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Boundary Element Formulation of Harmonic Coordinates Raif M. Rustamov∗ Department of Mathematics, Purdue University



Figure 1: Original Armadillo model is enclosed into a cage; deformations of the cage induce corresponding deformations of the model. Our Boundary Element approach allows using very refined cages with harmonic coordinates.



Abstract We explain how Boundary Element Methods (BEM) can be used to speed up the computation and reduce the storage associated with Harmonic Coordinates. In addition, BEM formulation allows extending the harmonic coordinates to the exterior and makes possible to compare the transfinite harmonic coordinates with transfinite Shepard interpolation and Mean Value Coordinates. This comparison reveals that there are unifying formulas, yet harmonic coordinates belong to a fundamentally different end of the spectrum. This observation allows us to generalize harmonic coordinates by introducing a novel class of interpolates which we call weakly singular transfinite interpolates. CR Categories: I.3.5 [Computer Graphics]: Computational Geometry and Object Modeling—Boundary representations; Curve, surface, solid and object representations; Geometric Algorithms, languages, and systems; G.1 [Numerical Analysis]: Interpolation; Partial Differential Equations; Integral Equations Keywords: Mesh deformation, interpolation, harmonic functions, barycentric coordinates, boundary element method
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Introduction



A new approach to character articulation introduced by Ju et al. [2005] is based on placing a character (the object in the terminology of [Joshi et al. 2007]) into a coarse closed surface mesh (the cage). Instead of directly operating on the object, one deforms the cage and passes the deformations of the cage onto the object. This ∗ e-mail:



[email protected]



is achieved by introducing coordinates for the object points relative to the cage vertices: these coordinates act as a measure of how much moving a cage vertex influences an object vertex. Mean value coordinates of [Ju et al. 2005] were the first cage/object coordinates used in this context. Joshi et al. [2007] have thoroughly discussed the benefits of cage based approach over free-form deformations and direct deformations; let us only shortly mention that in the cage based approach one has to manually deform the cage only, so the manual job is decoupled from the geometry of the object. Decoupling allows to deform models consisting of many modeling primitives, and also it makes possible the reuse of an articulation even if the geometry or modeling content of the character changes. Moreover, the deformations can be seamlessly transferred from a low detail version of a character to its full version. Joshi et al. also introduce a method for interior control, which increases the quality of the deformations and renders them suitable for production quality animations. It has also been revealed by Joshi et al. that mean value coordinates of [Ju et al. 2005] had a major shortcoming – they failed to be non-negative, which in practice translated into counterintuitive deformations. A significant contribution of [Joshi et al. 2007] was to introduce the harmonic coordinates and show that these were positive. Another non-negative coordinates were afterwards introduced by Lipman et al. [2007]. Their positive mean value coordinates are based on a modification of mean value coordinates by incorporating the visibility of a cage vertex from a point on the object. Evaluating these coordinates is fast, especially because the burden of visibility computation can be passed to the GPU. The approach of Joshi et al. is elegant, and their results are impres-



sive. Two main drawbacks of harmonic coordinates are: first, they are expensive to compute and store; second, harmonic coordinates are defined only in the interior of a cage, and extending them to the exterior is nontrivial. The positive mean value coordinates are evaluated fast and are defined both in the interior and the exterior, but they do not possess some of the desirable properties that harmonic coordinates enjoy: smoothness and interior locality. While the importance of the former is clear, we will expand on the latter at the end of Section 2.



Now we explain how this is related to extrapolation. Let the function fx : C → R be defined by fx (p) = p0x − px , where px , p0x are the x-coordinates of the points p and p0 ; similarly fy and fz are defined. Notice that if we knew the functions fx , fy and fz everywhere in C, for each point p we could determine the deformed point p0 . However, the designer specifies these functions’ values at the boundary of the cage only, e.g. we know fx (Ci ) for every cage vertex Ci . It is our job to extrapolate the functions from the boundary into the interior of the cage.



