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Abstract We introduce codes over the ring Z2m + αZ2m + β Z2m + γ Z2m . We relate self-dual codes over this ring to quaternionic unimodular lattices and to self-dual codes over Z2m via a gray map. We study a connection between the complete weight enumerators of codes over the quaternionic ring Σ2m and Jacobi forms over the half-space of quaternions. This motivates us to construct an algebra homomorphism from a certain invariant polynomial ring, where the complete weight enumerators belong, to the ring of Jacobi forms over the quaternions. Higher genus modular forms over the quaternions are also constructed using joint weight enumerators of codes.
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Introduction



An interesting connection between self-dual codes over Z2m and real unimodular lattices was given in [1, 2], which extended the relationship between binary codes and real unimodular ∗
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lattices. These ideas were extended to the ring F2 + uF2 with a connection to complex unimodular lattices. This relationship to complex unimodular lattices was generalized to the rings Z2m + ωZ2m in [3]. In this present work, we establish a family of rings such that quaternionic unimodular lattices can be constructed from self-dual codes over these rings and we construct weight preserving gray maps which map codes over these rings to codes over Z2m . This connections give importance to the study of these rings since we can examine a subset of the linear codes over Z2m as images of the codes over this ring holding certain properties and we can construct quaternionic unimodluar lattice from these codes. The lattices can then be used to construct certain forms. In particular, we study a connection between the complete weight enumerators of codes over these quaternionic rings and Jacobi modular forms over the half-space of quaternions. This motivates us to construct an algebra homomorphism from a certain invariant polynomial ring, where the complete weight enumerators belong, to the ring of Jacobi forms over the quaternions. Higher genus modular forms over the quaternions are also constructed by joint weight enumerators of codes. In some special case, it was shown how to construct modular forms of quaternions using coding theory in [9], but our setting is different and the results are more general. This paper is organized as follows. Section 2 defines codes over the ring Σ2m and studies its properties. In Section 3, MacWilliam’s identities of various weight enumerators are discussed. In Section 4, quaternionic unimodular lattices induced from a code C are studied. The theory of shadows is developed for codes over Σ2m in Section 5. In Section 6, Jacobi forms over the quaternions are defined and theta series are studied. In Section 7, we construct an algebra homomorphism from a certain invariant polynomial space, where the complete weight enumerators of a code over Σ2m belong, to that of Jacobi forms over the quaternions. Also, we show how to derive Jacobi forms over the quaternions from a given Type II code over Σ2m . In Section 8, we study higher genus modular forms over the quaternions and show how to construct such a form using joint weight enumerators of a code over Σ2m .
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Codes over the Rings Σ2m



The finite ring Σ2m is given by Σ2m := Z2m + αZ2m + βZ2m + γZ2m = Z[i, j, k]/2mZ[i, j, k], where i, j, k are elements of the real quaternions H. We let α be the element corresponding to 1 + i, β be the element corresponding to 1 + j, and γ be the element corresponding to 1 + k. We equip each ring with a corresponding involution a + bα + cβ + dγ = a + bα + cβ + dγ. That is, for x ∈ Σ2m , x = 2Re(x) − x, where Re(a + bα + cβ + dγ) = a + b + c + d. We define Re(x) as described so that if α is expressed as 1 + i, β is expressed as 1 + j, and γ is expressed as 1 + k, then Re(x) corresponds to the real part of the real quaternion a + b(1 + i) + c(1 + j) + d(1 + k) = (a + b + c + d) + bi + cj + dk. Explicitly, we have that a + bα + cβ + dγ = a + 2b + 2c + 2d − bα − cβ − dγ. 2



It is an easy computation to see the following: αα = ββ = γγ = 2 α2 = 2α − 2, β 2 = 2β − 2, γ 2 = 2γ − 2 α = 2 − α, β = 2 − β, γ = 2 − γ αβ = βγ = γα = α + β + γ − 2. and βα = α + β − γ, γβ = −α + β + γ, αγ = α − β + γ. Note that Σ2m is a ring of order (2m)4 . Notice that the ring is not commutative in general, it does not have the property that xy = −yx, nor is xy = −yx in general. However in the very specific case when m = 1, the ring Σ2 is actually commutative and the involution is the identity. The norm of an element a + bα + cβ + dγ of Σ2m is N (a + bα + cβ + dγ) = (a + bα + cβ + dγ)(a + bα + cβ + dγ) = (a + bα + cβ + dγ)(a + 2b + 2c + 2d − bα − cβ − dγ) = a2 + 2b2 + 2c2 + 2d2 + 2ab + 2ac + 2ad + 2bc + 2bd + 2cd. The norm of a vector v = (vi ) ∈ Σn2m is given by N (v) =



P



N (vi ).



We consider Σn2m as a left module, where if v = (vi ) ∈ Σn2m , a ∈ Σ2m , then av = (av1 , av2 , . . . , avn ). All scalar multiplication will assumed to be on the left. A code C of length n over the ring Σ2m is a subset of Σn2m and C is linear if it is a submodule. We shall assume all codes are linear unless otherwise specified. Attached to each space Σn2m is the following natural inner-product corresponding to the quaternionic inner-product: X [v, u] = vi ui (1) The left orthogonal is defined by L(C) = {v 0 | [v 0 , v] = 0 for all v ∈ C}. The right orthogonal is defined by R(C) = {v 0 | [v, v 0 ] = 0 for all v ∈ C}. Since the ring is neither commutative nor anticommutative in general, two orthogonals need to be defined. However, the following two relations are easy to verify: (2)



xy = y x



and (3)



x+y =x+y



We have the following lemma. We shall omit the proofs of any results that are simply extensions of the proofs given in [3]. Lemma 2.1 Let C be a code over Σ2m then L(C) = R(C). 3



In light of this lemma we shall simply refer to the orthogonal as C ⊥ . We say that a code is self-orthogonal if C ⊆ C ⊥ and self-dual if C = C ⊥ . Let Ψ2m : Σ2m → Z42m by Ψ2m (a + bα + cβ + dγ) = (b, c, d, a + b + c + d). The map is extended to Ψ2m : Σn2m → Z4n 2m by applying it coordinatewise. The Euclidean P n weight of a vector w = (wi ) ∈ Z2m is given by wt(w) = min{(wi )2 , (2m − wi )2 }. The Euclidean weight of a vector in Zn2m was defined in [1]. The proofs of the following are the straightforward generalizations of the proof in [3]. Theorem 2.2 Let v a vector in Σn2m then N (v) ≡ wt(Ψ2m (v))



(mod 4m).



