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We propose a theory that qualitatively predicts the stability and equilibrium structure of long-lived, quasi-steady flow states in decaying two-dimensional turbulence. This theory combines a maximum entropy principal with a nonlinear parameterization of the vorticity-stream-function dependency of such long-lived states. In particular, this theory predicts unidirectional-flow states that are bistable, exhibit hysteresis, and undergo large abrupt changes in flow topology; and a vortex-pair state that undergoes continuous changes in flow topology. These qualitative predictions are confirmed in numerical simulations of the two-dimensional Navier-Stokes equation. We discuss limitations of the theory, and why a reduced quantitative theory of long-lived flow states is difficult to obtain. We also provide a partial theoretical justification for why C 2013 American certain sets of initial conditions go to certain long-lived flow states.  Institute of Physics. [http://dx.doi.org/10.1063/1.4774348]



I. INTRODUCTION



Mechanisms that explain the spontaneous formation of long-lived coherent structures such as large-scale vortices are essential for understanding observed phenomena like Jupiter’s red spot. Such phenomena are sometimes described, at least approximately, by a two-dimensional (2D) fluid.1 Twodimensional fluids are also considered as idealized examples of stratified geophysical flows in the ocean and atmosphere.2 In these cases, spontaneous formation of large-scale coherent structures can be understood as the formation of so-called negative-temperature states, as originally described by Onsager.3 Onsager’s key insight was observing that for a discrete system of interacting point-vortices confined to a 2D bounded domain, the total phase-space volume is bounded. This has a dramatic effect on the possible long-time states, as the phase-space volume accessible to a system (the entropy) at energy E will eventually begin to decrease as E increases. In such a negative-temperature regime, point vortices of like-sign tend to cluster together to form large-scale vortex structures.1, 3 Since Onsager’s work, statistical mechanics has been applied via a maximum entropy principal4 to generate mean-field theories for the point-vortex model,5 and the continuum 2D Euler equation.6, 7 The goal of these theories is to predict the final flow states of an ideal fluid for a given set of initial conditions. Later work by Montgomery et al.,8–11 and Brands et al.,12 was concerned with investigating the long-lived flow states of non-ideal viscous fluids. In Ref. 8, it was shown that longlived flow states of the 2D Navier-Stokes equation are well-approximated by maximum entropy states from the point-vortex model. Further work in Ref. 10 investigated how different distributions of the initial vorticity lead to different maximum entropy states. It was found that discretizing the initial non-zero vorticity in terms of points often leads to a maximum entropy state given by a so-called vortex pair: a state consisting of a pair of macroscopic vortices of opposite-sign vorticity.10 In the opposite limit, where the initial conditions consisted of several large regions of non-zero vorticity and a smaller region of zero vorticity, the maximum entropy state was found to be given by a unidirectional flow: a state where the flow is along either the x-axis or the y-axis in a square
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domain.10 These predictions were confirmed in numerical simulations of the 2D Navier-Stokes equation.10, 11 Given the tight linkage between flow on a bounded domain and entropy, a natural question is: How does modifying the shape of a domain affect the type of long-lived flow state observed? In this work, we investigate changes in the domain aspect-ratio, and how this influences selection of a particular long-lived (or maximum entropy) state. We consider states that are either unidirectional flows or vortex pairs, as in Ref. 10, and characterize their equilibrium structure: including hysteresis and co-occurrence of flow states (bistability), as well as abrupt and continuous transitions between different states. Our approach is to compare qualitative theoretical predictions for the maximum entropy state with numerical simulations of long-lived flow states of the 2-D Navier-Stokes equation. Our primary motivation is to develop a better understanding of the equilibrium structure and stability of such states. Previous work in Ref. 13 was concerned with how changes in domain aspect-ratio influenced solutions of the 2D Navier-Stokes equation in the presence of damping and stochastic forcing. The stochastic forcing was found to result in random transitions between unidirectional-flow and vortexpair states.13 These results motivated our present work to investigate 2D Navier-Stokes dynamics without forcing in an effort to understand the equilibrium structure of long-lived states. In future work, we hope to consider non-equilibrium behavior, and build upon the results presented here. The structure of this paper is as follows: In Sec. II, the dynamical equations for a 2D fluid are presented, and our approach for finding maximum entropy states is given. In Sec. III, our theoretical predictions are compared with numerical simulations of the 2D Navier-Stokes equation. A discussion of the key findings and future directions is provided in Sec. IV. II. THEORY



We now outline the dynamical equations and conserved quantities for a 2D incompressible fluid.2, 6, 7 Denoting the 2D fluid-velocity field as v(r, t), the fluid vorticity ω(r, t) is defined as ω = ∇ × v. Taking the curl of the 2D Navier-Stokes equation leads to its vorticity representation, and the dynamical equations for the 2D incompressible fluid are given by ∂ω + (v · ∇)ω = ν∇ 2 ω, ∂t



(1)



∇ · v = 0.



(2)



The incompressibility condition in Eq. (2) can be solved by introducing the stream function ψ(r, t) as v = ez × ∇ψ, where ez is a unit vector in the z-direction. This leads to a relationship between the stream function and vorticity given by ∇ 2 ψ = ω.



