisfied. There exists a stochastic process [{εt (ω)}t ≥ 0 , (, B , P )] with the following properties, where ε t :  → {1, 2} for each t ≥ 0. (i) (ii) (iii) (iv)



P {lim s →t ε s (ω) = ε t (ω)} = 1 for each t > 0. For each t > 0, there is with probability 1 a sample function discontinuity for some t  > t. For each ω, the sample function is a step function, and continuous on the right at each point of discontinuity. ε −ε Et [limh→ + 0 ( t + hh t )] = 0.



Proof of Proposition 2 By the Jordan curve theorem, the closed curve γ separates R2 into two connected regions, a bounded one and an unbounded one. Let U be a set of all interior points in R2 enclosed by γ . Then U ⊂ R 2++ . Because U is open, for any given (K , p) in U , there exists an open neighborhood V (K , p) such that (K , p) ∈ V (K , p) ⊂ U . V (K , p) includes a point (x 1 , x 2 ) such that x 1 = K and x 2 > p. We have the following result. Lemma 5 There exists a continuous function ϕ : U → R ++ such that for each (K, p) in U , (K, p + ϕ(K, p)) ∈ U . PROOF: Let p min and p max be defined in the following way. pmin : = arg min p subject to (K , p) ∈ γ , whereas pmax : = arg max p subject to (K , p) ∈ γ . Because γ is compact, p min and p max do exist. Let π : R 2 → R be the projection operator defined as π (x, y) = x. For each p in [ p min , p max ], let X(p) be defined as X( p) = π ({(K , y) ∈ U ∪ γ : y = p.}). For each p in [ p min , p max ], there exists a continuous function ϕ p : X( p) → R such that if (K , p) ∈ γ , ϕ p (K ) = 0, and that if (K , p) ∈ U , ϕ p (K ) > 0 and (K , p + ϕ p (K )) ∈ U . We can choose C IAET International Journal of Economic Theory 4 (2008) 337–355 
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ϕ p (K ) = ϕ(K , p) in such a way that for each fixed K , ϕ p (K ) = ϕ(K , p) is continuous in p. If we restrict the domain of ϕ = ϕ(K , p) thus obtained on U ∪ γ to U , then the lemma holds.  Because U ∪ γ is compact and because any trajectory starting from a point in U ∪ γ continues to stay in it, for any given initial point in this set, a solution of (25) is defined for all t ≥ 0. Let φ : R + × (U ∪ γ ) → (U ∪ γ ) be a solution of (25) with an initial value in U ∪ γ , where R + is a set of all non-negative real numbers. For any (K , p) in U , φ(t, K , p) belongs to U for all t ≥ 0. Let ϕ : U → R ++ be a continuous function specified in Lemma 5. For a given ω, let {t n (ω)} n≥ 1 be a set of all discontinuous points of a sample function ε t (ω) = ε(t, ω) 2 ,B with 0 < t 1 < t 2 < · · · < t n < t n + 1 · · · . For each n, t n (ω) is measurable in ω.11 Let (R++ 2 , P R 2 ) be the R++ ++ probability space specified in the main text. We assume that λ = (K 0 , p 0 , ω) ∈ U ×  so that P R 2 (U ) = 1. ++



We choose an initial value (K 0 , p 0 ) from U ⊂ R 2++ , and construct a stochastic process {(K t (λ), p t (λ))} t≥ 0 recursively in the following way. See Figure 3. (K t , pt ) = φ(t, K 0 , p0 ), for 0 ≤ t < t1 . (K (t1 ), p(t1 )) = φ(t1 , K 0 , p0 ) + (0, ϕ(φ(t1 , K 0 , p0 ))). (K t , pt ) = φ(t − t1 , K (t1 ), p(t1 )), for t1 ≤ t < t2 . (K (t2 ), p(t2 )) = φ(t2 − t1 , K (t1 ), p(t1 )) + (0, ϕ(φ(t2 − t1 , K (t1 ), p(t1 )))). (K t , pt ) = φ(t − t2 , K (t2 ), p(t2 )), for t2 ≤ t < t3 . . . (K (tn ), p(tn )) = φ(tn − tn − 1 , K (tn − 1 ), p(tn − 1 )) + (0, ϕ(φ(tn − tn − 1 , K (tn − 1 ), p(tn − 1 )))). (K t , pt ) = φ(t − tn , K (tn ), p(tn )), for tn ≤ t < tn + 1 . . . Because φ(t, U ) ⊂ U for all t ≥ 0, and because (K , p + ϕ(K , p)) ∈ U for all (K, p) in U , the above construction is well defined, and (K t (λ), p t (λ)) ∈ U for all t ≥ 0. Because (K t (λ), p t (λ)) = (K t (K 0 , p 0 , ω), p t (K 0 , p 0 , ω)) is continuous in (K 0 , p 0 ) and measurable in ω, by construction, it is measurable in λ = (K 0 , p 0 , ω).12 That is, (K t (λ), p t (λ)) is a random variable in λ. Set t 0 = 0. For any t n ≤ t < t n + 1 , we have the following relation, where    dτ is the Lebesgue measure, and where ( f (τ ), g (τ ))T dτ denotes ( f (τ )dτ, g (τ )dτ )T . 



t1



(K t , pt )T = (K 0 , p0 )T + 0



F (K τ , pτ )dτ +



(0, ϕ(K t1 , pt1 ))T +







t2



F (K τ , pτ )dτ + (0, ϕ(K t2 , pt2 ))T + · · ·



t1







(0, ϕ(K tn − 1 , ptn − 1 ))T +  (0, ϕ(K tn , ptn ))T +



tn



tn − 1



F (K τ , pτ )dτ +



t



tn



(28)



F (K τ , pτ )dτ. •



•



Let f i : W → R be the i-th element of F : W → R 2 . From (28), K t = f 1 (K t , pt ), where K t is interpreted as a Radon–Nikodym derivative of a Lebesgue–Stieltjes signed measure dK t relative to the Lebesgue measure dt. From −p p (28), we also have limh→ + 0 t + hh t = f 2 (K t , pt ), which implies Et ddtpt = f 2 (K t , pt ). Therefore, we conclude that {(K t (λ), p t (λ))} t≥ 0 is a solution of the stochastic differential equation (26) with (K t (λ), p t (λ)) ∈ U ⊂ U ∪ γ ⊂ R 2++ . By Theorem 2 and Lemma 5, for any pair t > s ≥ 0, (K t (λ), p t (λ)) is Bt∗ -measurable, but not Bs∗ -measurable. Therefore, {(K t (λ), p t (λ))} t≥ 0 is a sunspot equilibrium whose support is located in the bounded region in R 2++ enclosed by γ . By Theorem 2 and Lemma 5, each sample path of the sunspot equilibrium 11 See Doob (1953, pp. 252–3). 12 See theorem 11.3 in Ito ˆ (1963).
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does not converge to any specific point and continues to fluctuate without decaying asymptotically. Therefore, the proposition holds. 
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