Lemma 2.3 The map Ψ2m : Σn2m → Z4n 2m is linear and bijective. Theorem 2.4 Let C be a self-dual code of length n over Σ2m . Then Ψ2m (C) is a self-dual code of length 4n over Z2m . Proof. Let C be a self-dual code. Let v and v 0 be vectors in C. It follows that [v, v 0 ] = P vi vi0 = 0. Setting vi = ai + bi α + ci β + di γ and vi = a0i + b0i α + c0i β + d0i γ then performing a straightforward computation gives that [Ψ2m (v), Ψ2m (v 0 )] =



X



bi b0i + ci c0i + di d0i + (ai + bi + ci + di )(a0i + b0i + c0i + d0i )



≡



X



ai a0i + ai b0i + ai c0i + ai d0i + bi a0i + 2bi b0i + bi c0i + bi d0i



+ ci a0i + ci b0i + 2ci c0i + ci d0i + di a0i + di b0i + di c0i + 2di d0i ≡ 0



(mod 2m).



This last equivalence follows from the fact that the original vectors were orthogonal. This gives that the codes are self-orthogonal. Since C is self-dual we have that |Ψ2m (C)| = |C| = (2m)2n , Ψ2m (C) is a self-dual code of length 4n over Z2m . 2 While the image under Ψ2m of a self-dual code is a self-dual code over Z2m it is not true that every self-dual code over Z2m is the image under Ψ2m of some code. The inverse map is not linear in general and those codes that are images must have elements in their automorphism groups which are canonically connected to multiplication by the elements in Σ2m in their preimage. In essence, multiplication by an element of the ring Σ2m induces an automorphism in the image. Example 1 Let the ambient space be Σ12 . The following codes are self-dual: C1 = {0, α, α + β + γ, β + γ} , C2 = {0, β, α + β + γ, α + γ} , C3 = {0, γ, α + β + γ, α + β}. Each code √ has cardinality 16 = 4 as expected. The images are the binary self dual codes: Ψ2 (C1 ) = {(0000), (1001), (1111), (0110)}, Ψ2 (C2 ) = {(0000), (0101), (1111), (1010)}, Ψ2 (C3 ) = {(0000), (0011), (1111), (1100)}. 4



The Euclidean weight of a vector v ∈ Σn2m , denoted by Euc(v), is the Euclidean weight of its image under Ψ2m in Z4n 2m . The minimum Euclidean weight of a code is denoted by dE . We shall say that a self-dual code is Type II over Σ2m if the Euclidean weights of all the vectors are equivalent to 0 (mod 4m) and that a code is Type I otherwise. The following corollary naturally follows. Corollary 2.5 Let C be a Type II (resp. Type I) code of length n over Σ2m . Then Ψ2m (C) is a Type II (resp. Type I) code of length 4n over Z2m . 2



Proof. Follows from Theorem 2.4 and the above discussion.



Example 2 The code over Σ2 generated by (1, 1 + α + β + γ) is a Type II code whose image is the [8, 4, 4] Hamming code. It is clear that self-dual codes exist for all lengths over Σ2m for any m.
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Weight Enumerators



We shall now define a series of weight enumerators for codes over Σ2m . Order the elements of Σ2m lexidromically. For a code C over Σ2m define the complete weight enumerator by X Y cweC (x0 , x1 , . . . , x(2m)4 −1) ) = (4) xna a (v) , v∈C a∈Σ2m



where na (v) = |{j | vj = a}|. Let T2m be a (2m)4 × (2m)4 matrix indexed by the elements of Σ2m , with (5)



Re((a+bα+cβ+dγ)(a0 +b0 α+c0 β+d0 γ))



(T2m )a+bα+cβ+dγ,a0 +b0 α+c0 β+d0 γ = ζ2m



2πi



, ζ2m = e 2m .



Theorem 3.1 If C is a linear code over Σ2m , then 1. cweC⊥ (X) =



1 cweC (T2m · X) |C|



2. Further, if C is a Type II code, then cweC (U2m · X) = cweC (X) where U2m is a diaganol vv matrix with (U2m )v,v = ζ4m and (U2m )v,w = 0 if v 6= w. Proof. 1. The MacWilliams relations follows from [4]. 2. The inner product of a vector with itself must be 0 mod 4m since it is Type II . 5



2 Define the relation ∼ on Σ2m by a ∼ b if and only if a = b where  is a unit in Σ2m . This relation ∼ forms an equivalence relation and we consider the set of equivalence class Σ2m : Σ2m / ∼ . We also note that the set of units U2m in Σ2m . The symmetrized weight enumerator is given by swec (x[a] | a ∈ Σ2m ) =



(6)



X



Y



sn



x[a][a]



(v)



v∈C [a]∈Σ2m



where sn[a] (v) = |{j | vj ∈ [a]}|. 0 0 be a |Σ2m | by |Σ2m | matrix indexed by the elements of Σ2m , then (T2m )c,d = Let T2m g∼d (T2m )c,g . Then we have the following corollary.