Our main contribution is to notice that if Boundary Element Methods (BEM) are used to solve the Laplace’s equation, we can speed up the computation and reduce the storage associated with harmonic coordinates (Section 4). In addition, BEM sheds light on how to define harmonic coordinates in the exterior (Section 5). On a deeper level, BEM makes possible the comparison of transfinite harmonic coordinates with some other transfinite interpolation schemes. This comparison reveals their similarities and fundamental differences, and allows us to generalize the harmonic coordinates by introducing a novel class of interpolates that we term weakly singular transfinite interpolates (Section 7).



Let us formulate the extrapolation problem in general terms. Suppose that on the boundary a function f : ∂Ω → R is given, we would like to extrapolate it into a function fˆ : Ω → R defined over the whole region Ω. This can be considered as a mapping, so we will write fˆ = E(f ),
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Harmonic Deformations



We will call deformations obtained using harmonic coordinates as harmonic deformations. We review the concept shortly, and emphasize the connections to extrapolation1 . Let C be the cage – bounded, but perhaps multi-connected, nonconvex region in three dimensional space. We denote its boundary by ∂C and assume that it has been triangulated. For each vertex Ci , i = 1, 2, ..., m, of this triangulated boundary, a function hi (p) : C → R, the harmonic coordinate of point p with respect to Ci , is defined. This function is a harmonic function that satisfies some boundary condition. More precisely, let ∆ be the space Laplacian, then hi is the unique function solving ∆hi (p) = 0, p ∈ C with the boundary condition hi (p) = φi (p), p ∈ ∂C. Here φi is the linear roof function at vertex Ci , namely φi (Ci ) = 1 and its values linearly fall off to 0 within the adjacent faces so that φi (Cj ) = 0 for all vertices Cj 6= Ci . When an animator wants to deform the object in the cage, she works with the cage and designs a deformed cage C 0 . Now we have to pass this deformation from the cage to the object. Since for any point p ∈ C the equality X p= hi (p)Ci



and add subscripts to fˆ or E to reference a particular extrapolation scheme. As explained in the appendix, the use of harmonic coordinates is equivalent to defining fˆ = EH (f ) as the unique harmonic function that restricts to f on the boundary. In other words fˆ solves the Dirichlet problem ∆fˆ(p) = 0, p ∈ C \ ∂C, subject to fˆ(p) = f (p), p ∈ ∂C. It will not escape from the reader’s attention that harmonic coordinates satisfy hi = EH (φi ). Solving a Dirichlet problem could seem a high price to pay, but the quality of the object deformation is determined by how the extrapolation is performed. Harmonic extrapolation and thereby harmonic deformation have many desirable properties, see Joshi et al. [2007]. We finish with a comment on one of the properties, namely the interior locality. This property corresponds to the maximum/minimum principle for the extrapolating function – the fact that a harmonic function cannot have an extremum at an interior point of the cage. In practice this means that nothing uncontrolled happens within the cage: any extremum of fˆx , for example, would draw visual attention – a phenomenon not desirable unless sought by the animator. Indeed, if the animator is after such an effect, then it is her job to place appropriate cage elements to achieve the effect. In other words, the interior locality means that nothing interesting/surprising happens without animator’s explicit control.
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Boundary Element Methods



Having clarified the role of the Dirichlet problem, we go over two solution approaches – two formulations of the Boundary Element Method (BEM); our main reference on the subject was [Chen and Zhou 1992]. The unifying idea is to express the solution function w of the problem 2 ∆w(p) = 0, p ∈ Ω, and w(p) = f (p), p ∈ ∂Ω,



i 0



holds, it is natural to define the deformed point p by X p0 = hi (p)Ci0 . i



Here the points p and Ci are treated as vectors; hi (p) are scalars. By applying the mapping p 7→ p0 to all of the object points we obtain the deformed object. 1 It is somewhat customary to use the term interpolation instead, so we will not stress the differences between extrapolation and interpolation, and will use these terms interchangeably.



(1)



as an expression which involves an unknown function g defined on the boundary ∂Ω. The function g is found as the solution of an integral equation which involves the boundary ∂Ω only. Thus, in some sense, the dimensionality of the problem is reduced by one, and the problem can, in principle, be solved faster. Before proceeding, let us remind that the Green’s function, E(p, q), of the Laplacian is defined as the solution of ∆q E(p, q) = −δ(p − q), p, q ∈ R3 . 2Ω



is an open region in R3 ; thereby, Ω and ∂Ω are disjoint.



