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Black holes and the bell curve A note on the existence of the bell curve in the Puga (1999) model Maarten Bosker a,* a



Utrecht University, Janskerkhof 12, 3512 BL, Utrecht, The Netherlands



Abstract This note provides a more accurate and more intuitive description of the conditions under which a symmetric distribution of industry is a stable equilibrium in the Puga (The rise and fall of regional inequalities, European Economic Review 43, 303-334, 1999) model that has been widely used as the basis for empirical work in the new economic geography literature by virtue of its ‘bell curve’. Two conditions, one of which the familiar ‘no black hole’ condition, turn out to determine whether with increased integration the symmetric equilibrium will ever be unstable, and if so, whether it is either stable for both high and low levels of trade costs or for low levels of trade costs only. JEL codes: F12; F15; R12 Key words: Agglomeration patterns; Equilibrium conditions; Economic geography



1. Introduction The New Economic Geography (NEG) literature is best known for its predictions about the effects of decreased trade costs on the distribution of economic activity across space. Particularly well known is the core-periphery (CP), or tomahawk, pattern that follows from the seminal model by Krugman (1991). Core-periphery models are however quite extreme in predicting 1) a sudden (catastrophic) change from a symmetric to a highly dispersed distribution of economic activity and 2) that once this agglomerated pattern has established itself it will remain the only stable equilibrium with a further decrease of trade costs1. Given that these predictions are quite extreme, NEG models with less extreme predictions regarding the effect of decreased trade costs on the equilibrium distribution of economic activity were subsequently introduced. Most noteworthy is the contribution by Puga (1999)2. He introduces an NEG model, encompassing two of the benchmark NEG models (Krugman, 1991 and Krugman and Venables, 1995) as special cases, where, in case of interregional labor immobility, the impact of decreased trade costs on the spatial distribution of economic activity can be depicted by the so-called bell curve as shown in Figure 1 below (see also p.324 in Puga, 1999). *



E-mail: [email protected]. Tel.nr. +31-30-2539800. Only when trade costs are no longer present will the symmetric distribution become stable again. 2 His publication has been cited over 450 times by both theoretical and empirical studies in economic geography. A similar model is introduced in ch.14 of Fujita et al. (1999). 1



1



Figure 1. The bell curve



Notes: The y-axis depicts the share of industry in each region. The x-axis depicts τ (tau) > 1, the level of trade costs, where the higher τ, the higher trade costs.



With very high trade costs, the symmetric equilibrium is the only stable equilibrium. Decreased trade costs will, once they have passed a certain threshold, first result in agglomeration, as in the CP pattern. But now, as trade costs decrease even further, the spatial economy starts moving back to the symmetric equilibrium. This return to symmetry in case of interregional labor immobility is due to the fact that the spreading force imposed by the increased difficulty with which firms have to attract their workers is not weakened by the possibility to attract workers from the other region (as is the case in most CP models). As trade costs become relatively small, this means that spreading forces ‘take over’ and industrial firms spread out over both regions in search of lower wage costs, restoring the symmetric equilibrium. Another nice feature of the model is that the movement from symmetry to agglomeration and back is gradual instead of instantaneous as in CP models3. These less extreme predictions about the spatial distribution of economic activity have made the bell curve particularly popular in the empirical literature4. Prominent examples are Head and Mayer (2004) and Brakman, Garretsen and Schramm (2006); both papers estimate the structural parameters of the Puga (1999) model, where the choice to estimate this particular model is made on the basis of the model’s ‘less exotic’ dynamics. When it comes to theory however, the bell-curve has received much less attention compared to the CP pattern in terms of formally establishing the conditions under which the symmetric equilibrium is stable or, relatedly, the conditions under which the bell curve exists5 (see e.g. Mossay, 2006 and Robert-Nicoud, 2005). In this note I show that two conditions can be derived that together determine the (in)stability of the symmetric equilibrium at each level of trade costs and that can be used to verify the existence of 3



This is not necessarily the case though (see Puga, 1999, footnote 18 for a discussion). Especially in Europe, where international and even interregional labor mobility is very limited. 5 The Appendix of Puga (1999) provides such conditions, i.e. equations A.22 and A.23 in Appendix A.2, but these, besides being quite elaborate offering few explicit insights, turn out to be incorrect when looked at in more detail (see section 3 for more on this).
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the bell curve. The most important of these conditions turns out to be the familiar ‘no black hole’ condition that is a prominent feature of many other NEG models (e.g. Krugman, 1991; Krugman and Venables 1995 and Helpman, 1997). These two conditions, and the black hole condition in particular, allow the researcher to much quicker assess the impact of his/her chosen or estimated parameter setting(s) on the conclusions that can be drawn with respect to the effect of decreased trade costs on the spatial economy.