(3)



The fluid is confined to a bounded domain D = (0, 2π δ) × (0, 2π/δ) in Cartesian coordinates, with constant area A = 4π 2 . Provided δ > 0, the domain is square when δ = 1, and rectangular otherwise. As is common practice, and as further discussed in Sec. III and Appendix D, for the numerical simulations of decaying turbulence shown in this article, we use either a high-wave-number filter or hyper-viscosity (see Ref. 18, for example) instead of the Laplacian form in Eq. (1). In the inviscid limit, ν = 0 in Eq. (1), and we recover the 2D Euler equation. The dynamics then conserves the kinetic energy E and Casimir C, where   1 d 2 r v2 , C = d 2 rs(ω), (4) E= 2 D D for any continuous function s(ω). Following Miller and Robert,6, 7 we re-parameterize the Casimir to obtain a more useful set of conserved quantities for the statistical mean-field theory presented later.  Upon introducing the variable σ , the Casimir in Eq. (4) can be re-written as C = A dσ s(σ )g(σ ),
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where we have defined 1 g(σ ) ≡ A



 D



d 2 rδ(σ − ω(r))



(5)



and where ω(r) is the initial vorticity field. For C to be constant in time, g(σ ) must also be constant in time. The quantity g(σ )dσ is interpreted as the fraction of the total domain area A on which σ ≤ ω ≤ σ + dσ : meaning that the initial vorticity levels and their areas constitute infinitely many quantities conserved by the flow.1, 6, 7



A. Statistical mechanics of long-lived flow states



In decaying 2D turbulent flows, long-lived flow states are characterized by strong dependencies between the vorticity and stream function.8 Our approach will be to make use of these ω − ψ relations to make qualitative predictions about the equilibrium structure and stability of long-lived flow states. The statistical mechanics mean-field theory proposed in Refs. 6, 7 predicts the ω − ψ relation from given initial conditions for the case of an ideal fluid (see Appendix A for a summary). In this case the general form of the ω − ψ relation is ¯ ω¯ = f (β ψ),



(6)



where ω(r) ¯ is the mean macroscopic vorticity observed on a finite length-scale at long times, and ¯ ψ(r) is the corresponding stream function.1, 6, 7 The parameter β is a Lagrange multiplier enforcing conservation of E from Eq. (4), and the form of f depends on the initial vorticity levels and their areas from Eq. (5). In the following, we assume the parameterization given by Eq. (6) holds for an incompressible viscous fluid obeying the 2D Navier-Stokes equation. However, we intentionally avoid using the mean-field theory to predict the ω − ψ relation from given initial conditions. The reason is the mean-field theory crucially depends on the conservation of Eq. (5), while most numerical integration schemes (including ours) do not achieve such conservation;14, 15 even in the inviscid limit. Neither do we intend to quantitatively satisfy a typical ω − ψ relation found from simulating the 2D NavierStokes equation (for reasons explained below). What we do aim to do is develop a simple qualitative method that can discriminate between unidirectional flows and vortex pairs: two long-lived states with distinctly different flow topologies. For mathematical convenience we use a low-order polynomial expression for f in the ω − ψ relation similar to that in Ref. 13. For the two states we are interested in: f( − x) = −f(x). A low-order polynomial expression for f therefore leads to an assumed ω − ψ relation given by ω¯ = β ψ¯ + a3 β 3 ψ¯ 3 , where a3 controls the shape of f. We have tried fitting this form to the ω − ψ relation found from simulating the 2D Navier-Stokes equation. However, in all the simulations we performed we could only find a qualitative fit (the value of β in the linear term was at least a factor of 2 larger than predicted using Eq. (14)). In an attempt to get the ω − ψ relation to linearize and become closer to our assumed form, we tried taking a “small-energy limit” (E → 0) of Eq. (6). However, as we show in Appendix B, the Taylor series for the ω − ψ relation only converges in this limit when ω¯ = ψ¯ = 0. Therefore, our method is assumed to be qualitative only: the sign of a3 is assumed to capture the essential qualitative difference in the ω − ψ relation of unidirectional flows and vortex pairs. We can generate the corresponding mean-field equation by making use of ∇ 2 ψ¯ = ω¯ from Eq. (3), giving ¯ ¯ ¯ 3. ∇ 2 ψ(r) = β ψ(r) + a3 β 3 ψ(r)



(7)



In the following, we solve Eq. (7) by treating a3 as a small parameter. The qualitative properties of our results will not depend on the magnitude of a3 (for |a3 | > 0), only its sign; so this does not restrict our analysis in any way.
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B. Linear analysis and mode selection



For a3 = 0, Eq. (7) becomes the linear equation, ¯ ¯ ∇ 2 ψ(r) = β ψ(r).



(8)



¯ This equation can be solved by expanding ψ(r) in terms of Laplacian eigenfunctions ei (r) as  ¯ ¯ ψ(r) = i ψi ei (r), where the eigenfunctions solve the following eigenvalue equation: − ∇ 2 ei (r) = λi ei (r).