There is a closed form E(p, q) =



1 . 4π|p − q|



Plugging this sum into the integral equation for g, and requiring the equality to hold at ζ = ζi (these are called collocation points), we get Z X E(ζi , ξ) bj φj (ξ)dσξ , f (ζi ) = ∂Ω



Simple layer formulation: The integral equation Z E(ζ, ξ)g(ξ)dσξ , ζ, ξ ∈ ∂Ω f (ζ) = ∂Ω



has a unique solution g : ∂Ω → R. The solution w of the Dirichlet problem is given by Z E(p, ξ)g(ξ)dσξ , (2) w(p) =



or written as a square linear system of equations X Z E(ζi , ξ)φj (ξ)dσξ = f (ζi ). bj j



∂Ω



We choose the collocation points as ζi = Ci . Thus, the linear system above can be written as



∂Ω



where p ∈ Ω, ξ ∈ ∂Ω, and dσξ is the surface element w.r.t. ξ. Double layer formulation: The integral equation Z ∂E(ζ, ξ) 1 f (ζ) = g(ξ)dσξ − g(ξ), ζ, ξ ∈ ∂Ω ∂nξ 2 ∂Ω has the unique solution g : ∂Ω → R. The solution w of the Dirichlet problem is given by Z ∂E(p, ξ) g(ξ)dσξ , p ∈ Ω, (3) w(p) = ∂nξ ∂Ω ∂ where ∂n denotes the normal derivative on the surface. However ξ implausible it may sound, it is true that



lim w(p) = f (ξ), ξ ∈ ∂Ω.



p→ξ
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BEM for Harmonic Deformation



Solving many Dirichlet problems to compute harmonic coordinates is expensive. Can we avoid pre-computing harmonic coordinates completely? The answer depends on how fast we can solve the Laplace’s equation with a given boundary condition: the speed is paramount when one is to interactively deform the cage and the object. The harmonic coordinates are pre-computed solutions of the Laplace’s equation – they can be quickly combined to obtain any harmonic function that satisfies a given boundary condition. If we could introduce something else, something that we could precompute and exploit in a similar manner, then the harmonic coordinates could be avoided; the aim of the present section is finding that something. We propose to solve the Dirichlet problem using the BEM. To focus the discussion, let us concentrate on the simple layer formulation and discretize the integral equations involved. Although higher order elements and Galerkin methods are available, our discretization will be based on linear roof elements and collocation [Chen and Zhou 1992; Pozrikidis 2002]. We assume that Ω is our cage C, and ∂Ω is the boundary of the cage – the triangular mesh with vertices Ci , i = 1, 2, ..., m. We are interested in functions f that can be written on the boundary as X f (ζ) = ai φi (ζ), ζ ∈ ∂C, i



here ai are given. We seek the unknown function g defined on the boundary in the similar form X g(ξ) = bi φi (ξ), ξ ∈ ∂C. i



j



M~g = f~cage , where ~g is the column vector made of bi = g(Ci ), similarly f~cage is the column vector made from f (ζi ) = f (Ci ), and m × m matrix M has entries as follows Z E(Ci , ξ)φj (ξ)dσξ . Mij = ∂Ω



Of course, in practice the integrations are performed numerically. Special care is required when evaluating the diagonal entries where the integrand has a singularity; yet all of the integrals are finite, and can be efficiently computed using the methods developed by the BEM community [Pozrikidis 2002]. Let us denote the vertices of the object in the cage by pt , t = 1, 2, ..., n. To be in accord with Section 2, we will write fˆ(pt ) instead of w(pt ). We get Z Z X E(pt , ξ)g(ξ)dσξ = E(pt , ξ) bi φj (ξ)dσξ fˆ(pt ) = ∂Ω



∂Ω



This can be rewritten as X Z fˆ(pt ) = bi i



i



E(pt , ξ)φj (ξ)dσξ .



