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The purpose of this paper is to study a further connection between linear codes over three kinds of finite rings and Hermitian lattices over a complex quadratic field √ K = Q( −`), where ` > 0 is a square free integer such that ` ≡ 3 (mod 4). In [11], Shaska et al. consider a ring R = OK /pOK (p is a prime) and study Hermitian lattices constructed from codes over the ring R. We consider a more general ring R = OK /pe OK , where e ≥ 1. Using pe allows us to make a connection from a code to a much larger family of lattices. That is, we are not restricted to those lattices whose minimum norm is less than p. We first show that R is isomorphic to one of the following three non-isomorphic rings: a Galois ring GR(pe , 2), Zpe × Zpe , and Zpe + uZpe . We then prove that the theta functions of the Hermitian lattices constructed from codes over these three rings are determined by the complete weight enumerators of those codes. We show that self-dual codes over R produce unimodular Hermitian lattices. We also discuss the existence of Hermitian self-dual codes over R. Furthermore, we present MacWilliams’ relations for codes over R.
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Introduction



Codes and lattices share many interesting properties [6]. In this paper, we describe a further connection between linear codes over three kinds of finite rings including certain Galois √ rings and Hermitian lattices over a complex quadratic field K = Q( −`), which therefore generalizes several ideas of Shaska et. al. [11]. Let ` > 0 be a square free integer such that ` ≡ 3 (mod 4). Consider the complex √ quadratic field K = Q( −`). Since −` ≡ 1 (mod 4), we have that the ring of integers of K √ −1+ −` is OK = Z[ω` ] where ω` = ∈ C. By letting d = `+1 ∈ Z, we see that ω` satisfies the 2 4 following monic quadratic equation over Z: ω` 2 + ω` +



`+1 = ω` 2 + ω` + d = 0. 4



(1)



A lattice Λ over K is an OK -submodule of K n of full rank. Its Hermitian dual is defined by Λ∗ := {x ∈ K n | hx, yi ∈ OK , ∀y ∈ Λ}, P P where hx, yi (or x · y) := ni=1 xi yi is a Hermitian inner product, where x · y := ni=1 xi yi and the bar means the complex conjugation. If Λ ⊆ Λ∗ , then we say that Λ is integral and if Λ = Λ∗ we say that Λ is unimodular. 2



Being motivated by Bachoc’s work [1], Shaska et. al. [12] consider ρ` : OK → OK /2OK . Therefore, modulo 2, ω` 2 + ω` + d = 0 becomes ω 2 + ω + 1 = 0 when ` ≡ 3 (mod 8) and ω 2 + ω = 0 when ` ≡ 7 (mod 8). Hence, when ` ≡ 3 (mod 8) we have that OK /2OK is isomorphic to F4 and when ` ≡ 7 (mod 8) we have that OK /2OK is isomorphic to F2 + vF2 , where v 2 = v. We note that F2 +vF2 , v 2 = v is isomorphic to the product ring F2 ×F2 . They n then use the standard construction to construct lattices, i.e., Λ` (C) := {x ∈ OK | ρ` (x) ∈ C}. Later, in [11], the authors extend p = 2 to any prime p, consider ρ` : OK → OK /pOK , and study lattices over imaginary quadratic number fields. The structure of OK /pOK depends on the value of ` mod p. As given in [11], it is isomorphic to one of the three rings Fp × Fp , Fp2 , Fp + uFp with u2 = 0. Now, it is a natural question whether the quotient ring OK /pOK can be generalized in order to include linear codes over larger finite rings R than OK /pOK and to construct Hermitian lattices from codes over the rings R. In this paper, we are able to generalize this as follows. Let p be a prime and e be a positive integer. Consider the natural projection ρ` : OK → OK /pe OK defined by ρ` (x) = x + pe OK .



(2)



It is then necessary to understand the structure of the finite ring OK /pe OK . Furthermore, we shall define codes over these rings and use them to understand lattices and their theta series in K n . Moreover, as one will see from Lemma 3.2, while over p the only lattices that can be obtained by Construction A are those with small minimum norm, over pe we can construct lattices with larger minimum norm. This motivates the current work. A code of length n over a finite ring R is a subset of Rn , and if it is a submodule of Rn we say that the code is linear. If R is equipped with an involution φ, we define P the Hermitian inner-product by [v, w] = vi wi , where wi = φ(wi ) (see Remark 2.4 for a complete explanation of the involution) and set C ⊥ = {v | [v, w] = 0 for all w ∈ C}. The rings in this paper are all Frobenius rings and hence we have that |C||C ⊥ | = |R|n . This paper is organized as follows. In Section 2, we determine the structure of the quotient ring R := OK /pe OK . It turns out that there are exactly three non-isomorphic rings for R. In Section 3, we construct Hermitian lattices from codes over R. We show that self-dual codes over R produce unimodular Hermitian lattices. Then we consider the theta series of the lattices. In Section 4, we discuss the existence of Hermitian self-dual codes over the Galois ring GR(pe , 2), Zpe × Zpe , and Zpe + uZpe . In Section 5, we give MacWilliams’ relations for codes over the quotient rings R. In Section 6, we summarize our results and suggest some problems.
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2