(9)



The solution to Eq. (8) is then given by β = −λi , and ψ¯ j=i = 0. It will be shown in Sec. II C that the maximum entropy state is the one with the smallest value of |β|. At “negative temperature” (β < 0) we therefore seek the smallest eigenvalue of the operator (− ∇ 2 ). Assuming periodic boundary conditions on D, the two smallest eigenvalues are: λ1 = 1/δ 2 , and λ2 = δ 2 , with corresponding eigenfunctions x  √ , (10) e1 (x) = (π 2)−1 sin δ √ e2 (y) = (π 2)−1 sin (yδ).



(11)



For small non-zero a3 , we would like to see which of these modes is “selected” by the nonlinearity. We do this by projecting these modes onto the nonlinear term in the mean-field equation. Multiplying ¯ then integrating, gives each side of Eq. (7) by ψ,   2 ¯ 2 ¯ ¯ 2 + a3 β 3 ψ(r) ¯ 4 ]. (12) d rψ(r)∇ ψ(r) = d 2 r[β ψ(r) ¯ Expanding ψ(r) as a linear superposition of the two modes e1 and e2 , ¯ ψ(r) = ψ¯ 1 e1 (x) + ψ¯ 2 e2 (y),



(13)



and substituting this into Eq. (12) before integrating, leads to an algebraic equation that is cubic in β: β(ψ¯ 12 + ψ¯ 22 ) + β 3



3a3 ¯ 4 (ψ + ψ¯ 24 + 4ψ¯ 12 ψ¯ 22 ) = −(λ1 ψ¯ 12 + λ2 ψ¯ 22 ). 8π 2 1



(14)



We will solve this equation for β by fixing the values of ψ¯ 1 , ψ¯ 2 , a3 , and δ. This determines the mode selection, as discussed in Sec. II D. C. Applying energy and entropy conditions



We now use entropy maximization and energy conservation to help find maximum entropy  2 ¯ ¯ solutions of Eq. (14). The expression for E in Eq. (4) can be re-written as E = − 12 d 2 rψ(r)∇ ψ(r). In terms of the eigenfunction expansion in Eq. (13), this equation becomes E=



λ1 ¯ 2 λ 2 ¯ 2 ψ + ψ2 . 2 1 2



(15)



For a given E and δ we now have an equation relating ψ¯ 2 and ψ¯ 1 . The maximum entropy condition can be derived from the mean-field theory by substituting the maximum entropy solution Eq. (A7) into the variational F given by Eq. (A6). Making the assumption β = −|β| then leads to F = |β|E.



(16)



Maximum entropy solutions correspond to minimum F solutions. From Eq. (16), these solutions minimize |β| for fixed E. These solutions can be found for given a3 , δ, and E as shown next.
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¯ FIG. 1. Maximum-entropy state predictions from minima of |β(ψ¯ 1 )| versus √ψ1 curves that solve Eqs. (14) and (15). For a3 = −0.5, E = 1, and δ = 1 (solid curve); two minima at ψ¯ 1 = 0 and ψ¯ 1 = 2 correspond to two unidirectional flow states: one along the x-axis, and one along the y-axis. As δ increases (dashed curves), the minimum at ψ¯ 1 = 0 vanishes at δ ≈ 1.026, and flow along the x-axis ceases.



D. Maximum entropy states



When a3 = 0 and the domain is square (δ = 1), the two eigenvalues λ1 and λ2 are degenerate, and the maximum entropy state is the linear combination e1 (x) + e2 (y). This linear combination corresponds to a vortex-pair state—describing flow that depends on both x and y. When the domain is rectangular, one of the eigenvalues becomes smaller than the other, and the maximum entropy state is given by either e1 (x) or e2 (y). This mode corresponds to a unidirectional-flow state describing flow along either the y-axis or the x-axis, respectively. For small |a3 | > 0, we solve Eqs. (14) and (15) to generate the curve |β(ψ¯ 1 )| versus ψ¯ 1 as follows: First, we fix the parameters a3 , δ, and E. Then we choose an arbitrary value for ψ¯ 1 , and use it to determine the corresponding value of ψ¯ 22 from Eq. (15)—there are no roots to choose from if we use ψ¯ 22 instead of ψ¯ 2 in Eq. (14). With these values in hand, we solve Eq. (14) for β. Now there will be three roots to choose from, so we always choose the root closest to the linear solution of interest: |β| = λi , with i = 1 for δ > 1, and i = 2 for δ < 1. By varying ψ¯ 1 and repeating this process, we generate the |β(ψ¯ 1 )| versus ψ¯ 1 curves shown in Figs. 1 and 2 for different values of a3 and δ. Maximum entropy states correspond to the minima of these curves.