P



Corollary 3.2 Let C be a code over Σ2m then sweC⊥ (X) =



(7)



1 sweC (T02m · X) |C|



Proof. The result follows from Theorem 3.1 and the results on the symmetrized weight enumerators of codes over rings given in [10]. 2 For codes C and D over Σ2m define the complete joint weight enumerator by (8)



JC,D (X) =



X X



Y



n



[(a,b)] x[(a,b)]



(v,v 0 )



,



v∈C v 0 ∈D [(a,b)]∈Σ22m



where n[(a,b)] (v, v 0 ) = |{j | vj = a, vj0 = b}|. Note that the complete weight enumerator of a code is a homogenous polynomial in (2m)4 variables and the complete joint weight enumerator is a homogeneous polynomial in (2m)8 variables. Corollary 3.3 Let C and D be linear codes over Σ2m then (9) (10) (11)



JC ⊥ ,C ⊥ (X) =



1 1 JC,D ((T2m ⊗ T2m ) · X) |C| |D|



1 JC,D ((T2m ⊗ I) · X) |C| 1 JC,C ⊥ (X) = JC,D ((I ⊗ T2m ) · X) |D|



JC ⊥ ,D (X) =



2



Proof. Follows from the results in [5].
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Quaternion Unimodular Lattices



We shall describe a bridge between self-dual codes over Σ2m and Quaternionic unimodular lattices. We denote by O the integers Z[α, β, γ]. A lattice in Hn is a free O-module. We attach the standard inner product to the ambient space, i.e.: (12)



v·u=



X



vi ui .



We define L∗ = {u ∈ Hn | u · v ∈ O for all v ∈ L}. We only need to define one orthogonal here because u · v ∈ O if and only if v · u ∈ O. A lattice L with L ⊆ L∗ is said to be integral and if a lattice L satisfies L = L∗ then it is said to be unimodular. The norm of a vector v is given by N (v) = v · v. If the norm of every vector in a unimodular lattice is even then we say it is an even lattice. We denote the reduction map modulo the ideal (2m) by:



(13)



h : On → Σn2m .



It is a ring homomorphism and it can be seen that h−1 (C), the pre-image of a code C defined over Σ2m , is a free O-module. The lattice induced from a code C is defined as follows: (14)



1 Λ(C) := √ h−1 (C) = {v ∈ On | v 2m



Lemma 4.1 For a vector v ∈ Σn2m , N (v) ≡ N (h−1 (v))



(mod 2mO) ∈ C}. (mod 2m).



Proof. Consider a single coordinate. It is an easy computation to see that the norm of an element a + bα + cβ + dγ is congruent to the norm of a + b(1 + i) + c(1 + j) + d(1 + k). 2 Theorem 4.2 If C is a self-dual code over Σ2m , then Λ(C) is a quaternionic unimodular lattice. Moreover, if C is Type II, then Λ(C) is an even lattice. The minimum norm of the dE lattice is min{ 2m , 2m}. Proof. Let v = (vh ) and w = (wh ) be vectors in a self-dual code C. The image under h−1 is 1 h−1 (v) = √ (ah + bh (1 + i) + ch (1 + j) + dh )(1 + k)) + 2mO 2m 1 = √ (ah + bh + ch + dh + bh i + ch j + dh k) + 2mO 2m 1 h−1 (w) = √ (a0h + b0h (1 + i) + c0h (1 + j) + d0h )(1 + k)) + 2mO 2m 1 = √ (a0h + b0h + c0h + d0h + b0h i + c0h j + d0h k) + 2mO 2m 7



It is a simple computation to see that the inner product of any two vectors above will be an integer whenever [v, w] = 0 in Σn2m . Hence the lattice is integral. The fact that a Type II code produces an even lattice follows from Lemma 4.1. 2 We define the map g as the map that makes the following diagram commute. Hxn



ΛH



 



−−−−−→ Rx4n g



 ΛR



Σn2m −−−−−→ Z4n 2m Ψ2m



Here, R denotes the set of real numbers and ΛR denotes the natural construction of a real lattice from a code over Z2m given in [1].
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Shadows



We shall define shadow codes for self-dual codes over Σ2m and for quaternionic unimodular lattices and relate them via the map ΛH . Let Λ ⊆ Hn be a unimodular lattice. Define Λ0 = {v| v ∈ Λ, N (v) ∈ 2Z}. The lattice Λ0 ⊆ Λ is closed under addition and scalar multiplication. If Λ is an even lattice then Λ = Λ0 , otherwise Λ0 is index 2 in Λ. We set Λ2 = Λ − Λ0 and we set Λ∗0 = Λ0 ∪ Λ1 ∪ Λ2 ∪ Λ3 . Then we define the shadow S = Λ∗0 − Λ = Λ1 ∪ Λ3 . Let ∆ : H → R4 by ∆(a + bi + cj + dk) = (a, b, c, d) and extend ∆ : Hn → R4n by applying it coordinatewise. If Λ is unimodular then ∆(Λ) is a real unimodular lattice. Moreover, if N (v) ∈ 2Z then N (∆(v)) ∈ 2Z. Lemma 5.1 Let Λ be a unimodular Gaussian lattice, then ∆(Λi ) = (∆(Λ)i ) for i = 0, 2 and ∆(Λi ) = (∆(Λ)i ) up to labeling for i = 1, 3. It follows that if Λ is a quaternionic unimodular lattice of length n then the norms of the vectors in S are 4n (mod 2), since the vectors in the shadow of a real unimodular lattice 2 0 0 of length n have norm n2 (mod 2). Theorem 5.2 The glue group of Λ∗0 /Λ0 is isomorphic to the Klein 4 group for all n and the orthogonality table is given in Table 1. Proof. Follows from the known results about real unimodular lattices.
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Table 1: Lattice Orthogonal Relations



L0 L1 L2 L3



L0 ⊥ ⊥ ⊥ ⊥



L1 ⊥ ⊥ 6⊥ 6⊥



L2 ⊥ 6⊥ ⊥ 6⊥



L3 ⊥ 6⊥ 6⊥ ⊥



For codes the construction is similar. Let C be a self-dual code over Σ2m of length n. Define C0 = {v | v ∈ C, Euc(v) ≡ 0 (mod 4m)} Again, C0 is index 2 in C if C is of Type I and is equal to C if C is of Type II. This follows from the fact that Ψ(C0 ) = Ψ(C)0 by definition of Λ0 . Set S := C0⊥ − C, with S = C1 ∪ C3 and C = C0 ∪ C2 . Lemma 5.3 Let C be a Type I code over Σ2m and C0 described as above, then (15)