Quotient rings of OK by peOK



Consider the quotient ring OK by pe OK . The ring Zpe [ω` ] has (pe )2 = p2e elements. In this section, we shall show precisely to what rings OK /pe OK is isomorphic. We begin by recalling Hensel’s lemma. Lemma 2.1. (Hensel’s lemma [14]) Let f be a monic polynomial over Zps , and assume that f (mod p) = g1 g2 · · · gr , where g1 , g2 , . . . , gr are pairwise coprime monic polynomials over Fp . Then there exist pairwise coprime monic polynomials f1 , f2 , . . . , fr over Zps such that f = f1 f2 · · · fr in Zps [x] and fi (mod p) = gi , i = 1, 2, . . . , r. The following lemma shows that there is a unique factorization of monic polynomials over Zps into a product of primary polynomials. We recall that a nonzero polynomial f over Zps is called a primary polynomial if the principal ideal (f (x)) is a primary ideal, that is, whenever xy is in (f (x)) then either x is in (f (x)) or y n is in (f (x)) for some n > 0. Lemma 2.2. ([14, Theorem 13.8]) Let f be a monic polynomial of degree ≥ 1 in Zps [x]. Then f can be factored into a product of pairwise coprime monic primary polynomials f1 , f2 , . . . , fr over Zps : f = f1 f2 · · · fr , and for each i = 1, 2, . . . , r, fi (mod p) is a power of a monic irreducible polynomial over Fp . Furthermore, this factorization of f in Zps [x] is unique up to order of factors. The following theorem describes the structure of the ring OK /pe OK with e ≥ 1. Bachoc [1] showed this for the case e = 1, which is a special case of the theorem given below. We note that (as in [1]) the three cases in Theorem 2.3 correspond to the cases where the rational prime p: (i) is inert (still prime) in OK ; (ii) ramifies in OK ; and (iii) splits in OK . √ Theorem 2.3. Let K = Q( −`) such that ` > 0 and ` ≡ 3 (mod 4). Let f (x) = x2 + x + `+1 , p be a prime number and e ≥ 1. Then one of the following holds. 4 (i) If f (x) (mod p) is irreducible, then OK /pe OK ∼ = GR(pe , 2). That is, this quotient ring is a Galois ring. (ii) If f (x) ≡ (x − c)2 (mod p), then p is odd, p | `, and OK /pe OK ∼ = Zpe + uZpe , where u satisfies g(u) = 0 and g(x) = x2 + p(b0 + b1 x) is a monic primary polynomial in Zpe [x] such that g(x) ≡ f (x + c0 ) (mod pe ), where c0 ∈ Zpe and c0 (mod p) = c. 4



(iii) If f (x) ≡ (x − c)(x − c0 ) (mod p) with c 6= c0 (mod p), then OK /pe OK ∼ = Zpe × Zpe . Proof. Since −` ≡ 1 (mod 4), we have that the ring of integers of K is OK = Z[ω` ] √ −1+ −` satisfies f (ω ` ) = 0. Hence, since OK = Z[ω ` ] = Z[x]/(f (x)), we have where ω` = 2 that OK /pe OK ∼ (3) = Z[x]/(pe , f (x)) ∼ = (Z/pe Z)[x]/(f (x)) ∼ = Zpe [x]/(f (x)). We first observe the following: from Lemma 2.2, the factorization of f over Zpe into monic primary polynomials consists of either only one factor or exactly two factors. In the former case, there are two possible cases: f (x) (mod p) is irreducible (case (i)) or f (x) ≡ (x − c)2 (mod p) (case (ii)). For the latter case, we have f (x) ≡ (x − c)(x − c0 ) (mod p) with c 6= c0 (mod p) (case (iii)). We discuss each of the three cases as follows. (i) If f (x) (mod p) is irreducible, then f (x) is a basic irreducible polynomial. Hence we have Zpe [x]/(f (x)) ∼ = GR(pe , 2), which is a Galois ring. (ii) If f (x) ≡ (x − c)2 (mod p), then f (x) is a primary polynomial over Zpe of the form f (x) = (x − c0 )2 + p(a0 + a1 x) (mod pe ) for some a0 , a1 ∈ Zpe , where c0 (mod p) = c. By putting y = x−c0 , we define g(y) := f (y+c0 ) (mod pe ) so that g(y) = y 2 +pa1 y+p(a0 +a1 c0 ) = y 2 + p(a1 y + a2 ) for some a2 ∈ Zpe . We thus have OK /pe OK ∼ = Zpe [x]/(f ) ∼ = Zpe [x]/(g) ∼ = Zpe + uZpe , where u satisfies g(u) = 0. (iii) Finally suppose that f (x) ≡ (x − c)(x − c0 ) (mod p) with c 6= c0 (mod p), which is if and only if f (x) = g1 (x)g2 (x) in Zpe [x] where g1 and g2 are pairwise coprime monic polynomials over Zpe of degree 1 by Lemma 2.1 and Lemma 2.2. We thus have OK /pe OK ∼ = Zpe [x]/(g1 g2 ) ∼ = Zpe [x]/(g1 ) × Zpe [x]/(g2 ) ∼ = Zpe × Zpe . This completes the proof. We remark that the ring OK /pe OK in Theorem 2.3 (ii) is not a Galois ring and it is not isomorphic to Zpe × Zpe . Let R = OK /pe OK for the rest of this paper. Example 1. Consider the case when p = 2 and e = 2. There are exactly two rings for R as follows: • If ` ≡ 3 (mod 16), then x2 +x+1 (mod 2) is irreducible and the ring R is a Galois ring by Theorem 2.3. Similarly, if ` ≡ 11 (mod 16), then x2 + x + 3 (mod 2) is irreducible and R is a Galois ring. 5



• If ` ≡ 7 (mod 16), then x2 + x + 2 (mod 2) = x(x + 1) and R is isomorphic to Z4 × Z4 by Theorem 2.3. If ` ≡ 15 (mod 16), then x2 + x (mod 2) = x(x + 1) and R is isomorphic to Z4 × Z4 . Example 2. Let p = 3 and e = 2. If ` = 3, then f (x) = x2 + x + 1 (mod 3) = (x − 1)2 . Hence the ring R is isomorphic to Z9 + uZ9 by Theorem 2.3. We lift x2 + x + 1 over Z9 to write x2 + x + 1 = (x − 1)2 + 3x (mod 9). Letting u = x − 1, we see that u satisfies g(u) = u2 + 3(u + 1) = 0. Remark 2.4. The finite ring R is a Zpe -algebra with an involution x → x¯. For each case of Theorem 2.3, we shall find the involution map as follows. See Bachoc [1] for e = 1. (i) If the ring is a Galois ring, i.e., R = GR(pe , 2) = Zpe [ω], where ω is a root of f (x) (mod pe ) = 0, then for x = a + bω in R with a, b ∈ Zpe we define x¯ = a + bω p . (This involution is called the generalized Frobenius homomorphism.) For this involution map, we refer to [14, Theorem 14.30]. We note that ω is of order p2 −1 (see [13] for example), so it follows that x¯ = x. On the other hand, since ω is a root of f (x) = x2 + x + d (mod pe )=0, another root of f (x) = 0 is −ω − 1. Then one can check that the map φ : Zpe [ω] → Zpe [ω] given by φ(a + bω) = (a − b) + (−b)ω is an automorphism of Zpe [ω] fixing Zpe since φ(a + bω) = a + bω if and only if b = 0. Since the Galois group of GR(pe , 2) over Zpe = GR(pe , 1) is generated by the generalized Frobenius homomorphism [14, Theorem 14.32] and its order is 2, we see that ω p = ω ¯ = −ω − 1 and a + bω = (a − b) + (−b)ω. (ii) If the ring R is isomorphic to Zpe + uZpe , with u2 + p(a1 u + a2 ) = 0, then for x = a + bu in R, we define x¯ = a + b(−u − pa1 ); it follows that x¯ = x. (iii) If the ring R is isomorphic to Zpe × Zpe , then for x = (a, b) in R, we define x¯ = (b, a).
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Codes and Lattices