∂Ω



Now introduce a column vector f~obj with t-th entry equal to fˆ(pt ) to obtain f~obj = N~g = N M −1 f~cage . Here, N is n × m matrix with entries Z Nti = E(pt , ξ)φi (ξ)dσξ , t = 1..n, i = 1..m. ∂Ω



The reader will immediately discover that harmonic coordinates are approximated by the columns of the matrix N M −1 ; in fact, ijentry of N M −1 is an approximation to hj (pi ) with i = 1..n and j = 1..m. Although this approach gives a fast method for computing the harmonic coordinates, our preference is to avoid them because of the high O(nm) storage requirement – one needs to store the whole matrix N M −1 . In addition, if there is a change in the object, say the number of vertices or their Cartesian coordinates change, one has to recompute the harmonic coordinates or use multi-linear interpolation (called dynamic binding by Joshi et al. [2007].) We choose instead to precompute only the matrix M and store its LU-decomposition – this yields O(m2 ) storage requirement, which is apreciably less than O(nm), because the number of cage vertices m is considerably smaller than the number of object vertices n. Another benefit is that even if the object changes, we still can use our



Figure 2: Original model and surrounding cage for horse model with deformations.



precomputed LU -decomposition of M , because M is completely determined by the cage boundary and is independent of the object being articulated. During the interactive session the animator works on the cage deformation, and when the deformed cage is ready, our algorithm first fills out f~cage for each of the displacement functions fx , fy , fz described in Section 2. Then we evaluate ~g using ~g = M −1 f~cage = U −1 L−1 f~cage which can be done quickly using back-substitution. Next, we obtain f~obj by performing the integrations Z E(pt , ξ)g(ξ)dσξ . f (pt ) = ∂Ω



Integration is fast because low order approximations give good results for points not too close to the boundary; higher order quadrature formulas are needed only for the points very close to the cage boundary; yet if a point is too close to the boundary, one can directly use the value of f at the closest point on the boundary. Finally, the object is deformed by shifting its x, y, z coordinates by fx , fy , fz .
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Harmonic Coordinates in Exterior



Let us start by emphasizing that our BEM based method for deformation is valid for multi-connected domains, i.e. for cases when we have many cages nested within each other as required for the interior control introduced in [Joshi et al. 2007]; what we seek here is extending the harmonic coordinates to the exterior of the largest cage. For all practical applications involving the exterior of the largest cage, one can always consider an even larger cage that includes the whole space of interest, and then operate using the harmonic coordinates as defined before. Dealing with an all-enclosing large cage would be almost intractable using the methods of Joshi et al. [2007], but our boundary element approach should produce satisfactory results within reasonable time. Still one should see that we would have more boundary vertices, which would require more computational time when evaluating the BEM matrices and deformations. More importantly, such a solution is not theoretically satisfying – we would like to extend the harmonic coordinates into the whole



Euclidean space, and not just to some large yet bounded domain. This task turns out to be not as simple as one may suppose; perhaps impossible if one requires all the properties that hold for interior harmonic coordinates to hold for exterior harmonic coordinates as well. In fact, our exterior harmonic coordinates will presumably fail the conditions of locality and non-negativity. However, we find that they produce plausible results in practice. Our extension is based on the fact that the function w(p) defined by Formula 2 satisfies the Laplace’s equation not only in the interior of the cage but also in its exterior. In fact, w(p) is the unique solution of the exterior Dirichlet problem, that satisfies some regularity conditions. Of interest to us is that regularity implies that w(p) is o(1) and the gradient ∇w(p) is o(|p|−1 ) as p → ∞; notice that this does not contradict to Liouville’s theorem, because the function w is not harmonic on the surface ∂Ω of the cage. Thus, w(p) can be used to extrapolate the data from the boundary to the whole space, and so it can be used to pass the deformations of the cage both into inside and outside of the cage. However, an important property of barycentric coordinates is linear precision – the ability to reproduce global linear functions: given a linear function l(p) = l(px , py , pz ) = apx + bpy + cpz + d defined in R3 , if f (p) = l(p) for points p ∈ ∂Ω, then the extrapolation of this function into the interior and exterior should reproduce the original function l(p). Linear precision does hold for interior harmonic coordinates and their transfinite version; we will strive to achieve the same for the exterior version. Notice that w(p) of Equation 2 behaves as o(1) at infinity, so one cannot expect it to reproduce linear functions. We handle the problem as follows: given a function f : ∂Ω → R, we use the least squares method to extract the linear part of f ; then, harmonic extrapolation is applied to the residual part, and the final result is obtained by adding the linear part to the extrapolated residual part. Formally, we solve the least squares problem Z {a, b, c, d} = arg min (f (ξ) − aξx − bξy − cξz − d)2 dσξ . a,b,c,d∈R