1 cweC0 (X) = (cweC (X) + cweC (X0 )) 2



where X = (x0 , x1 , . . . , x((2m)4 −1) ) and X 0 is formed by replacing xa+bα+cβ+dγ with 2πi Euc(a+bα+cβ+dγ) ζ4m xa+bα+cβ+dγ , where ζ4m = e 4m . Proof. Vectors with Euclidean weight congruent to 2m (mod 4m) are counted positively in cweC (X) and negatively in cweC (X0 ). Vectors with Euclidean weight congruent to 0 (mod 4m) are counted positively in cweC (X) and cweC (X0 ). 2



Theorem 5.4 Let C be a Type I code over Σ2m and S its shadow. Then (16)



cweS (X) =



1 cwe(T2m · X0 ) |C|



where T2m is the matrix that applies the MacWilliams relations. Proof. The proof follows from the usual computation. The orthogonality relations match those for the associated lattice.
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Jacobi Forms on Half-Spaces of the Quaternions



In this section we extend this idea by studying the connection between the complete weight enumerators of codes over the quaternionic ring Σ2m and modular forms over the half-space of quaternions. More precisely, the Theta series formed from the complete weight enumerators of the codes over Σ2m is a modular form over the half-space of quaternions. Also modular forms of higher genus have been derived from the joint weight enumerators of codes over Σ2m . We recall the definitions of Jacobi forms over H and theta-functions. We follow the definition given in [7].



6.1



Notations



Let HC := C + Cα + Cβ + Cγ denote the complexified quaternions. Given w = w1 + w2 α + w3 β + w4 γ, wj ∈ C, put w=2



4 X j=1



N (w) = ww = 2



4 X



w j − w ∈ HC ,



wj2 + 2



j=1



X



wi wj − w12 ∈ C.



0


The modular group Γ1 := SL2 (Z) acts on H × HC , where H denotes the complex upper ! a b half plane. The action of Γ1 on the space H × HC is given by, ∈ SL2 (Z), (τ, z) ∈ c d H × HC , ! aτ + b z a b · (τ, z) := ( , ) c d cτ + d cτ + d and, for all [λ, µ] ∈ Z2 , [λ, µ] · (τ, z) := (τ, z + λτ + µ).



6.2



Jacobi Forms



Let us give a formal definition of a Jacobi form over the quaternions. Definition 1 Given k, m ∈ Z a function f : H × HC → C is said to be a Jacobi form of weight k and index m on H × HC if it is an analytic function satisfying 1. cN (z)



(f |k,m M )(τ, z) := (cτ + d)−k e−2πim cτ +d f (M · (τ, z)) = f (τ, z), ∀M =



10



∗ ∗ c d



!



∈ SL2 (Z),



2. (f |m [λ, µ])(τ, z) := e−2πim(N (λ)τ +



λ(z+z) ) 2



f (τ, [λ, µ] · z), ∀[λ, µ] ∈ Z2 ,



3. and it has the following Fourier expansion; c(`, λ)e2πi`τ e2πiλz ,



X



f (τ, z) =



` ∈ N, λ ∈ O∗ 4`m ≥ λ2 with Fourier coefficients c(`, λ) and O∗ is the dual of O. Remark 1 1. The C-vector space of Jacobi forms of weight k and index m for the quaternions H is denoted by Jk,m (Γ1 ). 2. Note that f (τ, 0) is an elliptic modular form for each f (τ, z) ∈ Jk,m (Γ1 ).



6.3



Theta Series



Further relations between modular forms of genus g over the quaternions and joint weight enumerators of codes were studied. The following theta-function was first introduced and studied in [7] to show the correspondence between the space of Jacobi forms over H and that of the vector valued modular forms. Let µ ∈ O be the corresponding preimage of µ ∈ Σ2m under the reduction map h given before. So, for each µ (mod (2m)), consider the following theta-series; (17)



rrτ



e2πi 4m e2πi



X



θ2m,µ (τ, z) := r∈O,r≡µ



rz+zr 2



.



(mod (2m))



Then, by the Poisson summation formula, the theta-series satisfies the following transformation formula (see page 679 in [7]). Lemma 6.1



1. (θ2m,µ |2,m



1 1 0 1



!



)(τ, z) = e2πiRe(



2. (θ2m,µ |2,m



0 −1 1 0



!



)(τ, z) = (



N(µ) ) 4m



θ2m,µ (τ, z),



√



µν −1 2 X ) e2πiRe( 2m ) θ2m,ν (τ, z). 2m ν∈O/2mO



3. θ2m,µ (τ, z + λτ + κ) = e−2πim(N (λ)τ +λ



z+z ) 2



θ2m,µ (τ, z)



Proof. The first and last ones come from the direct computation. For the second one, the standard tool using the Poisson summation formula gives the result which can be derived from (IV 1.3 and IV 2.3 in [8]). 2
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Invariant Rings and Jacobi Forms over the Quaternions



In this section, we construct an algebra homomorphism from a certain polynomial invariant ring, where the complete weight enumerators of a Type II code belong, to the space of Jacobi forms over the real quaternions.



7.1



Jacobi form from Invariant ring



Let G2m be a group generated by



1 T (2m)2 2m



=



Re(µν) 1 )µ,ν (ζ (2m)2 2m



and a diagonal matrix U2m =



Re(µν)



(ζ4m δµ,ν )µ,ν , with the usual Kronecker δµ,ν . Let us denote the polynomial invariant ring of a group G as 2m C[X]G2m := ⊕`≥1 C[X]G `



= ⊕`≥1 {H ∈ C[X] | N · H(X) = H(X), deg(H) = `, for any N ∈ G2m }, Here the group action is defined as N · H(X) := H(N · X), for any N ∈ G2m . 2m Remark 2 1. Note that Theorem 3.1 implies that cweC (x) ∈ C[X]G , if C is a Type II n code of length n over Σ2m . 2m 2. It seems that the homogeneous degree of each element in C[X]G is always even, but n we haven’t checked it.