We describe linear codes over R and Hermitian lattices constructed from the codes. We show that self-dual codes over R produce unimodular Hermitian lattices. Then we also show that the theta series of the Hermitian lattice constructed from a code over R is determined by the complete weight enumerator of the code.



3.1



Hermitian lattices from codes



Let C be a linear code over R of length n and dimension k. 6



Using a standard construction, called Construction A, for lattices as before, we define n | ρ` (x) ∈ C}, Λ` (C) := {x ∈ OK



where we denote by ρ` : OK → OK /pe OK a canonical map and extend it componentwise to n OK . Recall that ` ≡ 3 (mod 4), d = `+1 , and ω` satisfies ω`2 + ω` + d = 0. The principal 4 norm form of K (and of OK ) is given by Qd (x, y) = |x − yω` |2 = x2 + xy + dy 2 . For a lattice Λ over K, we define min(Λ) by the minimum norm of Λ. Then ρ` is compatible with the conjugation as follows. Lemma 3.1. For every z ∈ OnK , ρ` (¯ z ) = ρ` (z), where ρ` (z) denotes the involution of ρ` (z) given in Remark 2.4. Proof. We use the same notations as in the proof of Theorem 2.3. We show the compatibility between the conjugation and the involution through the map ρ` in each of the three cases of Theorem 2.3. In the first case, suppose that we are in the case (i) of Theorem 2.3. Then R = GR(pe , 2) and ρ` : OK = Z[ω ` ] → OK /pe OK ∼ = Zpe [ω], where ω satisfies ω 2 + ω + d = 0 (mod pe ). We may regard ρ` (a + bω ` ) as ρ` (a + bω ` ) = a + bω and it is easy to check that this map is a ring homomorphism from Z[ω ` ] to Zpe [ω]. Note that for z = a + bω ` , z¯ = a + b(−ω ` − 1) = (a − b) + (−b)ω ` , and hence that ρ` (¯ z ) = (a − b) + (−b)ω. On the other hand, since the e involution of ρ` (z) = a + bω in GR(p , 2) is ρ` (z) = a + bω = a + b(−ω − 1) = (a − b) + (−b)ω by Remark 2.4, it follows that ρ` (¯ z ) = ρ` (z). In the second case, we have R = OK /pe OK ∼ = Zpe [x]/(f ) ∼ = Zpe + uZpe . Then it follows from the proof of (ii) of Theorem 2.3 that f (x) = (x − c0 )2 + p(a0 + a1 x) (mod pe ) for some a0 , a1 ∈ Zpe . We also have that f (u + c0 ) = 0 (mod pe ) since 0 = g(u) = f (u + c0 ) by (ii) of Theorem 2.3. Therefore combining these relations with the fact that f (x) = x2 + x + d over Z, we obtain the following. pa1 − 2c0 = 1



(mod pe ) and (u + c0 )2 + (u + c0 ) + d = 0



(mod pe ).



(4)



The map ρ` : OK = Z[ω ` ] → OK /pe OK ∼ = Zpe + uZpe is given by ρ` (a + bω ` ) = a + b(u + c0 ); obviously this map is a ring homomorphism (using the second part of Eq.(4) to show that it preserves the multiplication). 7



For z = a + bω ` , z¯ = (a − b) + (−b)ω ` . Hence, ρ` (¯ z ) = ρ` ((a − b) + (−b)ω ` ) = (a − 0 b) + (−b)(u + c ). On the other hand, the involution ρ` (z) of ρ` (z) is given by ρ` (z) = a + b(¯ u + c0 ) = a + b((−u − pa1 ) + c0 ) = (a − b) + (−b)(u + c0 ) (mod pe ) using the first part of Eq.(4). This shows that ρ` (¯ z ) = ρ` (z). In the third case, we have R = OK /pe OK ∼ = Zpe × Zpe , = Zpe [x]/(x − c1 ) × Zpe [x]/(x − c2 ) ∼ where x − c1 and x − c2 are coprime over Zpe . The map ρ` : OK = Z[ω ` ] → OK /pe OK ∼ = Zpe × Zpe is given by ρ` (a + bω ` ) = (a + bc1 , a + bc2 ), where c1 , c2 are the roots of f (x) = 0 (mod pe ). We thus note that c1 + c2 = −1 (mod pe ) and c2i + ci + d = 0 (mod pe ) for i = 1, 2, and therefore this map is a ring homomorphism (here we use the latter equation to show that it preserves the multiplication.) For z = a + bω ` , z¯ = (a − b) + (−b)ω ` . Hence, ρ` (¯ z ) = ρ` ((a − b) + (−b)ω ` ) = ((a − b) + (−b)c1 , (a − b) + (−b)c2 ) = (a + (−b)(c1 + 1), a + (−b)(c2 + 1)) = (a + bc2 , a + bc1 ); this is because c1 + 1 = −c2 (mod pe ) and c2 + 1 = −c1 (mod pe ). On the other hand, since the involution of (x, y) in R is (x, y) = (y, x) by Remark 2.4, we have ρ` (z) = (a + bc1 , a + bc2 ) = (a + bc2 , a + bc1 ). It thus follows that ρ` (¯ z ) = ρ` (z). Let C be a code over R. Recall from the Introduction that the Hermitian inner product P on Rn is defined by [v, w] = vi wi , where wi for each i is the involution of wi defined in Remark 2.4. Lemma 3.2. Let C be a code over R equipped with the above Hermitian inner product. Then we have the following: (i) The lattice Λ` (C) is an OK -lattice. (ii) Λ` (C ⊥ ) = pe Λ` (C)∗ . ∗ √  (iii) √1pe Λ` (C) = pe Λ` (C)∗ . (iv) C is Hermitian self-dual if and only if



√1 e Λ` (C) p



is unimodular.