FIG. 2. Maximum-entropy state predictions from minima of |β(ψ¯ 1 )| versus ψ¯ 1 curves that solve Eqs. (14) and (15). For a3 = 0.5, E = 1, and δ = 1 (solid curve); a single minimum at ψ¯ 1 = 1√corresponds to a single vortex-pair state. As δ increases (dashed curves), this minimum moves continuously towards ψ¯ 1 = 2—which corresponds asymptotically to unidirectional flow along the y-axis.
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In Fig. 1, we show curves of |β(ψ¯ 1 )| versus ψ¯ 1 for a3 < 0 and δ ≥ 1. For a square domain (δ = 1) there is symmetry in x and y, and we see two minima: one corresponding to a unidirectional flow along the x-axis, and one corresponding to a unidirectional flow along the y-axis. For rectangular domains (δ > 1) these flows persist, until reaching a critical value of δ given by δ c (δ c ≈ 1.026 in Fig. 1) where one minimum vanishes—now only flow along the y-axis persists. A saddle-node convergence between the local minimum at ψ¯ 1 = 0 (a state corresponding to unidirectional flow along the x-axis), and the local maximum (a vortex-pair state) has taken place—leading to the annihilation of both states. We therefore predict a region of bistability for δ < δ c where a unidirectional flow can be along either axis. When δ = δ c , we predict an abrupt change in flow topology when unidirectional flow along the x-axis suddenly changes to unidirectional flow along the y-axis. For δ < 1, a similar behavior is observed; but now flow only persists along the x-axis below a certain critical δ-value. In Fig. 2, we show curves of |β(ψ¯ 1 )| versus ψ¯ 1 for a3 > 0 and δ ≥ 1. For a square domain we see a single minimum corresponding √ to a vortex-pair state. For rectangular domains, this minimum moves continuously towards ψ¯ 1 = 2, and the vortex-pair state goes asymptotically to a unidirectional flow along the y-axis. It is clear there can be no bistability in this case, and only a continuous transition in flow topology is possible. III. NUMERICAL RESULTS



We now compare our theoretical predictions for maximum entropy states with numerical simulations of long-lived states of the 2D Navier-Stokes equation. For the reasons mentioned in Sec. II A, this comparison is only qualitative. A. Initial conditions and numerical method



A key distinction between unidirectional-flow and vortex-pair states turns out to be the area of the ω = 0 vorticity level: The zero-vorticity-level area is smaller in the case of a unidirectional flow. We show this in Appendix C by calculating the vorticity-level areas for long-lived flow states. Motivated by this distinction, we constructed a vorticity distribution consisting of four patches of equal area and vorticity magnitude—two of each sign—with the vorticity of the remaining region set to 0 (see Appendix D for further details). Using this as our initial vorticity distribution in numerical simulations, we found we could go predictably to either a unidirectional-flow or a vortex-pair state simply by varying the patch radius (thus changing the area of the zero-vorticity level). Increasing the patch radius led to unidirectional flows, while decreasing it led to vortex pairs. These findings are similar to those of Ref. 11. Here, however, we have provided a partial theoretical justification for this behavior based on the distinction between unidirectional-flow and vortex-pair states in terms of the area of the zero-vorticity level. To numerically solve the 2D Navier-Stokes equation, we used a scheme that consisted of a fully dealiased pseudospectral spatial discretization, and a nominally fifth-order adaptive timestepembedded Runge-Kutta Cash-Karp temporal discretization (see Refs. 16 and 17 for details). With this combination of spatial and temporal discretizations, the only two inviscid conserved quantities are kinetic energy and enstrophy. However, such numerical conservation allows for stable numerical integration of initial conditions using arbitrary levels of viscous dissipation including none at all. We experimented with using either a high-wavenumber filter of the vorticity field,18 or hyperviscosity to act as a sink of the forward cascading enstrophy. The reader is referred to Appendix D for further details. B. Unidirectional-flow states



Unidirectional-flow states resulting from pseudospectral simulations at different values of δ are considered in Figs. 3–5 (and also in Appendix D). In Fig. 3, values of the order parameter ψ¯ 12 /2 for long-lived states at different δ-values are shown. A value of ψ¯ 12 /2 ≈ 0 corresponds to unidirectional flow along the x-axis (Fig. 3, left inset), while ψ¯ 12 /2 ≈ 1 corresponds to unidirectional flow along the y-axis (Fig. 3, right inset). Two branches of stable states can clearly be seen: the lower branch
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FIG. 3. The order parameter of long-lived unidirectional flow states for different values of δ. A value of ψ¯ 12 /2 ≈ 0 corresponds to unidirectional flow along the x-axis (left inset), while ψ¯ 12 /2 ≈ 1 corresponds to unidirectional flow along the y-axis (right inset). Different colored symbols correspond to different sets of experiments where the initial placement of patches or small scale dissipation were varied. The set of experiments denoted by the stars are analyzed further in Appendix D. For two of these experiments, marked by enclosing squares, snapshots of vorticity at different times are shown in Figs. 4 and 5



corresponds to unidirectional flow along the x-axis; and the upper branch, to unidirectional flow along the y-axis. These states coexist in a bistable region for some range of δ-values. In Figure 3, we show results from a number of different experiments: Symbols of different color correspond to slight differences, either in the parameterization of small scale dissipation (hyperviscosity or high-wavenumber filter or their coefficients), or in the initial placement of the patches.



FIG. 4. Spatial distribution of vorticity at times 8τ (top left) where τ is the eddy-turnover time, 80τ (top right), 112τ (bottom left), and 160τ (bottom right) leading to the long-lived flow state indicated by the square symbol near ψ¯ 12 /2 ≈ 0 in Fig. 3. The same color scale is used for each of the snapshots. Energy spectra for these states is shown in Fig. 11.
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FIG. 5. Similar vorticity snapshots to those in Fig. 4, but now leading to the long-lived flow state indicated by the square symbol near ψ¯ 12 /2 ≈ 1 in Fig. 3.



