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Cobordism and Stable Homotopy Samuel Hutchinson December 2014



1 Introduction We’re going to talk about two seemingly disjoint subjects smooth manifolds and stable homotopy theory. We’ll begin with the basic idea of each of these, and then mention a surprising result that brings them together, called the Pontryagin construction. Theorem 1.1 (Pontryagin). There is an isomorphism Ωf∗ r → π∗S From the cobordism ring of framed manifolds to the stable homotopy groups of spheres. This is surprising because there is no immediately obvious relationship between the worlds of manifolds and stable homotopy.



2 Manifolds and Cobordism Why do we care? Manifolds are meant to approximate most of the objects we observe in real life. Even though we live in a world made of atoms, on our level everything looks locally like Rn , so that’s the definition of a manifold and that’s why we want to understand them. Definition 2.1. A smooth n-manifold without boundary is a space M that looks locally like Rn and has a global calculus. It turns out that classifying manifolds is very hard. Depending on your opinion that’s either an interesting phenomenon or an awkward one. Examples: - There is no algorithm to determine if two manifolds are isomorphic. - There are uncountably many smooth structures on R4 , but only one on each other Rn One way to make life easier is to observe that M := {Manifolds}/Diffeo ` has a natural “addition “ and “multiplication” × with units ∅ and {pt} respectively. 1



In fact these turn M into a semiring (like a ring but without additive inverses). But this semiring is still complicated, e.g. for a smooth structure, M on R4 , M ×R ∼ = R5 , so this certainly doesn’t have nice properties like unique factorisation. Instead of this, we can try to answer an easier question. Can we classify manifolds up to cobordism? Definition 2.2. Two n-manifolds, M , N are cobordant if M q N is (diffeomorphic to) the boundary of some (n + 1)-manifold with boundary, W . Here W is called a cobordism. [PICTURES] This is an equivalence relation. From now on all manifolds we consider will be compact unless said so. Write Mc for the subsemiring of compact manifolds. We define the cobordism ring to be Ω∗ := Mc /cob Under the same operations as before, Ω∗ becomes a ring. To see how this works, let M be part of a cobordism. Then shift everything on the right over to the left to have ∅ on the right. [PICTURES]



3 Homotopy Groups To motivate this section, we should start with a question: How can you prove two topological spaces are different? In 1895, Henri Poincare came up with an invariant to help give some answers to this question: Definition 3.1. For a based space X (distinguished point) the fundamental group of X is defined to be π1 (X) := {S 1 → X}/hty where we have chosen a distinguished point of S 1 . Remarks: (1) Think “loops up to deformation”. (2) This is a group because we can compose two loops:
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[PICTURE] (3) This is a functor. We can generalise this by replacing the circle with an n-sphere. Definition 3.2. For a based space X (distinguished point) the nth homotopy group of X is defined to be πn (X) := {S n → X}/hty where we have chosen a distinguished point of S n . This is a group by generalising loop composition and it is also a functor. Examples: (1) π1 (R2 ) = 0 [PICTURE] (2) π1 (S 1 ) = Z, πn (S 1 ) = 0 for n > 1 [PICTURE] (3) π1 (T 2 ) = Z2 πn (T 2 ) = 0 n > 1. (4) In fact πn (S n ) = Z This can be thought of as wrapping S n round on itself. (5) πn (S m ) =?? Even though spheres are intuitively the simplest, their homotopy groups are very hard to compute and only known for a small range. A standard technique in situations like this is to ask if we can simplify the problem by thinking of these all together. Observe that we can embed each sphere as the equator of the next one to get a sequence. S0



S1



S2



S3



...



(S 0 is two points.) In fact each map between spheres can be extended to the next pair of spheres by “sus-
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pending” it. Sn f S0



S n+2



S n+1



Σ2 f



Σf



Σ3 f S3



S2



S1



S n+3



S n+4 Σ4 f S4



[PICTURE] We end up with sequences πn (S 0 ) → πn+1 (S 1 ) → πn+2 (S 2 ) → . . . Freudenthal proved that if you go far enough to the right, these are isomorphisms. This motivates the following definition. Definition 3.3. The stable homotopy groups of spheres are the limits πnS := lim πn+k (S k ) k



This captures the structure of the homotopy groups that remain at high dimensions. L If we write π∗S := n πnS , then this actually forms a graded ring.



4 Pontryagin’s Theorem Theorem 4.1. Ωf∗ r → π∗ (S 0 ) Ωf∗ r is based on the same ideas we discussed earlier for Ω∗ , but the manifolds are now assumed to be framed. This should be thought of as a souped-up orientation. (Strictly speaking, it is a trivialisation of the stable normal bundle when your manifold is embedded in high dimensional Euclidean space.) Manifolds in here are assumed to come with a choice of framing. The idea of this map is as follows: Given an n-manifold M , embed it in S n+k for k large. The framing gives a thickening of M in the sphere. The map it goes to then collapses M inside its thickening and spreads the thickening over S k . 4



[PICTURE] Originally, this isomorphism was used to compute stable homotopy groups of spheres, but nowadays it is more likely to go the other way. Examples: (1) π1S = Z/2 = Ωf1 r . The generator (Hopf map) corresponds to a framing of S 1 ⊂ R3 that includes a “twist” (imagine walking along S 1 with the frame twisting around as you walk). [PICTURES] (2) π2S = Z/2 = Ωf2 r . This generator is not so interesting - T 2 = S 1 × S 1 with the twist framing on both circles. (3) π3S = Z/24 = Ωf3 r . Generated by S 3 ∼ = SU (2). What’s actually going on is that the easiest examples are Lie groups, because group multiplication allows you to parallel transport vectors and thus always obtain a framing. Aside: A neat way to think of the difficulty of framed cobordism implied by the difficulty of stable homotopy groups of spheres is that framed manifolds have stably trivial tangent bundles, so all characteristic classes are zero.



5 Generalisation Thom generalised this construction to other types of manifolds, which has enabled us to compute lots of different cobordism rings. Examples: (1) Unoriented manifolds Ω∗ ∼ = π∗ (M O) = Z/2[x2 , x4 , x5 , x6 , x8 , . . . ] Here xi is an i-dim manifold for all i 6= 2k − 1. When i is even xi = RP i . ∼ (2) Oriented manifolds ΩSO ∗ = π∗ (M SO). Q ⊗ ΩSO ∗ = Q[y4i |i ≥ 1] ∼ (3) Stably almost complex manifolds ΩU ∗ = π∗ (M U ) = Z[z2 , z4 , z6 , . . . ]
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