(v) Let m be min( √1pe Λ` (C)) and d be the minimum Hamming weight of C. Then m ≥ min{pe ,
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1 · d}. pe



n Proof. (i) As C is a submodule of Rn , clearly Λ` (C) is a submodule of OK .



(ii) Let x1 = a + pe z1 , x2 = b + pe z2 ∈ Λ` (C). Then ρ` (x1 ) = a, ρ` (x2 ) = b ∈ C. We have P   X x1 i ai b i , x ∈ O ⇐⇒ ∈ O ⇐⇒ ai bi ∈ pe OK ⇐⇒ ρ` (x1 ) · ρ` (x2 ) = 0. 2 K K pe pe i By Lemma 3.1, this is equivalent to 0 = ρ` (x1 ) · ρ` (x2 ) = a · ¯b = [a, b] in C ⊆ (OK /pe OK )n , which shows the result.  ∗ (iii) Let y ∈ √1pe Λ` (C) . Then hy, xi ∈ OK for any x ∈ √1pe Λ` (C). Equivalently, D √ √ E √1 e y, pe x ∈ OK for any pe x ∈ Λ` (C). Therefore, √1pe y ∈ Λ` (C)∗ , that is, y ∈ p D E √ e √ e 1 1 ∗ ∗ ∗ √ √ y, x ∈ p Λ` (C) . Conversely, suppose y ∈ p Λ` (C) . Then pe y ∈ Λ` (C) . Hence pe D E OK for any x ∈ Λ` (C). This is equivalent to y, √1pe x ∈ OK for any √1pe x ∈ √1pe Λ(C).  ∗ Therefore, y ∈ √1pe Λ` (C) . (iv) This statement is known for e = 1 and any prime p in [1, Proposition 3.6] (see [4] for e = 1 and p = 2 ). We prove this in general. Suppose C = C ⊥ . Then by (i) and (ii), we have ∗  √ 1 1 1 √ e Λ` (C) = pe Λ` (C)∗ = √ e Λ` (C ⊥ ) = √ e Λ` (C), p p p so



√1 e Λ` (C) p



is unimodular.



 ∗ Conversely, suppose that √1pe Λ` (C) = √1pe Λ` (C). The left hand side of this equation √ is equal to pe Λ` (C)∗ = √1pe Λ` (C ⊥ ) by (i) and (ii). Therefore √1pe Λ` (C ⊥ ) = √1pe Λ` (C). Thus Λ` (C) = Λ` (C ⊥ ). Let y ∈ C. Then there exists x ∈ Λ` (C) such that y = ρ` (x) ∈ C. Since Λ` (C) = Λ` (C ⊥ ), we have x ∈ Λ` (C ⊥ ); thus ρ` (x) ∈ C ⊥ , that is, y ∈ C ⊥ . This shows that C ⊆ C ⊥ . The other inclusion can be shown similarly. Thus C is self-dual as desired. (v) Note that Λ` (C) contains x = (pe , 0, 0, . . . , 0) and codewords of minimum Hamming weight. Since the squared norm of x is p2e , the result follows.



3.2



Theta series



The theta series or theta function of a lattice Λ in K n is defined by X θΛ (q) = q z·¯z , z∈Λ
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where q = eπiτ and τ ∈ H = {z ∈ C | Im(z) > 0}. Let a, b ∈ Z and p be any prime. Let Λa,b := a − bω` + pe Ok . The following theta series associated to Λa,b is easily computed by definition. P e 2 θΛa,b (q) := m,n∈Z q |a−bω+p (m−nω)| P e e = m,n∈Z q Qd (a+mp ,b+np ) For an integer j, let θpe ,j (q) :=



X



j



2



q (n+ 2pe )



n∈Z



be the one dimensional theta series. Note that θpe ,j (q) = θpe ,k (q) if and only if j ≡ ±k (mod 2pe ). Lemma 3.3. Let Λa,b be defined as above, then 2e



2e



2e



2e



θΛa,b (q) = θpe ,b (q `p )θpe ,2a+b (q p ) + θpe ,b+pe (q `p )θpe ,2a+b+pe (q p ). 2



Proof. Expand θΛa,b (q) using the simple fact that Qd (m, n) = m2 +mn+dn2 = (m+ n2 )2 + `n4 . Then by mimicking the proof of [11, Lemma 1], we have the following. θΛa,b (q) =



P



m,n∈Z



q Qd (a+mp e



e ,b+npe ) npe +b 2



`(npe +b)2



q (mp +a+ 2 ) + 4 Pm,n∈Z`p2e ( n + be )2 P 2a n b 2 p2e (m+ 2p e + 2 + 2pe ) 2 2p = n∈Z q m∈Z q P 2a n b 2 P b 2 2e n p2e (m+ 2p e + 2 + 2pe ) = n even q `p ( 2 + 2pe ) m∈Z q P 2a n b 2 P b 2 2e n p2e (m+ 2p e + 2 + 2pe ) + n odd q `p ( 2 + 2pe ) m∈Z q 2e 2e 2e 2e = θpe ,b (q `p )θpe ,2a+b (q p ) + θpe ,b+pe (q `p )θpe ,2a+b+pe (q p ) =



P



Lemma 3.4. For any integers a, b, m, n, if the ordered pair (m, n) is congruent mod pe to one of (a, b), (−a − b, b), (−a, −b), (a + b, −b), then θΛm,n (q) = θΛa,b (q). Proof. The proof is based on [11]. By Lemma 3.3 we have 2e