2. The Puga 1999 model without labor mobility: stable symmetric equilibrium Puga (1999) shows that it can be easily verified from the equilibrium conditions of the model (see his equations (A.1), (A.2) and (A.3) on p.329) that the symmetric equilibrium, with an equal distribution of firms over the two regions and identical price indices, wages and profits in the two regions, is always an equilibrium solution6. But is it also a stable equilibrium? If one firm chooses to reallocate to a different region, will this be profitable for this firm? If so, more firms will follow, hereby resulting in an asymmetric distribution of manufacturing activity over the two regions. If not, the firm will move back and symmetry is re-established. Puga (1999) shows that this depends crucially on the sign of the following quadratic function in the so-called freeness of trade parameter φ = τ 1−σ (see Puga, 1999, equation 33, p.325). If f(f) is positive (negative) the symmetric equilibrium is stable (unstable).



f (φ ) = Aφ 2 + Bφ + C = [σ (1 + µ ) − 1][ (1 + µ )(1 + η ) + (1 − µ )γ ]φ 2



{



}



− 2 σ (1 + µ 2 ) − 1 (1 + η ) − σ (1 − µ ) [ 2(σ − 1) − µγ ] φ



(1)



+ (1 − µ ) [σ (1 − µ ) − 1] (η + 1 − γ ) f(f) contains all the main model parameters: σ > 1, the elasticity of substitution across manufacturing varieties, 0 < µ < 1, the Cobb-Douglas share of intermediates in manufacturing production, 0 < γ < 1, the Cobb-Douglas share of manufactures in consumers’ final consumption, η > 0, the elasticity of labor supply from agriculture to manufacturing and, τ, the level of trade costs between the two regions Moreover, f, by definition of σ and τ, ranges between 0 (prohibitive trade costs) to 1 (free trade). Using (1) the sensitivity of the stability of the symmetric equilibrium to the level of trade costs, τ, the main point of interest from an NEG perspective, can be established. This is where the bell curve, that has drawn so much attention in the (empirical) literature, comes in. Puga (1999) shows that the symmetric equilibrium can be stable for both high and low values of trade costs, see Figure 1, with the critical levels of trade costs that correspond to the start and the end of the bell being the solutions to f(f) = 0 (denoted by f1*, and f2* respectively).
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It is however not always the case that increased integration will have the effect on the spatial distribution of economic activity as depicted by the bell curve. This depends on the structural model parameters, σ, µ, γ, and η. In his Appendix (equations A.22 and A.23 on p.332) Puga (1999) shows several conditions that determine whether or not the bell-curve exists at all. Besides being quite elaborate offering few direct insights, a closer look at these conditions shows that they are incorrect (see the next section, and footnote 9, 10 and 13 in particular, for more details). In what follows I show that two (simpler) conditions can be derived, one of which is the familiar ‘no black hole’ condition that can be found in many other NEG models (e.g. Krugman, 1991; Krugman and Venables, 1995 and Helpman, 1997), that together determine how the spatial distribution of economic activity responds to increasing levels of integration.



3. Black holes and the bell curve These simpler conditions can be derived by taking a closer look at (1), the quadratic equation in f, f(f). First of all given the restrictions on the structural parameters µ, η, σ, and γ, and remembering that f œ [0,1], the following four properties of f(f) can be derived7: A>0



(2a)



ftop = -B / 2A < 1



(2b)



f(f)| f=1 = A + B + C > 0



(2c)



A>C



(2d)



(2a) establishes that f(f) is a ‘U-shaped’ parabola. (2b) and (2c) add to this that, if f(f) = 0 has solutions, f1* and f2*, these solutions are both smaller than one, hereby always adhering to the (theoretical) restriction on f’s upper boundary. Together properties (2a-c) imply that f(f) can take on one of the five forms shown in Figure 28. As can be seen in Figure 2, in case a) and b) the symmetric equilibrium is stable for values of f œ [f2*,1] and unstable for values of f œ (0,f2*]. In case c) the bell curve exists with the symmetric equilibrium being stable for both low and high levels of freeness of trade, f œ (0,f1*] and f œ [f2*,1], and unstable at intermediate levels of freeness of trade, f œ [f1*,f2*]. In case d) and e) there are no solutions f œ (0,1] of f(f)=0 and (1) is always positive so that the symmetric equilibrium is stable for all f œ (0,1]. Note that it is never the case that the symmetric equilibrium is unstable for all levels of