∂Ω



Then we define f˜(ξ) = f (ξ) − aξx − bξy − cξz − d, ξ ∈ ∂Ω.



Property Interpolation Smoothness Non-negativity Locality Linear precision Affine Invariance



HCI + + + + + +



HCE + + + +



MVC + + + +



PMVC + + + +



Table 1: Comparison of various coordinates. HCI and HCE are interior and exterior harmonic, MVC is mean value, and PMVC are positive mean value coordinates. Function f˜ is used to find the function g˜. Now we define the extrapolating function fˆ as Z E(p, ξ)˜ g (ξ)dσξ , p ∈ R3 . fˆ(p) = apx + bpy + cpz + d + ∂Ω



The reader will realize that in the interior this scheme produces exactly the same extrapolation as in the original version – a unique harmonic function exists in the interior that satisfies the given boundary condition; as for the exterior we get the unique harmonic function which behaves as Linear + o(1) (and satisfies some regularity conditions). As for the discrete setting, we define harmonic coordinates hi : R3 → R as the extrapolation of the roof functions φi : ∂Ω → R using this scheme; in the interior this construction will yield the harmonic coordinates of Joshi et al. [2007]. If one wants the coordinate functions to behave as Linear + o(|x|−1 ) at infinity, one may use the double layer formulation of the BEM in a similar way. One may feel that linear precision has been achieved somewhat manually. From the practical point of view, linear precision and implied affine invariance are indispensable for cage based deformation: first, affine invariance allows us to define the mapping p → p0 ; second, linear precision guarantees that when the cage is globally rotated or translated the object does the same. From the theoretical point of view, linear precision can be seen as a consistency check of the interpolation scheme. However, linear precision should not be considered as a universal consistency check, especially if the interpolate is guaranteed to posses very desirable properties, such as being harmonic. In other words, when quality guarantees already exist, achieving linear precision through alternative means is acceptable: this renders the interpolate useful in practice. When such guarantees do not exist, linear precision can be such a guarantee and so is of decisive importance. An example will clarify our point: the Taylor series of any polynomial is always finite and equal to that polynomial – this can be considered as a consistency check in the realm of series expansions. The fact that Fourier series fails to satisfy this condition does not render them less useful than Taylor series – we know that Fourier series do have other desirable properties.



Property No. cage vertices No. object points Assembling M LU of M Computing g Pose time Storage for LU of M



Theoretical m n O(m2 ) O(m3 ) O(m2 ) O(mn) O(m2 )



Horse 786 10183 7.56 0.06 0.01 0.81 2.21 MB



Armadillo 1730 15002 31.86 0.56 0.06 2.67 10.7 MB



Table 2: Time and memory requirements. Computations were performed single threaded using MATLAB on Intel T7200 2GHz laptop. Time is given in seconds.



The non-diagonal entries of the boundary element matrix were computed using Gauss-Legendre integration; for diagonal entries – these involve singular integral – we switched to polar coordinates and used Gauss-Legendre integration on radial and angular coordinates separately to obtain a better precision. This is precisely the approach adopted by BEMLIB [Pozrikidis 2002]. The LU-decomposition and system solve is done using the built-in functions of MATLAB. For computing f~object we used the cage vertices as nodes and their voronoi areas as the weights of integration. Since our cage is already fine enough, this provides a reasonable approximation and gives satisfying results in practice. The experiments were run on the horse and Armadillo models with various cages. We first have triangulated, subdivided and then smoothed the cages. We think that it is such cages that will be used in actual applications – they provide a better control of the object by mimicking the shape of the articulated object more closely. Moreover, subdivision allows us to safely use the piecewise linear approximation for the solution function g; in case one must deal with larger triangles, they have the option of using higher-order elements over the cage triangles. The timing statistics are presented in the Table 2. We envision that implementing the method in a compiled language rather than interpreted will provide significant speedup for the matrix assembly part.