2e



2e



2e



θΛm,n (q) = θpe ,n (q `p )θpe ,2m+n (q p ) + θpe ,n+pe (q `p )θpe ,2m+n+pe (q p ) and 2e



2e



2e



2e



θΛa,b (q) = θpe ,b (q `p )θpe ,2a+b (q p ) + θpe ,b+pe (q `p )θpe ,2a+b+pe (q p ).
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Then if



2e



θpe ,n (q `p ) 2e θpe ,2m+n (q p ) 2e θpe ,n+pe (q `p ) 2e θpe ,2m+n+pe (q p )



2e



= θpe ,b (q `p ), 2e = θpe ,2a+b (q p ), 2e = θpe ,b+pe (q `p ), 2e = θpe ,2a+b+pe (q p ),



then θΛm,n (q) = θΛa,b (q). In this case, it suffices to show that θpe ,n (q) = θpe ,b (q) and θpe ,2m+n (q) = θpe ,2a+b (q). Hence there are four subcases corresponding to n ≡ ±b (mod 2pe ) and 2m + n ≡ ±(2a + b) (mod 2pe ). If n ≡ b (mod 2pe ), we have m ≡ a (mod pe ) or m ≡ −a − b (mod pe ). If n ≡ −b (mod 2pe ), then m ≡ a + b (mod pe ) or m ≡ −a (mod pe ). Similarly if 2e



θpe ,n (q `p ) 2e θpe ,2m+n (q p ) 2e θpe ,n+pe (q `p ) 2e θpe ,2m+n+pe (q p )



2e



= θpe ,b+pe (q `p ), 2e = θpe ,2a+b+pe (q p ), 2e = θpe ,b (q `p ), 2e = θpe ,2a+b (q p ),



then θΛm,n (q) = θΛa,b (q). Using a similar argument as above, we have that if n ≡ b + pe (mod 2pe ), then either m ≡ a (mod pe ) or m ≡ −a − b (mod pe ). And if n ≡ −b − pe (mod 2pe ), then either m ≡ a + b (mod pe ) or m ≡ −a (mod pe ). Therefore, if n ≡ b (mod pe ), then m ≡ a (mod pe ) or m ≡ −a − b (mod pe ). If n ≡ −b (mod pe ), then m ≡ a + b (mod pe ) or m ≡ −a (mod pe ), as desired. Corollary 3.5. For any odd prime p, the set {θΛa,b (q) | a, b ∈ Z} contains at most elements.



(pe +1)2 4



Proof. Note that there are p2e pairs (m, n) mod pe without the equivalence. Using Lemma 3.4 and the possibilities that a = 0 or b = 0, we have the claimed result. See [11] for the details. Theorem 3.6. For any odd prime p and any d > p2e , the set {θΛa,b (q) | a, b ∈ Z} spans a (pe +1)2 -dimensional vector space in Z[[q]]. 4 Proof. The main idea of the proof is from [11, Thm. 4]. It suffices to show that there are (pe +1)2 different minimal exponents in the power series of θΛa,b (q) for any a, b ∈ Z. This 4 e 2 will imply that there is no linear relationship between the (p +1) corresponding theta series. 4 e 2 Therefore we will have that the set {θΛa,b (q) | a, b ∈ Z} spans a (p +1) -dimensional vector 4 space in Z[[q]].
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Using Lemma 3.3, we see that X X e 2 e 2 θΛa,b (q) = q (`/4)(2p n+b) q (1/4)(2p m+2a+b) n∈Z



+



X



m∈Z



q



(`/4)(2pe n+pe +b)2



n∈Z



X



e m+pe +2a+b)2



q (1/4)(2p



.



m∈Z



Hence in the theta series θΛa,b (q), the smallest power of q is the minimum of a2 + ab + db2 , (a − p)2 + (a − p)b + db2 a2 + a(b − p) + d(b − p)2 , (a − p)2 + (a − p)(b − p) + d(b − p)2 . Let min(θΛa,b (q)) denote this minimal exponent. Suppose that min(θΛa,b (q)) = min(θΛm,n (q)) for some integers a, b, m, n ∈ {0, 1, . . . , p − 1} and some value of d. Then, min(θΛa,b (q)) = u2 + uv + dv 2 , where u = a or u = a − p and v = b or v = b − p. Similarly, min(θΛm,n (q)) = x2 + xy + dy 2 where x = m or x = m − p and y = n or y = n − p. Note that we have |u|, |v|, |x|, |y| ≤ pe . We consider two cases, that is, v 2 = y 2 or v 2 6= y 2 . If v 2 = y 2 , then u2 + uv + dv 2 = x2 + xy + dy 2 implies that x = u, x = −u − v, x = −u, or x = u+v. Since u ≡ a (mod p), v ≡ b (mod p), x ≡ m (mod p), and y ≡ n (mod p), we find that (m, n) is congruent modulo p to one of the ordered pairs (a, b), (−a−b, b), (−a, −b), (a+ b, −b). Now suppose that v 2 6= y 2 and let d =



u2 +uv−x2 −xy . y 2 −v 2



We note that d is positive.



We claim that d ≤ p2e . To show the claim, we consider the three cases; |y 2 − v 2 | = 1, |y 2 − v 2 | = 2, |y 2 − v 2 | ≥ 3. Suppose |y 2 − v 2 | = 1, that is, ±1 = y 2 − v 2 = (y + v)(y − v). Since y and v are integers, one has either y = ±1, v = 0 or y = 0, v = ±1. If y = ±1, v = 0, then d = u2 + uv − x2 − xy = u2 − x2 ∓ x ≤ u2 + (−x2 + |x|) ≤ p2e ; it follows from the fact that u2 has maximum value p2e and −x2 + |x| has maximum value 0. For the other case that y = 0, v = ±1, we can show that d also has the maximum value p2e similarly. Suppose |y 2 − v 2 | = 2. Since there is no integral solution to the equation (y − v)(y + v) = ±2, one has |y 2 − v 2 | = 6 2. Suppose |y 2 − v 2 | ≥ 3. Then |u2 + uv − x2 − xy| 1 1 |d| ≤ ≤ (|u2 − x2 | + |uv| + |xy|) ≤ (p2e + p2e + p2e ) = p2e . 3 3 3 Thus, we have proved the claim that |d| ≤ p2e . 12