The area of each patch is held constant across the series of experiments (see Appendix D for details). It is clear from Fig. 3 that these slight changes cause a certain degree of scatter in each of the long-lived flow states. However, the basic feature of two unidirectional flows and two distinct flow topologies is seen to be robust to these changes. Outside the bistable region only a single branch of states exist; representing flow along the x-axis for δ < 1, and flow along the y-axis for δ > 1. Hysteresis will be observed when starting with unidirectional flow along the x-axis in a square domain (δ = 1), for example, then increasing δ beyond a critical value to get an abrupt change in flow topology to flow along the y-axis. Decreasing δ back to δ = 1 will then maintain the flow along the y-axis. These results are in good qualitative agreement with the predictions presented in Sec. II D. In Figs. 4 and 5, we show time-evolution of the vorticity field for the two long-lived states given by the square-enclosed stars in Fig. 3. The flow eventually settles along the x-axis in Fig. 4, and along the y-axis in Fig. 5. These figures serve to illustrate the fact that in this problem turbulence arises on a broad range of scales at intermediate times even though the initial and final conditions are laminar. The set of experiments indicated by stars in Fig. 3 are further analyzed in Appendix D. C. Vortex-pair state



The order parameter ψ¯ 12 /2 is again shown for long-lived states at different values of δ in Fig. 6, but now for smaller initial patch areas. Each data point was generated by running our pseudospectral code with an initial vorticity distribution leading to a vortex pair, as described in Sec. III A. A value of ψ¯ 12 /2 ≈ 0.5 corresponds to a vortex pair with flow components along both the x- and y-axes (Fig. 6, left inset), while deviations towards smaller or larger values of ψ¯ 12 /2 indicate the tendency towards a more unidirectional flow (Fig. 6, right inset). As in Fig. 3, different color symbols correspond to slight differences either in the parameterization of small scale dissipation or in the initial placement of the patches while holding their area fixed. To a first approximation, a single branch of stable states is seen in Fig. 6 as δ is varied. In the middle of this branch is a single vortex pair in a square domain (Fig. 6, left inset). As δ is increased, this state is continuously “squeezed” along the y-axis—eventually yielding a large component of unidirectional flow along the y-axis (Fig. 6, right inset). Similarly, decreasing δ eventually leads to a large component of unidirectional flow along the x-axis. To a good approximation a continuous
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FIG. 6. The order parameter of long-lived states for different values of δ in a second series of experiments. A value of ψ¯ 12 /2 ≈ 0.5 corresponds to a vortex pair with flow components along both the x- and y-axes (left inset), while deviations towards smaller or larger values of ψ¯ 12 /2 indicate the tendency towards a more unidirectional flow (right inset). Different colored symbols correspond to different sets of experiments where the initial placement of the patches or small scale dissipation were varied, as in Fig. 3.



change in flow topology from a vortex pair to a unidirectional flow takes place as δ is changed: there is no sudden large change in flow topology as in Fig. 3, for example. These results are in good qualitative agreement with the predictions presented in Sec. II D. On closer inspection, it is clear from Fig. 6 that there is a significant degree of scatter in the long-lived flow states; even for fixed initial conditions and small scale dissipation (symbols of the same color). To this extent, we note that there may be higher-wavenumber modes contributing to the flow topology as δ is varied. Indeed, the simulated long-time states span a wider range of configurations than assumed in the theory. For example, in Fig. 3 small vortex-pair components can be seen within the unidirectional flows—leading to so-called “mixed states.”



IV. SUMMARY AND DISCUSSION



In this paper, we have presented a theory for predicting the qualitative behavior of long-lived states of the 2D Navier-Stokes equation in the decaying turbulence regime. This theory combines a maximum entropy principal with a nonlinear parameterization of the strong statistical dependencies between the vorticity field and stream function in long-lived flow states. We showed this theory to be in qualitative agreement with numerical simulations of the 2D Navier-Stokes equation for two key long-lived flow states. A reduced theory that yields correct quantitative predictions would be difficult to obtain for at least two reasons. The first reason is that most numerical integration schemes do not conserve high-order Casimir.14, 15 In principal, the mean-field theory presented in Appendix A can yield quantitative predictions of long-lived flow states from arbitrary initial conditions in the inviscid limit (zero viscosity). However, this theory crucially depends on the conservation of highorder Casimir. The use of a Lie-Poisson integrator,15 or better resolved codes19 would potentially solve this issue. The second reason is related to our approach of parameterizing the nonlinear
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vorticity-stream-function dependency of long-lived flow states. In simulations, we found these dependencies to be so strongly nonlinear that they could not be accurately quantified using parameterizations amenable to simple mathematical analysis or perturbation theory. In addition, we could not find any limiting cases, such as the small-energy limit considered in Appendix B, where weakly nonlinear parameterizations might work in a decaying turbulence regime. With a more extensive investigation it may be possible to find such a limit. We also provided a partial theoretical justification for why certain sets of initial conditions go to certain long-lived flow states. In Appendix C, it was shown that the area of the zero-vorticity level (or the kurtosis of the vorticity distribution) distinguishes between a vortex pair and a unidirectional flow. As discussed in Sec. III A, the surprising result is that this distinction also seems to be qualitatively reflected in the initial conditions. A natural question is: Can we use our qualitative theory to understand the large random changes between a vortex pair and a unidirectional flow found in Ref. 13 when weak stochastic forcing is present? In this work, we showed large transitions can only take place between unidirectional flows. Transitions between a vortex pair and a unidirectional flow are either continuous, or take place in small jumps. To have large random changes between a unidirectional flow and a vortex pair requires both states to be quasi-steady states at the same time, or at least at nearby points in time. The simplest hypothesis may be that only one of these states is a quasi-steady state over a short timescale—either a unidirectional flow or the vortex pair—during which time decaying turbulence causes relaxation towards this state. Over longer timescales, the effect of weak stochastic forcing allows selection of the opposite state. This hypothesis leads to the prediction that a change in the area of the zero-vorticity level (or kurtosis of the vorticity distribution) is followed by a change in the order parameter (given as a component of the stream function, for example). Now that we have established a qualitative framework, it should be easier to address such questions. ACKNOWLEDGMENTS
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The statistical theory outlined here was developed by Miller and Robert (see Refs. 1, 6, and 7), and is intended to predict the most probable long-time flow state of the 2D Euler equation for a given set of initial conditions. The starting point is the mean macroscopic vorticity ω, ¯ defined as  ω(r) ¯ = dσ σ n(r, σ ), (A1) where n(r, σ ) is a probability distribution function satisfying  dσ n(r, σ ) = 1.