What are the properties of exterior harmonic coordinates? For comparison with other coordinates we refer the reader to Table 1. For the definitions of the properties listed in the table we invite the reader to look at Joshi et al. [2007]. As for practical applications, the deformation in Figure 3 is obtained using exterior harmonic coordinates.
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Implementation and Results



Our implementation was done in MATLAB. The main procedures involved are computing the boundary element matrix M , finding its LU-decomposition, solving the system M~g = f~cage , and finally integrating to obtain f~object .



Figure 3: Exterior coordinates in action: the initial “cage” is a sphere lying completely within Armadillo’s stomach; the sphere is deformed into an ellipse and the deformation is passed to Armadillo.
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Transfinite Implications



When extrapolation is done from a smooth surface, the problem is called transfinite interpolation. Inspired by the pioneering works of Belyaev [2006] and Schaefer et al. [2007] to gather the various existing coordinates under one roof, we use the intuition gained from BEM to compare transfinite harmonic coordinates to other approaches. One may consider the discussion in the beginning of this section as a “derivation” of the BEM equations that we used. Next we will reveal similarities and differences between transfinite harmonic coordinates and others, giving examples of the transfinite Shepard and mean value interpolates. As it turns out, harmonic coordinates explicitly force the interpolate to reproduce the input data – this is what leads to the integral equations of BEM; on the contrary, other interpolation schemes reproduce the input data because the integrals involved are divergent. Suppose that we would like to come up with a transfinite interpolation scheme for extending a function f defined on the boundary ∂Ω into the region Ω. It is reasonable to suppose that the closer a boundary point to p the more it should contribute. Function w defined by the formula Z w(p) = ∂Ω



f (ξ) dσξ , p ∈ Ω |p − ξ|α



(4)



clearly satisfies this condition if α > 0. Since we are interested in interpolation, it is necessary to ensure that on the boundary we recover the input function f . Equivalently, we demand that lim w(p) = f (ζ), for all ζ ∈ ∂Ω.



p→ζ



We may hope that this can be achieved by scaling: Z w(p) = ∂Ω



f (ξ) dσξ / |p − ξ|α



Z ∂Ω



1 dσξ . |p − ξ|α



To see that this is wrong, consider the case α = 1, and assume that for a point ζ0 ∈ ∂Ω we have f (ζ0 ) = 0, and that f is positive on the rest of the boundary. Evaluating w(p) involves integrating a non-negative function and a division by a positive number, which is obviously bounded away from zero. Both the numerator and denominator are finite so we can use continuity to get f (ζ0 ) = 0 6= lim w(p). p→ζ0



This phenomenon happens because even though there is a singularity in the integrands, the integrals converge for α = 1. If the integrals were to diverge, then we would reproduce the boundary data. In fact, this happens for all α ≥ 2, and this is how the Shepard’s interpolation in 3D Z ∂Ω



f (ξ) dσξ / |p − ξ|3



Z ∂Ω



1 dσξ , |p − ξ|3



reproduces the input function on the boundary. How can we make the interpolation scheme of Formula 4 work for α < 2? A simple answer is to rewrite the formula as Z w(p) = ∂Ω



It would not escape for the reader’s attention that when α = 1, up to a multiplicative constant which can be absorbed into g, these are precisely the equations of the simple layer BEM! To summarize the discussion: first, single layer formulation reveals that, in some sense, transfinite harmonic coordinates and transfinite Shepard’s interpolation come from the same origin; second, for harmonic interpolation, we pay the price of solving an integral equation (in fact, are able to obtain such an integral equation in the first place) precisely because the involved integral is convergent. And it is the divergent integrals that make transfinite Shepard interpolation less expensive. Perhaps it makes sense to call the interpolation schemes that depend on divergence of integrals as strongly singular, and the schemes that induce and require solving an integral equation as weakly singular. To the best of our knowledge, the differentiation between strongly and weakly singular interpolation is novel; transfinite harmonic coordinates are the first example of weakly singular interpolation and we have been able to generalize them. We also propose to consider the interpolates of the form Z nξ · (p − ξ) w(p) = g(ξ) dσξ , |p − ξ|α ∂Ω which are weakly singular whenever α ≤ 3, and so induce and require solving an integral equation to find g. The case α = 3 corresponds to the double layer formulation for harmonic coordinates, because nξ · (p − ξ) ∂E(p, ξ) = , ∂nξ 4π|p − ξ|3 and we can absorb the multiplicative constants into g.