Theorem 7.1 Let C[X]G2m be the invariant ring of the group G2m defined before. Then the following map 2m Φ: ⊕1≤`∈Z C[X]G → ⊕1≤`∈Z J4`,2`m (Γ1 ), 2` given by Φ(H(xµ | µ ∈ Σ2m )) = H(θ2m,µ (τ, z) | µ ∈ Σ2m ) for each H ∈ C[X]G2m , is an algebra homomorphism. Proof. To check the modularity of the image, it is enough to check the transformation 2m formula under two types of generators; first, for each H ∈ C[X]G 2` , (Φ(H)|4`,2`m



1 1 0 1



!



)(τ, z) = H(U2m · (θ2m,µ (τ, z)) | µ ∈ Σ2m ) = H(θ2m,µ (τ, z) | µ ∈ Σ2m ).
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Secondly, τ −4` e−



2πi2`mN (z) τ



H((θ2m,µ (



−1 z , )|µ ∈ Σ2m )) τ τ



−τ 2 2πi mN (z) τ T2m · (θ2m,µ (τ, z)|µ ∈ Σ2m )) e (2m)2 = H(θ2m,µ (τ, z)|µ ∈ Σ2m )(since H is in the invariant ring).



= τ −4` e−2πi



2`mN (z) τ



H(



The elliptic property of Φ(H)(τ, z) is immediate from that of theta series θ2m,µ (τ, z) given in Lemma 6.1. Finally, the proper Fourier expansion can be checked easily and we omit the detailed proof. 2



7.2



Jacobi Forms from Codes over the Quaternions



In this section we show how to construct a Jacobi form from a code over Σ2m . More precisely, we show that a certain theta-series defined over the lattices induced from codes over Σ2m is a quaternionic Jacobi form. For each Y in the lattice, consider the theta series ΘO,Y : H × HC → C associated with a lattice O:



(18)



ΘO,Y (τ, z) :=



X



e2πi



N (x)τ 2



+



(x·Y )z+z(x·Y ) 2



.



x∈O



The following theorem gives a connection between a theta series defined over the lattices induced from codes and their complete weight enumerators. Theorem 7.2 Let C be a code over Σ2m . Let Λ(C) be a lattice induced from C over Σ2m , 1 i.e. Λ(C) = √2m h−1 (C). From the complete weight enumerator cweC (X0 , .., X` ||Σ2m | = `), one constructs the following theta-series associated with Λ(C): (19)



ΘΛ(C),2m(1,..,1) (τ, z) = cweC (θ2m,µ (τ, z) | µ ∈ Σ2m ),



where {θ2m,µ } is given in Lemma 6.1. √ 1 (2m, ..., 2m, 2m) ∈ Λ(C). Let v = (v1 , .., vn ) be any given Proof. Note that 2m = √2m codeword in C and, for each µ ∈ Σ2m , nµ (v) = |{j | vj = µ}|. If we let h(v) = v, then the image can be arranged in the following form: {h−1 (v)} = {h−1 (0) + v | v = (vj ), vj = aj + bj α + cj β + dj γ, 0 ≤ aj , bj , cj , dj < 2m} and the number of µ, (µ ∈ Σ2m ), of v1 , .., vn is exactly nµ (v). Thus, for each v ∈ C, ΘΛ(C),√2m(1,..,1) (τ, z) =



X x∈ √ 1 h−1 (v) 2m
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e2πi(



x·x τ +x 2



√



√ 2m·z+z· 2m·x)



e2πi(



X



=(



N (x1 )τ 4m



+



x1 z+zx1 ) 2



)...(



x1 ∈2mO+v1



e2πi(



X



N (xn )τ 4m



n) + xn z+zx 2



)=



xn ∈2mO+vn



Y



θ2m,µ (τ, z)nµ (v) .



µ∈Σ2m



2 Corollary 7.3 Let C be a Type II code of length n over Σ2m . Then cweC (θ2m,µ (τ, z) | µ ∈ Σ2m ) is a quaternionic Jacobi form of weight 2n and index mn. Proof.
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This is an immediate result from Remark 2 and Theorem 7.1



2



Modular Forms of Genus g over Half-spaces of the Quaternions



In this subsection we show how to construct a higher genus quaternionic modular form from the joint weight enumerators of codes over Σ2m .



8.1



Modular forms of genus g



We recall the definition of modular forms over half-spaces of the quaternions Hg and thetafunctions. We follow the definition given in [7]. Let Hg (H) = {Z = X + iY ; X, Y ∈ Mat(g, H), X = Xt , Y = Yt > 0}. Note that, if g = 1, H1 (H) is the usual complex upper half plane. The quaternionic modular group Γg (O) of genus g is given by Γg (O) := {M ∈



Mat(2g, O) | Mt JM



0 1 −1 0



= J, J =



!



}.



This group acts on Hg (H) as −1



M · Z = (AZ + B)(CZ + D) , M =



A B C D



!



∈ Γg (O), Z ∈ Hg (H).



← − − ← − Remark 3 It is known (see page 55 ← ← −in [7]) that Γg (H) is generated by the matrices J,



I S 0 I



!



,



U∗ 0 0 U −1



!



,



for ∀S ∈ Symg (O) = {S ∈ Mat(g, O) | S = S∗ } and ∀U ∈ GLg (O). Here A∗ = At . 14



Definition 2 (Modular Forms of genus g over Γg (O)) A holomorphic function f : Hg (H) → C is said to be a modular form of genus g with weight k, k ≡ 0 (mod 2), on Γg (O) if it satisfies (f |k M )(Z) := Det(CZ + D)−k f(M · Z) = f(Z), ∀M =



∗ ∗ C D



!



∈ Γg (O). One has to add the condition of boundedness in the case g = 1.



The C-vector space of modular form of weight k with genus g is denoted by Mk (Γg (O)). Moreover, since Γg (O) is generated by elements given in Remark 3, we note the following: Remark 4 Let k ≡ 0



(mod 2). A holomorphic function f : Hg (H) → C



is a modular form of genus g with weight k if and only if the following properties are satisfied for all Z ∈ Hg (O) : 1. f (Z + S) = f (τ ), ∀S ∈ Symg (O) 2. f (U ∗ ZU ) = f (Z), ∀U ∈ GLg (O) 3. f (−Z −1 ) = Det(Z)k f(Z)



8.2



Theta functions of genus g



Let us consider the following theta-series. For each µ ∈ Σ2m , let (g)



(20)



eπir



X



θ2m,µ (Z) := r∈O,r≡µ



∗ Zr



, Z ∈ Hg (H).