(A2)



The forward enstrophy cascade resulting from the 2D Euler equation transfers enstrophy to larger wave numbers,2 and the microscopic vorticity σ mixes to finer and finer scales. Therefore, a small neighborhood of r will contain many values of the vorticity with levels distributed according to n(r, σ ). Conservation of energy, and conservation of the area occupied by each initial vorticity level, imply     1 E =− (A3) d 2 r d 2 r dσ dσ σ n(r, σ )G(r, r )σ n(r , σ ) 2
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and



 Ag(σ ) =



d 2 rn(r, σ ),



(A4)



respectively, where G(r, r ) is the Green’s function of the Laplacian. We now maximize an entropy functional given by   S = − d 2 r dσ n(r, σ ) ln n(r, σ ), (A5) subject to the constraints implied by Eqs. (A2)–(A4). Using the method of Lagrange multipliers, this can be written as the variational problem δF/δn(r, σ ) = 0, where   (A6) F = β E − S + d 2 r ln Z(r) + A dσ μ(σ )g(σ ), and β, Z(r), and μ(σ ) are Lagrange multipliers enforcing the constraints in Eqs. (A2)–(A4). It should be noted that the last term in Eq. (A6) is exactly the Casimir in Eq. (4) if we make the identification μ(σ ) → s(σ ). The solution to this variational problem is given by n(r, σ ) =



1 βσ ψ(r)−μ(σ ¯ ) e , Z(r)



(A7)



 ¯ ¯ ). The constraint in Eq. (A2) is satisfied where we have made use of ψ(r) = d 2 r G(r, r )ω(r provided the normalization factor is chosen as  ¯ Z(r) = dσ eβσ ψ(r)−μ(σ ) . (A8) ¯ = ω(r) ¯ from Eq. (3), along with The mean-field equation can be derived using ∇ 2 ψ(r) Eqs. (A1) and (A7) for ω(r), ¯ leading to  1 ¯ 2 ¯ (A9) dσ σ eβσ ψ(r)−μ(σ ) . ∇ ψ(r) = Z(r) To obtain the ω − ψ relation, we define







Z (y) ≡



dσ eσ y−μ(σ ) ,



(A10)



¯ ¯ so that setting y = β ψ(r) leads to Z (β ψ(r)) = Z(r) given by Eq. (A8). Upon defining d ln Z (y), dy



(A11)



¯ ω(r) ¯ = f (β ψ(r)).



(A12)



f (y) ≡ and using Eqs. (A1) and (A7), we then have



APPENDIX B: A SMALL-ENERGY LIMIT



The energy is conserved in the inviscid limit, and can be written as  1 ¯ ω(r). ¯ E =− d 2 rψ(r) 2



(B1)



√ √ The vorticity and stream function therefore scale with energy as ω¯ ∼ E, and ψ¯ ∼ E; both tending to zero in the limit E → 0. Taylor expanding f in the ω − ψ relation gives ¯ = f (0)ψ¯ + 1 f 



(0)ψ¯ 3 + .... f (ψ) 3! √ ¯ Upon using Eq. (B2) in ω¯ = f (ψ), and ω¯ ∼ E, we get √ 1 



¯ 3 E ∼ f (0)ψ¯ + f (0)ψ + ..., 3!