6



I refer to Puga (1999) for the full derivation of the model. See Appendix A for the mathematical details. 8 Hereby I abstract from corner solutions and the case when the top of (6) barely touches the x-axis providing only one solution. (2d) has no immediate interpretation in terms of drawing Figure 2, but will prove useful when establishing the stability conditions. 7
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integration as is claimed in footnote 20 on p.325 and in the last line of Appendix A.2 on p.333 by Puga (1999)9: there is always a f œ (0,1] such that f(f) > 0.



Figure 2. The possible parabola, f(f)



Notes: case a) and b): is 1 solution in the required range. case c): two solutions in the required range. case d) and e): no solution(s) in the required range.



Figure 2 also provides useful guidelines in establishing what parameter settings imply zero, one or two solutions for f* in the required range. The first establishes whether f(f) is positive or negative when it crosses the y-axis (3a)



f(f)| f=0 = C > 0



If (3a) does not hold, it follows immediately that (see property (2a), and condition (3b) below) we are in case a) or b) shown in Figure 2, and the symmetric equilibrium is stable for high levels of freeness of trade only, f œ [f2*,1]. The second establishes whether f(f) ever crosses the x-axis at all, which depends on the discriminant of f(f), i.e. B2 - 4AC > 0



(3b)



If (3b) does not hold we are in case e) and the symmetric equilibrium is stable for all f œ (0,1]. Finally, the third condition establishes whether or not the top of f(f) lies to the right or left of the yaxis: ftop = -B / 2A > 0



‹



(3c)



B


, where again property (2a) is used. It is only when condition (3a), (3b) and (3c) hold that the bell curve exists. It is useful to note that one should start by verifying condition (3a). If it does not hold it is immediately clear that we are in case a) or b) in Figure 2 and the bell curve will never exist. If it does
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A first indication that the stability conditions provided in Appendix A.2 in Puga (1999) are not correct.
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hold, conditions (3b) and (3c) can be combined in one condition only that when satisfied indicates that the bell curve exists (case c) or that, when not satisfied indicates that the symmetric equilibrium is always stable (case d) or e) respectively), i.e.



 B 2 > 4 AC (3a ) ⇔    (3c) B < 0



 B < − 4 AC or B > 4 AC ⇔  B


⇔



1 2



B < − AC



(3d)



where the fact that condition (3a) holds, makes sure that one can take the square root of AC. Together, conditions (3a) and (3d) completely determine how the level of agglomeration in the spatial economy responds to decreasing trade costs starting from prohibitive trade. Next I rewrite these two conditions in the structural parameters to reveal that especially the first condition, (3a) turns out to be a very simple one, i.e.



C = (1 − µ ) [σ (1 − µ ) − 1] (η + 1 − γ ) > 0 ⇔



[σ (1 − µ ) − 1] > 0



⇔ σ (1 − µ ) > 1



(4)



This immediately shows that it is the familiar ‘no black hole’ condition that is a feature of NEG models exhibiting the CP pattern (Krugman, 1991; Krugman and Venables, 1995; Helpman, 1997). More specifically, it is exactly the same as the ‘no black hole’ condition in Krugman and Venables (1995). However, in that paper the ‘no black hole’ condition is truly a ‘no black hole’ condition: in their model, a failure to satisfy condition (4) will result in the economy always ending up in the agglomerated equilibrium with manufacturing activity in one region only. Here, and in the same way as in the NEG model by Helpman (1997), that exhibits the same ‘no black hole’ condition but with the share of intermediates in manufacturing production µ replaced by share of manufactures in consumers’ final consumption γ, a failure to satisfy condition (4) implies that the symmetric equilibrium is only stable for sufficiently low levels of trade costs. A failure to satisfy the ‘no black hole’ condition immediately implies that the bell curve does not exist10. The intuition behind condition (4) is the following. When condition (4) is not satisfied, forward and backward linkages between firms are very strong and wages represent only a small share of firms’ production costs (µ is large) and/or the elasticity of substitution between manufacturing varieties is very low (σ is small) so that firms (and consumers) greatly value the availability of cheap manufacturing varieties. If trade costs are high, firms are willing to pay a high premium for the presence of many manufacturing varieties at no trade costs and agglomerate in one region only despite the higher wages necessary to attract workers from the agricultural sector. The more so, the lower the share of wages in total production costs (the higher µ). With increased integration, there comes a point
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Using (4), it is easily shown that the conditions in Appendix A.2 in Puga (1999) are incorrect. If one takes e.g. σ = 1.2, µ = 0.2, γ = 0.5, and η = 10, condition (4) does not hold so that there is no chance on the bell curve. Plugging in these values in the ‘Puga-conditions’ would however suggest that the bell curve does exist.
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at which trade costs are sufficiently low so that it pays for firms to spread out over the two regions (manufacturing varieties can now be shipped at low cost from the other region) and take advantage of the lower wages in the periphery11. As a result the symmetric equilibrium is only stable at low levels of trade costs. When condition (4) is satisfied, the symmetric equilibrium will besides being stable for low levels of trade costs, also be stable for high levels of trade costs (the bell curve), and, depending on condition (3d) it may even be stable for any level of trade costs (as in Helpman, 1997). Supposing that (4) holds, rewriting condition (3d) leaves one with an expression in the structural parameters that has to hold in order for the bell curve to exist:



− 12 B > AC



⇔



σ (1 + µ 2 ) − 1 (1 + η ) − σ (1 − µ ) [ 2(σ − 1) − µγ ] > [(σ − 1) 2 − µ 2σ 2 ][(1 − µ 2 )(1 + η ) 2 − (1 − µ ) 2 γ 2 − 2 µ (1 − µ )γ (1 + η )]



(5) 1/ 2



This expression is quite elaborate providing little direct insight. However, taking the derivative on both sides of the inequality sign with respect to µ and similarly with respect to γ12, shows that the higher the Cobb-Douglas share of intermediates in manufacturing production and similarly the higher the Cobb-Douglas share of manufactures in consumers’ final consumption, the more likely condition (5) will hold and the bell curve will exist13. Also, and making use of property (2d), one can establish a condition for the bell curve to exist from (5) that is much easier to interpret, and that is very much related to the ‘no black hole’ condition. It is however only a necessary condition, it does not guarantee the bell curve’s existence as (5) does:



− 1 B > AC  (5) ⇔  2   A > C (2d )



⇔ − 12 B > AC > C 2 = C



(6)



Rewriting this in the structural parameters and some straightforward algebra gives the following expression that can be combined with the ‘no black hole’ condition (4):



− 12 B > C  



⇔ − 12 B − C > 0 (4)



 µ (2σ − 1) (1 + η ) − (2σ − γ )(1 − µ )(σ − 1) > 0 ⇔  [σ (1 − µ ) − 1] > 0 



11



(7a)



In Helpman (1997) non-traded consumption goods (housing) instead of, as here, non-traded inputs (immobile labor) are the spreading force. In Krugman and Venables (1995) such a spreading force is not present at all, and as a result the symmetric equilibrium is never stable when condition (4) is not satisfied. 12 See Appendix B for the mathematical details. 13 Also in case of condition (4) being satisfied, the Puga (1999) conditions can give the wrong prediction about the (non-)existence of the bell curve. If one takes e.g. σ = 5, µ = 0.5, γ = 0.5, and η = 10, condition (4) holds and condition (5) is also satisfied, so that f(f) = 0 has two solutions f1, f2 œ (0,1]. As a result the bell curve does exist, however the Puga-conditions would incorreclty suggest that there is only one solution f œ (0,1] to f(f) = 0.
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From (7a), it can be easily shown that the two conditions in (7a) can be combined into



0 < σ (1 − µ ) − 1 < µη −



(1 − γ )(1 − µ )(σ − 1) (2σ − 1)



(7b)



This shows clearly that the chances of a bell curve increase in γ and η. If the share spent on manufacturing varieties in total consumption, γ, is low, so that consumers do not greatly value the advantage of the presence of many cheap manufacturing varieties in an agglomerated region, or if the elasticity of labor supply from agriculture to manufacturing, η, is very low so that firms in an agglomerated region have to pay very high wages to attract enough workers from agriculture, condition (7b) will not hold and the symmetric equilibrium will be stable for all levels of trade costs14. Condition (7b) also shows that σ and µ, although having to be high and low respectively to satisfy the ‘no black hole’ condition in (4), can also not be too high or too low in order for the bell curve to exist, as then (7b) will not be satisfied. Indeed, if the share of wages in firms’ total production costs is very high (µ very low), or when varieties are almost perfect substitutes so that firms and consumer do hardly care about the presence of cheap manufacturing varieties, the negative aspect of agglomeration (higher wages) will always outweigh its advantages (presence of many cheap manufacturing varieties), and the symmetric equilibrium will always be stable. Summing up, the bell curve’s existence depends delicately on the model’s structural parameters that determine the strenght of the spreading and agglomeration forces present in the model. If spreading forces are too high, the symmetric equilibrium will always be stable, instead when agglomerating forces are too high, the symmetric equilibrium will never be stable at low levels of trade costs. Only when a delicate balance between the two forces exists, as expressed by the ‘no black hole’ condition in (4) on the one hand and condition (5), and its simpler but not sufficient counterpart in (7b), on the other hand will the spatial distribution of economic activity respond to increased integration in the manner depicted by the bell curve.