(mod (2m))



Then, by the Poisson summation formula, the theta-series satisfies the following transformation formula [8]. Lemma 8.1



(g)



1. θ2m,µ (Z + α) = e2πi (g)



2. Det(Z)−2 θ2m,µ (−Z−1 ) = (



µ∗ αµ 4m



(g)



θ2m,µ (Z), for each α ∈ Sym(g, O),



√



−1 2g ) 2m



P



ν∈Og /2mOg



e2πi



Re(µ∗ ν) 2m



(g)



θ2m,ν (Z).



Proof. The standard tool using the Poisson summation formula gives the result which was stated in [8]. 2
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8.3



Joint weight enumerators and quaternionic modular forms of genus g



For given lattices Λ1 , .., Λg , and for each fixed Y ∈ Λ1 ∩ .. ∩ Λg , let us consider the following theta-series ΘΛ1 ,..,Λg ;Y : Hg → C defined by: e2πi



X



ΘΛ1 ,..,Λg ;Y (Z) =



(21)



T r(x∗ Zx) 2



.



x∈Λ1 ×Λ2 ×..×Λg



The next theorem states a connection between the theta-series defined over the lattices induced from codes and their joint weight enumerators. Theorem 8.2 Let Cj , 1 ≤ j ≤ g, be a code of length n over Σ2m and Λj be an induced 1 h−1 (Cj ). Let JC1 ,C2 ,..,Cg (X) be the complete joint lattice from the code Cj , i.e., Λj = √2m √ weight enumerator of the codes Cj , 1 ≤ j ≤ g. Then the following holds; for Y = 2m = √1 (2m, 2m, .., 2m)t 2m (g) (Z) | µ ∈ Σg2m ). ΘΛ1 ,Λ2 ,..,Λg ;Y (τ, z) = JC1 ,C2 ,..,Cg ) (θm,µ



(22)



√ 1 Proof. First note that Y = 2m = √2m (2m, 2m, .., 2m)t ∈ Λ1 ∩ Λ2 ∩ .. ∩ Λg . Let h : On × ... × On → Σn2m × .. × Σn2m be a homomorphism induced from h in (13). For each v ∈ C1 × C2 × ... × Cg , let h−1 (v) = h−1 (0) + (vi ) be a preimage of v, all of whose entries (vi )j = (aij + bij α + cij β + dij γ) are the forms such that 0 ≤ aij , bij , cij , dij < 2m. Then X



e2πi



T r(x∗ Zx) 2



=



2m



X



x1 ∈(2mO)g



e2πi



T r((x1 +v1 ,..,xn +vn )∗ Z·(x1 +v1 ,..,xn +vn )) 4m



x∈h−1 (0)



x∈ √ 1 h−1 (v)



=(



e2πi



X



T r((x1 +v1 )∗ Z(x1 +v1 )) 4m



)..(



X



e2πi



T r((xn +vn )∗ Z(xn +vn )) 4m



)=



Y



(g) θm,a (Z)na (v1 ,..,vn ) .



a∈Σg2m



xn ∈(2mO)g



from the fact that the number of a in Σg2m which are equal to v1 , .., vn is exactly na (v1 , .., vn ). 2



Theorem 8.3 Let Cj , 1 ≤ j ≤ g, be Type II codes of length n over Σ2m and assume, for simplicity, that Cj = (2m)n , 1 ≤ j ≤ g. Let JC1 ,C2 ,..,Cg (X) be the complete joint weight enumerator of the codes Cj , 1 ≤ j ≤ g. Then (g) JC1 ,C2 ,...,Cg (θm,µ (Z) | µ ∈ Σg2m )



is a quaternionic modular form of weight 2n and genus g.
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(g) Proof. It is enough to check the transformation law of JC1 ,C2 ,...,Cg (θm,µ (Z) | µ ∈ Σg2m ) under the three types of generators of Γg (O)(see Remark 3);



u∗ 0 0 u−1



J,



!



1 α 0 1



, ∀u ∈ GL(g; O),



!



, ∀α = α∗ ∈ Sym(g; O).



So, for any α ∈ Sym(g, O), (g) (g) (g) JC1 ,..,Cg (θm,µ (Z + α)) = JC1 ,..,Cg (U2m ⊗ U2m .. ⊗ U2m · θm,µ (Z)) = JC1 ,..,Cg (θm,µ (Z)|µ ∈ Σg2m ),



and (g) Det(Z)−2n JC1 ,..,Cg (θm,µ (−Z−1 )|µ ∈ Σg2m )



= Det(Z)−2n JC1 ,..,Cg ((



i 2g (g) ) Det(Z)2 (T2m ⊗ T2m .. ⊗ T2m · θm,µ (Z)|µ ∈ Σg2m ) 2m



i 2gn (g) (g) (Z)|µ ∈ Σg2m ) ) JC1⊥ ,..,Cg⊥ (θm,µ (Z) | µ ∈ Σg2m ) = JC1 ,..,Cg (θm,µ 2m (mod 2) and from the MacWilliams identity given in Corollary 8).



=( (since n ≡ 0
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Conclusion



The interaction between coding theory, the theory of lattices and the theory of modular forms has been a source of many interesting results. In this paper we generalized this relationship between codes over quaternionic rings and Jacobi forms over the quaternions. We developed the necessary coding theory over this ring including the MacWilliams relations and investigated self-dual codes. We then used these codes to build unimodular complex lattices. We used a set of weight enumerators over these codes to construct quaternionic Jacobi forms over the quaternions. Further relations between modular forms of genus g over the quaternions and joint weight enumerators of codes were studied.