(B2)



(B3)
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√ which is only consistent with ψ¯ ∼ E if f (0) ∼ const, and f 



(0) ∼ 1/E, etc. Using the ratio test for power-series convergence, it is possible to see that this series diverges in the limit E → 0. Alternatively, the radius of convergence is   n  f (0)   (B4) R = lim  n+2  , n→∞ f (0) ∼ E,



(B5)



which goes to zero as E → 0. In either case, the Taylor series expansion for the ω − ψ relation only converges when ω¯ = ψ¯ = 0: linearization of the ω − ψ relation is not possible via this “small-energy limit.” APPENDIX C: FINDING VORTICITY-LEVEL AREAS FROM LONG-LIVED FLOW STATES



We now calculate the vorticity-level areas using the mean-field theory outlined in Appendix A. However, instead of calculating g(σ ) from a given set of initial conditions via Eq. (5), we work backwards from the ω − ψ relations for long-lived flow states. Following Ref. 6, we refer to these quantities as the dressed vorticity-level areas gd (σ ). Integrating Eq. (A11) once and inverting gives  Z (y) = exp f (y)dy + const. . (C1) As shown in Sec. II D, the parameterization f(y) = y + a3 y3 is sufficient for distinguishing between vortex-pair and unidirectional-flow states in the ω − ψ relations. Using this in Eq. (C1) yields  2 √ y4 y + a3 , (C2) Z (y) = 2π exp 2 4 leading to  2¯ 2 ¯ 4 √ β 4 ψ(r) β ψ(r) Z(r) = 2π exp . + a3 2 4 Now Eq. (A10) can be put into the form of a Fourier transform as  ∞ Z (i y) = dσ Z˜ (σ )eiσ y ,



(C3)



(C4)



−∞



with Z˜ (σ ) ≡ e−μ(σ ) , allowing us to invert Eq. (C4) to get  ∞ 1 dy Z (i y)e−iσ y . Z˜ (σ ) = 2π −∞ Substituting Eq. (C2) into Eq. (C5), and assuming a3 to be a small parameter, gives   ∞ 1 y4 −iσ y−y 2 /2 ˜ 1 + a3 , Z (σ ) = √ dy e 4 2π −∞



(C5)



(C6)



to first order in a3 . Doing this integral, and making use of the expression for Z˜ (σ ), then leads to μ(σ ) =



  σ2 a3 



− ln 1 + 3 − 6σ 2 + σ 4 , 2 4



(C7)



to first order in a3 . Setting s(ω) → μ(ω) in Eq. (4) (as discussed following Eq. (A6)) shows that our theory for f(y) = y + a3 y3 only takes into account conservation of enstrophy (given by the first term
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on the right-hand side of Eq. (C7)) for a3 = 0, or conservation of the logarithm of additional secondand fourth-order moments of ω for non-zero a3 . Using Eqs. (C3) and (C7) in Eq. (A7), yields  ¯ 1 (β ψ(r) − σ )2 n(r, σ ) = √ exp − (C8) 2 2π  a3 



¯ 4 − 6σ 2 + σ 4 , 3 − β 4 ψ(r) × 1+ 4 to first order in a3 . Putting this into Eq. (A4) leads to an integral that is difficult to perform in general. However, it can be trivially evaluated in the special case where we take the limit ψ¯ → 0 before integrating, leading to   a3 



1 σ2 1+ (C9) 3 − 6σ 2 + σ 4 , lim gd (σ ) = √ exp − ¯ 2 4 ψ→0 2π to first order in a3 . This distribution gives the relative area of “dressed” vorticity levels in the limit ψ¯ → 0. It has kurtosis =6a3 , and the relative area of the zero-vorticity level is given by limψ→0 gd (0) ∝ 1 + 0.75a3 . The zero-vorticity-level area increases when a3 > 0, leading to a positive ¯ kurtosis and a distribution strongly peaked about zero. When a3 < 0, the zero-vorticity-level area decreases, and the kurtosis now becomes negative. APPENDIX D: COMPUTATIONAL DETAILS, AND CHARACTERIZATION OF DECAYING TURBULENCE



In the simulations considered, the number of grid points in the two directions remain the same for non-unit aspect ratio (rectangular) domains. This means that one axis is slightly less (and the other axis slightly better) resolved for non-unit aspect ratio. Any changes to numerical truncation errors in this spectral code due to the slightly changed resolutions are confined to the smallest scales. In the present context of two-dimensional turbulence, the primary importance of inverse cascade in setting up the large scale flow features that we are interested in further minimizes the effects of these small changes in resolution. We eschewed holding the resolution the same since that would make for an inordinately complicated and clumsy numerical code. In the case that we held the resolution constant, we anticipate that the order of magnitude of changes from the present results would not be qualitatively different from the kinds of changes we see in Fig. 3 due to small changes either in the small-scale dissipation or the initial disposition of the vorticity patches. The exact disposition of the patches of non-zero vorticity in the initial condition at non-unit aspect ratios introduces further parameters on which subsequent evolution will depend. We note that the main point of the article—bistability or monstability of flow topology—is robust to changes in these parameters, as seen in Figs. 3 and 6. Details of some variations in the initial conditions are as follows: The four patches of vorticity had equal circulation with two each of each sign. Spatially, the centers of the two negative patches were fixed at (π δ/2, 3π /2δ) and (3π δ/2, π /2δ) whereas the centers of the two positive patches were offset by lpc (where the subscript denotes positive-centers) towards each other along either one of the x or y coordinates. Such a displacement of the patch centers was chosen to obtain two sets of initial conditions susceptible to developing preferred flow orientations in a unit aspect ratio domain. If the maximum entropy solutions at non-unit aspect ratios are not aligned with the preferred orientation dictated by the initial conditions, we expected the flow evolution to over-ride the initial condition related susceptibility. (For reasons of brevity, we present results for only one set of initial conditions— positive centers displaced towards each other along the y-axis.) To this end, we note that in the bistable region of Fig. 3 where δ = 1, even when the initial conditions are susceptible to unidirectional states along the x-axis, a number of the experiments tend to go to uni-directional states either along the x-axis or along the y-axis. The rationale for the use of either high wavenumber filtering or hyperviscosity in these twodimensional or quasi two-dimensional contexts is related to the forward cascade of (potential) enstrophy; they act as a sink of the (potential) enstrophy arriving at the smallest of the resolved
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FIG. 7. The evolution of energy as a function of time in the series of 16 experiments considered in Fig. 3 that are indicated by the star symbol. The parameter δ increases as a function of the indicated experiment number, as in Fig. 3.