4. Conclusion This note provides a more accurate and more intuitive formal description of the conditions under which a symmetric distribution of industry is a stable equilibrium in the Puga (1999) model without labor mobility. Two conditions, one of which the familiar ‘no black hole’ condition, turn out to determine whether with increased integration the symmetric equilibrium will ever be unstable, and if so, whether it is stable for both high and low levels of freeness of trade or only so when the freeness of trade is sufficiently high. These two conditions together determine whether the effect of lowered trade costs on the level of agglomeration in the spatial economy can be described by the bell curve, a feature of the Puga (1999) model without labor mobility that has made it popular in empirical studies on NEG.
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Acknowledgments I thank Harry Garretsen, Joppe de Ree, Frédéric Robert-Nicoud and Marc Schramm for useful remarks and/or discussions that have significantly improved this note. Appendix A. This Appendix formally established properties (2a-c) of the parabola in (1), f(f) by making use of the restrictions of the structural parameters, 0 < µ < 1, 0 < γ < 1, η > 0, and σ > 1. First property (2a), this is easily established: A = [σ (1 + µ ) − 1][ (1 + µ )(1 + η ) + (1 − µ )γ ] > 0



(A1)



Second property (2b). First rewrite it, making use of (2a), as ftop = -B / 2A < 1



‹



‹



-B < 2A



A+½B>0



(A2a)



Next rewrite this in the structural parameters, and after simplifying it immediately shows that property (2b) always holds:



µ (2σ − 1)(1 + η ) + (2σ + γ )(1 − µ )(σ − 1) > 0



(A2b)



Third property (2c). Rewriting this in the structural parameters and some algebra, shows that this can be turned into a very simple property that also always holds, i.e. f(f)| f=1 = A + B + C = 4σ (1 − µ )(σ − 1) > 0



(A3)



Finally property (2d). Rewriting this in the structural parameters and some algebra, this property is easily established: A > C ‹ A – C > 0 ‹ 2 µ [σγ (1 − µ ) + (1 + η )(2σ − 1) ] > 0



(A4)



Appendix B Again making use of the restrictions on the structural parameters, here I formally establish the claims made about the increased chances on a bell curve, the higher µ or γ. First µ; taking the derivative on the left (-1/2B) and right ( AC ) side of the inequality sign of (5), respectively shows that this left (right) term will always increase (decrease) with an increase in µ:



− 12



dB dµ



d AC dµ



= 2σ (σ − 1) + 2 µσ (1 − γ + η ) > 0



2 2 2 (A5)  −1  [(σ − 1) − µ σ ] [ 2(1 − γ + η )[ µ (1 − γ + η ) + γ ]] = − 12 AC  < 0   + 2 µσ 2 [(1 − µ 2 )(1 + η ) 2 − (1 − µ )2 γ 2 − 2µ (1 − µ )γ (1 + η )]  



Similarly in case of an increase in γ:



− 12



dB dγ



d AC dγ



14



= µσ (1 − µ ) > 0 −1



= − AC (1 − µ )[(σ − 1)2 − µ 2σ 2 ][γ + µ (1 − γ + η )] < 0



Again given that condition (4) holds.
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(A6)



where the second inequality in both (A5) and (A6) is established as AC > 0 by condition (4) and by the following equalities (only (A7a) in case of (A6)):



a) (σ − 1) 2 − µ 2σ 2 = [σ (1 − µ ) − 1][σ (1 + µ ) − 1] > 0 b) (1 − µ 2 )(1 + η )2 − (1 − µ ) 2 γ 2 − 2µ (1 − µ )γ (1 + η ) = (1 − µ )[(1 + µ )(1 + η ) + (1 − µ )γ ][1 − γ + η ] > 0



(A7)



where a) is established by again making use of condition (4).
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