Therefore, if d > p2e , then θΛa,b (q) = θΛm,n (q) if and only if (m, n) is congruent modulo pe to one of the ordered pairs (a, b), (−a − b, b), (−a, −b), (a + b, −b). By Corollary 3.5, there e 2 theta functions. Furthermore, since these theta series all have different are precisely (p +1) 4 leading exponents, they are linearly independent. Therefore, the set {θΛa,b (q) | a, b ∈ Z} e 2 spans a (p +1) -dimensional vector space in Z[[q]]. 4 In particular, if we let e = 1, then we improve the lower bound of [11, Thm 4]. Corollary 3.7. Let e = 1. Then for any odd prime p and any d > p2 , the set {θΛa,b (q) | a, b ∈ 2 Z} spans a (p+1) -dimensional vector space in Z[[q]]. 4 Let R := OK /pe OK . Let ra+pe b = a − bω` , a + bu, or (a, b) from Theorem 2.3 where 0 ≤ a ≤ pe − 1, 0 ≤ b ≤ pe − 1. Order the elements of R as r0 , r1 , . . . , rp2e−1 , so that R = {r0 , r1 , . . . , rp2e −1 }. Let u = (u1 , . . . , un ) ∈ Rn . For ri ∈ R (0 ≤ i ≤ p2e − 1) define ni (u) := | {i | ui = ri } |. The complete weight enumerator of the linear code C over R is X n (u) n (u) np2e−1 (u) . cweC (z0 , z1 , . . . , zp2e−1 ) := z0 0 z1 1 · · · zp2e−1 u∈C



The theta series of the lattice Λ` (C) can be expressed by the complete weight enumerator of C as follows. Theorem 3.8. Let C be a code over R and cweC be its complete weight enumerator. Then θΛ` (C) (q) = cweC (θΛ0,0 (q), θΛ1,0 (q), . . . , θΛpe −1,pe −1 (q)). Proof. By repeating the proof of [10, Lemma 3.1], we have the following. X θΛ` (C) (q) = q z·z z∈Λ` (C)



=



X



X



q x·x



n u∈C x∈u+pe OK



=



n XY



X



q x·x (for u = (u1 , . . . , un ))



u∈C j=1 x∈uj +pe OK



=



n XY



θuj +pe OK (q)



u∈C j=1 2e



−1 X pY = (θri +pe OK (q))ni (u) u∈C i=0



= cweC (θr0 +pe OK (q), θr1 +pe OK (q), . . . , θrp2e −1 +pe OK (q)) = cweC (θΛ0,0 (q), θΛ1,0 (q), . . . , θΛpe −1,pe −1 (q))
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3.3



Examples



From the above section, we have P e 2 e e e 2 θΛa,b (q) := m,n∈Z q (a+mp ) +(a+mp )(b+np )+d(b+np ) . Setting p = 3 and e = 2, we have θΛa,b (q) :=



P



m,n∈Z



q (a+9m)



2 +(a+9m)(b+9n)+d(b+9n)2



.



Let C be the repetition code {(x, x) | x ∈ R} of length 2 over R. The complete weight enumerator of this code is 92 X cweC (z1 , . . . , z92 ) = zi2 . i=1



From Lemma 3.4, for any integers a, b, m, n, if the ordered pair (m, n) is congruent (mod 9) to one of (a, b), (−a − b, b), (−a, −b), (a + b, −b), then θΛm,n (q) = θΛa,b (q). We note that (a, b), (−a − b, b), (−a, −b), (a + b, −b) have all the same value for (0,0), they have exactly two distinct values for each of eight pairs such as (1, 0), (2, 0), (1, 7), (2, 5), (3, 0), (3, 3), (4, 0), (4, 1), and they have all distinct values for each of the rest of 16 pairs such as (0, 1), (0, 2), (0, 3), (0, 4), (1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 1), (2, 2), (2, 3), (2, 4), (3, 1), (3, 2). We thus have that there are exactly 25 distinct ordered pairs with such congruence (mod 9). According to such pairs, we set the symmetric weight enumerator to be sweC (X1 , X2 , . . . , X25 ) =



X12



+2



9 X i=2



Xi2



+4



25 X



Xi2 ,



i=10



where the coefficient 2 is for the pairs (a, b) such that (a, b), (−a − b, b), (−a, −b), (a + b, −b) have exactly two distinct values and the coefficient 4 is for the other nonzero pairs such that they have all distinct values. That is, the coefficients shows the repetition of the θΛa,b (q).



θΛ` (C) (q) = cweC (θΛ0,0 (q), θΛ1,0 (q), . . . , θΛ8,8 (q)) = sweC (θΛ0,0 (q), θΛ1,0 (q), θΛ2,0 (q), θΛ1,7 (q), θΛ2,5 (q), θΛ3,0 (q), θΛ3,3 (q), θΛ4,0 (q), θΛ4,1 (q), θΛ0,1 (q), θΛ0,2 (q), θΛ0,3 (q), θΛ0,4 (q), θΛ1,1 (q), θΛ1,2 (q), θΛ1,3 (q), θΛ1,4 (q), θΛ1,5 (q), θΛ1,6 (q), θΛ2,1 (q), θΛ2,2 (q), θΛ2,3 (q), θΛ2,4 (q), θΛ3,1 (q), θΛ3,2 (q)) = θΛ0,0 (q)2 + 2(θΛ1,0 (q)2 + θΛ2,0 (q)2 + θΛ1,7 (q)2 + θΛ2,5 (q)2 + θΛ3,0 (q)2 + θΛ3,3 (q)2 +θΛ4,0 (q)2 + θΛ4,1 (q)2 ) + 4(θΛ0,1 (q)2 + θΛ0,2 (q)2 + θΛ0,3 (q)2 + θΛ0,4 (q)2 + θΛ1,1 (q)2 +θΛ1,2 (q)2 + θΛ1,3 (q)2 + θΛ1,4 (q)2 + θΛ1,5 (q)2 + θΛ1,6 (q)2 + θΛ2,1 (q)2 + θΛ2,2 (q)2 +θΛ2,3 (q)2 + θΛ2,4 (q)2 + θΛ3,1 (q)2 + θΛ3,2 (q)2 ). 14