References [1] E. Bannai, S.T. Dougherty, M. Harada, and M. Oura, Type II Codes, Even Unimodular Lattices, and Invariant Rings, IEEE-IT, Vol. 45, No. 4 (1999), 1194-1205. [2] Y. Choie and N. Kim, The complete weight enumerator of Type II code over Z4 and Jacobi forms, IEEE-IT, Vol. 4, No. 1 (2001), 396-399. [3] Y. Choie and S.T. Dougherty, Codes over Rings, Code, Lattices, and Hermitian Modular Forms, to appear in European Journal of Combinatorics (2004). [4] S.T. Dougherty, MacWilliams relations for Codes over Groups and Rings, http://academic.uofs.edu/faculty/doughertys1/publ.htm. 17



[5] S.T. Dougherty, MacWilliams relations for joint weight enumerators over rings, http://academic.uofs.edu/faculty/doughertys1/publ.htm. [6] S.T. Dougherty, P. Gaborit, M. Harada, and P. Sol´e, Type II codes over F2 + uF2 , IEEE Trans. Inform. Theory, Vol 45, No. 1 (1999), 32-45. [7] A.Krieg, Modular forms on Half-Spaces of Quaternions, Lecture Notes in Math. 1143, 1985, Springer-Verlag, Berlin Heidelberg. [8] A. Krieg, The Maaβ-Space on the half-space of quaternions of degree 2, Math. Ann. 276 (1987), 675-686. [9] M.Oura, Coding theoretical construction of modular forms of quaternions, manuscript. [10] J. Wood, Duality for modules over finite rings and applications to coding theory, Amer. J. Math., Vol. 121, No. 3 (1999), 555-575.



18



























[image: Jacobi Forms and Hilbert-Siegel Modular Forms over ...]
Jacobi Forms and Hilbert-Siegel Modular Forms over ...












[image: Counting Codes over Rings]
Counting Codes over Rings












[image: Self-Dual Codes over Rings and the Chinese ...]
Self-Dual Codes over Rings and the Chinese ...












[image: Optimal Linear Codes over Zm]
Optimal Linear Codes over Zm












[image: Cyclic codes over Ak]
Cyclic codes over Ak












[image: Cyclic codes over Rk]
Cyclic codes over Rk












[image: Shadow Codes over Z4]
Shadow Codes over Z4












[image: JACOBI FORMS AND DIFFERENTIAL OPERATORS]
JACOBI FORMS AND DIFFERENTIAL OPERATORS












[image: Self-dual Codes over F3 + vF]
Self-dual Codes over F3 + vF












[image: MDR Codes over Zk]
MDR Codes over Zk












[image: Symmetric Designs and Self-Dual Codes over Rings]
Symmetric Designs and Self-Dual Codes over Rings












[image: Codes over Rings and Hermitian Lattices]
Codes over Rings and Hermitian Lattices












[image: Codes over Rings, Complex Lattices and Hermitian ...]
Codes over Rings, Complex Lattices and Hermitian ...












[image: Self-Dual Codes over Z8 and Z9]
Self-Dual Codes over Z8 and Z9












[image: Codes over the p-adic integers]
Codes over the p-adic integers












[image: Self-Dual Codes over Rk and Binary Self-Dual Codes]
Self-Dual Codes over Rk and Binary Self-Dual Codes












[image: Codes over Z2k, Gray map and Self-Dual Codes]
Codes over Z2k, Gray map and Self-Dual Codes












[image: On Codes over Local Frobenius Rings: Generator ...]
On Codes over Local Frobenius Rings: Generator ...












[image: Cyclic Codes over Formal Power Series Rings]
Cyclic Codes over Formal Power Series Rings












[image: Generalized Shadows of Codes over Rings]
Generalized Shadows of Codes over Rings












[image: Î˜Sâˆ’cyclic codes over Ak]
Î˜Sâˆ’cyclic codes over Ak












[image: Type IV Self-Dual Codes over Rings]
Type IV Self-Dual Codes over Rings












[image: FY 16 Vendors $25,000 AND OVER - Vendors Over 25000.txt.pdf ...]
FY 16 Vendors $25,000 AND OVER - Vendors Over 25000.txt.pdf ...












[image: Lifted Codes over Finite Chain Rings]
Lifted Codes over Finite Chain Rings















Codes over Î£2m and Jacobi forms over the Quaternions






Jun 22, 2011 - Setting vi = ai + biÎ± + ciÎ² + diÎ³ and vi = ai + biÎ± + ciÎ² + diÎ³ then performing a straightforward computation gives that. [Î¨2m(v),Î¨2m(v )] = âˆ‘ bibi + ... 






 Download PDF 



















 322KB Sizes
 0 Downloads
 69 Views








 Report























Recommend Documents







[image: alt]





Jacobi Forms and Hilbert-Siegel Modular Forms over ... 

Jun 22, 2011 - Fields and Self-Dual Codes over Polynomial Rings Z2m[x]/ã€ˆg(x)ã€‰ ... forms, in particular, Hilbert modular forms over the totally real field via the ...














[image: alt]





Counting Codes over Rings 

Sep 3, 2012 - [x,y] = x1y1 + à¸—à¸—à¸— + xnyn. For any code C over R, we define the orthogonal to be. CâŠ¥ = {x âˆˆ Rn âˆ£. âˆ£[x,c]=0, âˆ€c âˆˆ C}. Throughout the paper we assume that the rings are all Frobenius, see [8] for a definition of this cla














[image: alt]





Self-Dual Codes over Rings and the Chinese ... 

where Ai,j are binary matrices for i > 1. Notice 2 is a unit in Z3 hence this code generates a ternary code of dimension k1 + k2 = n. 2 . We now consider self-dual ...














[image: alt]





Optimal Linear Codes over Zm 

Jun 22, 2011 - where Ai,j are matrices in Zpeâˆ’i+1 . Note that this has appeared in incorrect forms often in the literature. Here the rank is simply the number of ...














[image: alt]





Cyclic codes over Ak 

Lemma 1. [1] If C is a cyclic code over Ak then the image of C under the. Gray map is a quasi-cyclic binary code of length 2kn of index 2k. In the usual correspondence, cyclic codes over Ak are in a bijective corre- spondence with the ideals of Ak[x]














[image: alt]





Cyclic codes over Rk 

Jun 22, 2011 - e-mail: [email protected] e-mail: [email protected] ...... [8] S.T. Dougherty and S. Ling, Cyclic codes over Z4 of even length , Designs, ...