One may think that since when p → ζ ∈ ∂Ω the inverse distance tends to infinity, so this alone implies that w(p) → f (ζ).



w(p) =



and pick the function g so that the boundary data is reproduced. This requirement will result in the following integral equation3 : Z g(ξ) f (p) = dσξ , p ∈ ∂Ω. α ∂Ω |p − ξ|



g(ξ) dσξ , |p − ξ|α



When α > 3 the scheme is strongly singular, and to reproduce the input function one sets g = f and scales: Z Z nξ · (p − ξ) nξ · (p − ξ) dσξ / dσξ . (5) w(p) = f (ξ) α |p − ξ| |p − ξ|α ∂Ω ∂Ω Interestingly, this end of the spectrum contains the transfinite mean value coordinates. To see this, let us convert the integration on the surface to an integration on the unit sphere S(p) centered at point p. This is achieved by projecting the surface onto this sphere as done when defining the mean value coordinates in [Ju et al. 2005]. The surface elements dσξ of Ω and dSξ of the unit sphere S(p) are related by nξ · (p − ξ) dSξ = dσξ , |p − ξ|3 we convert Equation 5 into Z Z f (ξ) 1 w(p) = dS / dSξ , ξ β β S(p) |p − ξ| S(p) |p − ξ| where β = α − 3. When β = 1 we get precisely the transfinite mean value interpolate. This shows that harmonic and mean value coordinates are generated by essentially the same formula, yet they belong to the different ends of the spectrum. 3 Taking limits of singular integrals is not always trivial: this is especially clear in the case of the double layer potential where an extra g/2 term appears in the limit.



What are the properties of weakly singular interpolates? Interpolation and smoothness properties are clearly satisfied. In fact, we expect weakly singular schemes to exhibit better smoothness properties when compared to strongly singular schemes. Linear precision can be achieved as in Section 5, and affine invariance follows from linear precision and linearity of the interpolation scheme. Discrete coordinates are obtained by applying the interpolation scheme to the roof functions φi .
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Summary and Future Work



We have examined the benefits of applying Boundary Element Methods to compute harmonic coordinates. We have not only demonstrated their practical relevance, but also have shown the depth of the theoretical insight provided both for extending these coordinates and introducing novel weakly singular transfinite interpolates. In the future we plan to explore these interpolates to reveal their connections with partial differential equations. We envision that this will allow tailoring new interpolates for particular needs. Another direction for research is to study and apply so-called fast boundary element methods [Rjasanow and Steinbach 2007] to obtain even faster algorithms for harmonic deformation.
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Appendix: Harmonic Coordinates as Extrapolation We show that the use of harmonic coordinates is equivalent to extrapolation fˆx = EH (fx ), and similarly for fy and fz . For any point p we have X X X p0 − p = hi (p)Ci0 − hi (p)Ci = hi (p)(Ci0 − Ci ). i



i



i



Consequently, fx (p) = p0x − px =



X



hi (p)fx (Ci ).



i



We see that !
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∆fx = ∆



X



hi (p)fx (Ci )



i



=



X



fx (Ci )∆hi (p) = 0,



i



i.e. fx is a harmonic function. Based on the boundary conditions for hi we notice that X fx (p) = φi (p)fx (Ci ), p ∈ ∂C. i



Thus, the function fx is the unique harmonic function that satisfies the boundary condition X fx (p) = φi (p)f (Ci ), p ∈ ∂C. i



The same conclusion is valid for y and z coordinates and corresponding functions.
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