We find θΛ` (C) (q) for ` = 7 and 11 by using the computational algebra package as follows. (note: d = 2 for ` = 7 and d = 3 for ` = 11)



θΛ7 (C) (q) = q 648 + 2q 704 + 4q 742 + 2q 764 + 4q 800 + 2q 828 + 4q 844 + 4q 862 + 2q 896 + 4q 904 + 4q 928 + 4q 954 + 4q 968 + 2q 972 + 2q 998 + 4q 1016 + 4q 1036 + 4q 1046 + 4q 1072 + 8q 1075 + 4q 1082 + 4q 1124 + 4q 1136 + 8q 1151 + 2q 1152 + 8q 1186 + 4q 1204 + 4q 1206 + 2q 1215 + 8q 1231 + 3q 1264 + 4q 1280 + 4q 1292 + q 1296 + 8q 1305 + 8q 1315 + 2q 1334 + 8q 1345 + 8q 1346 + 4q 1349 + · · · .



θΛ11 (C) (q) = q 810 + 2q 866 + 2q 926 + 4q 942 + 2q 990 + 4q 1000 + 2q 1058 + 4q 1062 + 4q 1086 + 4q 1128 + 2q 1134 + 4q 1146 + 2q 1198 + 4q 1208 + 4q 1210 + 4q 1242 + 8q 1275 + 4q 1278 + 4q 1286 + 4q 1304 + 8q 1351 + 4q 1368 + 4q 1370 + 4q 1410 + 8q 1428 + 8q 1431 + 2q 1440 + 4q 1454 + q 1458 + 4q 1474 + 8q 1506 + 8q 1515 + 4q 1542 + 2q 1550 + 8q 1588 + 8q 1593 + 4q 1603 + 4q 1608 + 4q 1620 + 2q 1646 + · · · .
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Hermitian self-dual codes over the Galois ring GR(pe, 2), Zpe × Zpe , and Zpe + uZpe



In the previous section, we have seen that unimodular Hermitian lattices can be constructed from self-dual codes over R (see Lemma 3.2). Hence it is natural to study self-dual codes over R. In this section, we study when Hermitian self-dual codes over one of the above rings can exist.



4.1



Hermitian self-dual codes over the Galois ring GR(pe , 2)



The Galois Ring GR(pe , 2) is a chain ring with ideal structure: 0 ⊆ hpe−1 i ⊆ hpe−2 i ⊆ · · · ⊆ hpi ⊆ GR(pe , 2). The ideal hpi consists of all elements of the form a + bω where a, b ∈ pZpe which gives that the cardinality of hpi is (pe−1 )2 . Hence the number of units is (pe )2 − (pe−1 )2 . Since the ring has this ideal structure, a linear code C over the ring has a generator matrix of the form up to a permutation of the code coordinates:
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Ik0 A0,1 A0,2 A0,3   pIk1 pA1,2 pA1,3   p2 Ik2 p2 A2,3  G= .. .. . .   ...  



A0,e pA1,e p2 A2,e ... pe−1 Ike−1 pe−1 Ae−1,e



      ,    



(5)



where the Ai,j are matrices with elements in the ring. The code C is said to have type (k0 , k1 , k2 , . . . , ke−1 ). A code C with type (k0 , k1 , k2 , . . . , ke−1 ) has cardinality (p2e )k0 (p2(e−1) )k1 · · · (p2(2) )k1 (p2 )ke−1 . If ki = 0 for i > 0 then the code is said to be a free code. P ⊥ If C has type (k0 , k1 , k2 , . . . , ke−1 ), then let ke = n − e−1 i=0 ki and the code C has type (ke , ke−1 , ke−2 , . . . , k1 ). Notice that the nilpotency index of Zpe and GR(pe , 2) are both e. It follows immediately that a Hermitian self-dual code must have type (k0 , k1 , k2 , . . . , k e−1 , k e−1 , . . . , k1 ) 2



2



if e is odd and (k0 , k1 , k2 , . . . , k 2e −1 , k 2e , k 2e −1 , . . . , k1 ) if e is even. Theorem 4.1. If v1 , v2 , . . . , vk generate a self-dual code over Zpe then v1 , v2 , . . . , vk generate a Hermitian self-dual code over GR(pe , 2). Proof. First, we note that if α is an element of Zpe then α = α for this ring. Consider the inner product of two arbitrary vectors in the GR(pe , 2)-span of v1 , v2 , . . . , vk . [α1 v1 + α2 v2 + · · · + αk vk , β1 v1 + β2 v2 + · · · + βk vk ] n X X X = αi βj [vi , vj ] = αi βj ( (vi )k (vj )k ) i,j



=



X i,j



i,j n X



α i βj (



k=1



(vi )k (vj )k ) =



X



αi βj 0 = 0.



i,j



k=1



Hence the code over GR(pe , 2) generated by v1 , v2 , . . . , vk is Hermitian self-orthogonal. Then if there are γ possible coefficients in an independent linear combination over Fpe then there are γ 2 possible coefficients over GR(pe , 2). Hence the cardinality is that of a self-dual code and since it is self-orthogonal the code is Hermitian self-dual. 16