[image: alt]





Shadow Codes over Z4 

Shadow Codes over Z4. Steven T. Dougherty. Department of Mathematics. University of Scranton. Scranton, PA 18510. USA. Email: [email protected].














[image: alt]





JACOBI FORMS AND DIFFERENTIAL OPERATORS 

cally studied in the monograph by Eichler-Zagier (see [4]), map Jk,m(N) injectively ... restriction map from Jk,m(N) to Mk(N), the space of elliptic modular forms of ..... that we get (see [12]). (Î¸m,1 |1. 2 ËœÏµ, Î¸m,2 |1. 2 ËœÏµ,...,Î¸m,2m |1. 2 Ë














[image: alt]





Self-dual Codes over F3 + vF 

A code over R3 is an R3âˆ’submodule of Rn. 3 . The euclidean scalar product is. âˆ‘ i xiyi. The Gray map Ï† from Rn. 3 to F2n. 3 is defined as Ï†(x + vy)=(x, y) for all x, y âˆˆ Fn. 3 . The Lee weight of x + vy is the Hamming weight of its Gray image














[image: alt]





MDR Codes over Zk 

corresponds to the code word c = (c0,c1,c2,Â·Â·Â·,cnâˆ’1). Moreover multiplication by x corresponds to a cyclic shift. So, we can define a cyclic code of length n over Zk as an ideal of Zk[x]/(xn âˆ’ 1). For generalizations of some standard results o














[image: alt]





Symmetric Designs and Self-Dual Codes over Rings 

Jun 22, 2011 - and the minimum Hamming weight of a code is the smallest of all non-zero weights in the code. The Hamming weight enumerator of a code C is defined by WC(x, y) = âˆ‘ câˆˆC ywt(c) where wt(c) is the Hamming weight of the vector c. 2 Cons














[image: alt]





Codes over Rings and Hermitian Lattices 

Apr 14, 2014 - where the Ai,j are matrices with elements in the ring. The code C is said to have type. (k0,k1,k2,...,keâˆ’1). A code C with type (k0,k1,k2,...,keâˆ’1) ...














[image: alt]





Codes over Rings, Complex Lattices and Hermitian ... 

Email: [email protected]. June 22, 2011 ... Key Words: Self-dual codes, unimodular lattices, Hermitian modular forms. âˆ—This work was partially ...














[image: alt]





Self-Dual Codes over Z8 and Z9 

Jun 22, 2011 - The Hamming weight enumerator of a self-dual code over Z9 is an element in the ring C[1 âˆ’ 2x, x(1 âˆ’ x)]. 2.1 Shadows. Throughout this section we let Î¶ denote a complex primitive 16th root of unity. Let C be a self-dual code over Z














[image: alt]





Codes over the p-adic integers 

Jun 22, 2011 - a self-dual code by some pe. 3.1 Constructions of self-dual codes. We shall show constructions of self-dual codes for odd primes. We require two technical lemmas first. Lemma 3.6. Let p be an odd prime. If there exists x = âˆ‘ eâˆ’1 i=














[image: alt]





Self-Dual Codes over Rk and Binary Self-Dual Codes 

Apr 19, 2012 - Additionally, ai does not contain any of the u1,u2,... .... (a1,a2), where the ai are units, must be generated by that vector and hence be a one-.














[image: alt]





Codes over Z2k, Gray map and Self-Dual Codes 

4 Oct 2011 - If the code is a submodule then we say that the code is a linear code (over Z2k ). If C is a code over Z2k , then. ã€ˆCã€‰ is the code over Z2k spanned by the vectors in C. If v, w âˆˆ Zn. 2k , v = (v1,...,vn), w = (w1,...,wn), we define














[image: alt]





On Codes over Local Frobenius Rings: Generator ... 

Jul 30, 2014 - of order 16 for illustration. ... It is well known, see [7], that the class of finite rings for which it makes ... codes is the class of finite Frobenius rings.














[image: alt]





Cyclic Codes over Formal Power Series Rings 

Jun 22, 2011 - Let i be an arbitrary positive integer. The rings Ri are defined as follows: Ri = {a0 + a1Î³ + Â·Â·Â· + aiâˆ’1Î³iâˆ’1 |ai âˆˆ F} where Î³iâˆ’1 = 0, but Î³i = 0 in Ri.














[image: alt]





Generalized Shadows of Codes over Rings 

Jun 22, 2011 - Let R be finite commutative ring. A code over R is a subset of Rn and a linear code is a submodule of this space. To the ambient space Rn ...














[image: alt]





Î˜Sâˆ’cyclic codes over Ak 

Jul 6, 2015 - It is clear that for all x âˆˆ Ak we have that. Î£A,k(Î¦k(x)) = Î¦k(Î˜S(x)). (2). 3. Î˜Sâˆ’cyclic codes over Ak. We can now define skew cyclic codes using this family of rings and family of automorphisms. Definition 2. A subset C of An 














[image: alt]





Type IV Self-Dual Codes over Rings 

Jun 22, 2011 - If C is self-dual then C(1) is doubly-even and C(2) = C(1)âŠ¥ [9]. Lemma 2.2 If C is a Type IV code over Z4 then the residue code C(1) contains ...














[image: alt]





FY 16 Vendors $25,000 AND OVER - Vendors Over 25000.txt.pdf ... 

Page 3 of 3. FY 16 Vendors $25,000 AND OVER - Vendors Over 25000.txt.pdf. FY 16 Vendors $25,000 AND OVER - Vendors Over 25000.txt.pdf. Open. Extract.














[image: alt]





Lifted Codes over Finite Chain Rings 

Jun 22, 2011 - (ii) If i = 1 then R1 = F, and the result follows directly. Now suppose i > 1, let a = a0 + a1Î³ + à¸—à¸—à¸— + aiâˆ’1Î³iâˆ’1 âˆˆ Ri. We define Ï� to be a map from ...


























×
Report Codes over Î£2m and Jacobi forms over the Quaternions





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