scales. The main advantage of these techniques is that their effects are confined more strongly to the small scales as compared to usual Laplacian viscosity. As shown in Figs. 3 and 6, there was little difference between the use of a high wavenumber filter or hyperviscosity for the fully dealiased computations considered here. The actual processes of interest in these simulations are the energetic scales; these are at large scales due to the inverse cascade of energy in these systems. The analog of Reynolds number, traditionally defined in terms of Laplacian viscosity, but now defined in terms of hyperviscosity or filter characteristics, is high. However, unlike in the three-dimensional turbulence context where (large scale, microscale, and other) Reynolds numbers offer insight into the types of turbulent processes that can be expected, the actual value of (hypervisocisity-based or filter-based) Reynolds numbers in the present two-dimensional context provide little such phenomenological insight. Figure 7 shows the evolution of energy as a function of time (measured in eddy turnover units) for the series of 16 experiments considered in Fig. 3 (indicated in that figure by stars). The parameter δ (given in Fig. 3) increases as a monotonic function of the indicated experiment number. While the figure shows energy evolution over the first 300 time units, the simulations were continued to time 20 000 with little further change observed. Figure 8 similarly shows the evolution of enstrophy in these experiments. The large dissipation of enstrophy with attendant minimal dissipation of energy (less than 0.1%) over the full course of the experiments is due to the dual inertial cascade with enstrophy cascading forward and energy backwards, and in part constitutes verification of the numerics. Considering that the scales of the initial conditions are already somewhat large, we present one diagnostic of inverse cascade: Figure 9 shows the evolution of the vorticity centroid wavenumber  kmax 2  kmax 3 k E(k)dk/ kmin k E(k)dk where k is wavenumber magnitude and E(k) is the defined as kmin one-dimensional energy spectrum; a decrease in its value is one indication of inverse cascade. We note that mean vorticity is zero in these doubly periodic domains and that the mean was conserved to better than one part in a billion in each of the experiments. The evolution of the peak vorticity for the ensemble of experiments is shown in Fig. 10. From the previous discussion of numerical discretization (when inviscid and unforced, it conserves only quadratic quantities), it is not surprising that peak vorticity (L∞ norm) is not conserved.
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FIG. 8. A plot similar to Fig. 7 showing evolution of enstrophy.



In this computational simulation of decaying turbulence, dynamical cascades are expected to be important only at intermediate times. The figures of energy and enstrophy evolution in Figs. 7 and 8 suggest that these intermediate times are between about 70 and 150 nondimensional units with larger cascades confined to between times 100 and 150. Figure 11 shows the one-dimensional energy spectrum for two of the experiments—square enclosed stars in Fig. 3; ensemble members 7 and 8 in Fig. 7—at four different instants spanning from the initial condition to time 400. A periodogram



FIG. 9. A plot similar to Fig. 7 showing evolution of a measure of the energy bearing scales.
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FIG. 10. Evolution of peak vorticity.



estimate with a Daniell smoother of span 3 (3 point smoother with weights 0.25, 0.50, 0.25) was used. From the figure, we note the following: (a) comparing spectra at times 0 and 8, there is an initial smoothing of the initial condition and (b) comparing spectra at times 8, 112, and 160, a broad range of scales are energized at the expected intermediate times. There is little further change to the spectrum shown at time 400. Finally, comparison of the spectra at times 160 and 400 (with little



FIG. 11. One dimensional energy spectrum as a function of the scalar wavenumber at four different times. Main plot is for experiment 7 and inset plot is for experiment 8. That a broad range of scales are energized at intermediate times in this decaying turbulence experiment is evident by comparing spectra at times 8, 112, and 160.
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further change) makes clear the behavior of energy evolution in Fig. 7 beyond time 160. As a further aide to visualizing the turbulence involved in these experiments, Figs. 4 and 5 show snapshots of vorticity associated with the spectra, but now at times 8, 80, 112, and 160. (The late-time vorticity field is shown in Fig. 3.) In this regime of bistability (see Fig. 3), while experiment 7 goes to a uni-directional flow along the x-axis, experiment 8 goes to a uni-directional flow along the y-axis. 1 G. L. Eyink and K. R. Sreenivasan, “Onsager and the theory of hydrodynamic turbulence,” Rev. Mod. Phys. 78, 87 (2006). 2 R.
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