These codes that are lifts of codes over Zpe are not the only self-dual codes over the Galois ring as in the following example. Example 3. It is well known that there are no free self-dual codes of length 2 over Z8 . In GR(8, 2), we have ω = ω 2 = −ω − 1 since ω 2 + ω + 1 = 0. (Notice that ` ≡ 7 (mod 8) does not arise for GR(8, 2). Indeed, if ` ≡ 7 (mod 8), then the polynomial x2 + x + `+1 is 4 reducible and does not define a Galois ring.) Consider the vector of length 2, (1, 2 + 3ω). This generates a free code since the first coordinate is a unit. Then we have [(1, 2 + 3ω), (1, 2 + 3ω)] = 1 + (2 + 3ω)(2 + 3ω) = 1 + (2 + 3ω)(2 + 3(−ω − 1)) = 1 + (2 + 3ω)(−1 − 3ω) = 1 − 2 − ω − (−ω − 1) = 0. Hence the code generated by (1, 2 + 3ω) is a free Hermitian self-dual of length 2. Since it is free, it is not the lift of any self-dual code over Z8 . We can exploit the result in Theorem 4.1 to construct Hermitian self-dual codes. It is well known that if e is even then there is a self-dual code of length 1 generated by p over Zpe and therefore there exist self-dual codes of all lengths over Zpe . If e is odd and p = 2 or p ≡ 1 (mod 4) then there exist self-dual codes for all even lengths over Zpe . If e is odd and p ≡ 3 (mod 4) then there exist self-dual codes for all lengths congruent to 0 (mod 4) over Zpe . For proofs of these results see Theorem 3.9 of [8] and [7] for the even case. Then using Theorem 4.1 and these results we have the following. e 2



Theorem 4.2. There exists a Hermitian self-dual code over GR(pe , 2) of all lengths if e is even, for all even lengths if e is odd and p = 2 or p ≡ 1 (mod 4), and for all lengths congruent to 0 (mod 4) if p ≡ 3 (mod 4). Lemma 4.3. If e is odd then there are no Hermitian self-dual codes of odd length over GR(pe , 2). Proof. The result follows from Theorem 3.3 in [9], noting that e is the nilpotency index of GR(pe , 2). We can generalize the result in Example 3 in the following theorem to show there are free codes that are not of the form generated in the previous theorems. Theorem 4.4. There exist free Hermitian self-dual codes of all even lengths over GR(2e , 2).
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Proof. Recall that in GR(2e , 2) we have that a + bω = a + bω = a + bω 2 = a + b(−ω − 1). We shall construct a free code of length 2 that is Hermitian self-dual and then by taking direct products we will have the result. For a vector to generate a free code of length 2 it has the form (1, a + bω) up to permutation. For this vector to generate a Hermitian self-orthogonal code we need its inner product with itself to be 0. That is [(1, a + bω), (1, a + bω)] = 1 + (a + bω)(a + b(−ω − 1)) = 1 + a2 − abω − ab + abω − b2 ω 2 − b2 ω = 1 + a2 − ab + b2 ω + b2 − b2 ω = 1 + a2 − ab + b2 = 0. Hence we need a solution to the equation a2 − ab + b2 = −1. Notice that we have the trivial solution of a = 1, b = 1 for F2 . Then we proceed by induction on e with the base case of e = 2. In this case, we have that a = 2, b = 3 is a solution in Z4 . Next we set b = 3. Assume we have a solution to a2 − 3a + 32 = −1 (mod 2e ). This gives that there exists an integer a with a2 − 3a + 10 = k2e . If k is even then this is a solution mod 2e+1 as well. If k is odd, then substitute a + 2e for a and we have (a + 2e )2 − 3(a + 2e ) + 10 = a2 + (2e )2 + a(2)2e − 3a − 3(2e ) + 10 = (a2 − 3a + 10) + (2e )2 + a(2)2e − 3(2e ) = k2e + (2e )2 + a(2)2e − 3(2e ) = (k − 3)2e + (2e )2 + a2e+1



which is 0 (mod 2e+1 ) since k is odd. Hence, by induction, we have a solution for all e. This gives that there exists a Hermitian self-orthogonal vector (1, a + bω) over Z2e for all e and we have the result.



4.2



Hermitian self-dual codes over Zpe × Zpe



The ring Zpe × Zpe is a direct product of chain rings and therefore is a principal ideal ring. The units of Zpe × Zpe are those elements of the form (α, β) where α, β are units in Zpe . Hence the number of units is φ(pe )φ(pe ) = ((p − 1)pe−1 )2 , where φ is the Euler φ function. Theorem 4.5. Free Hermitian self-dual codes exists for all lengths n over Zpe × Zpe .
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Proof. Consider the code of length 1, h(1, 0)i. The code is self-orthogonal since [(1, 0), (1, 0)] = (1, 0)(1, 0) = (1, 0)(0, 1) = (0, 0). The code consists of all elements of the form (α, 0) where α ∈ Zpe . Hence the cardinality is pe and the code is Hermitian self-dual. Then by taking direct products there are Hermitian self-dual codes of all lengths. Theorem 4.6. Let C be a code over Zpe of length n. Then the code D = {(α1 , β1 ), (α2 , β2 ), . . . , (αn , βn ) | (α1 , α2 , . . . , αn ) ∈ C, (β1 , β2 , . . . , βn ) ∈ C ⊥ } is a Hermitian self-dual code of length n. Proof. The code C has |C||C ⊥ | = (pe )n . Therefore the code D has cardinality (pe )n giving that D has the cardinality of a self-dual code. The code is self-orthogonal by design and therefore it is a Hermitian self-dual code.



4.3



Hermitian self-dual codes over Zpe + uZpe



Theorem 4.7. The ring Zpe + uZpe is a local ring with unique maximal ideal hp, ui. Proof. The elements of hp, ui are of the form a + bu where a ∈ pZpe and b ∈ Zpe . Hence the cardinality of the ideal is pe−1 pe . It is straightforward to see that any non-unit is of this form and hence the ideal is maximal. It follows immediately that there are pe (pe − pe−1 ) units and the units are of the form α + βu where α is a unit in Zpe and β is arbitrary. When e > 1, the ring Zpe + uZpe is not a principal ideal ring, nor is it a chain ring since for example the ideals hpi and hui are not comparable. When e = 1, the ring is a principal ideal ring and a chain ring with the unique non-trivial idea hui. Theorem 4.8. Hermitian self-dual codes exists for all lengths n over Zpe + uZpe if u2 = 0. Proof. Consider the code of length 1, C = hui. The code is self-orthogonal since uu = u(−u) = 0. The code consists of all elements of the form αu, α ∈ Zpe , hence the code has pe elements. Therefore the code is self-dual. Then by taking direct products there are Hermitian self-dual codes of all lengths.
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5



MacWilliams Relations



For all of the rings we consider the additive group of the ring is Zpe × Zpe . We can order the elements of the ring lexicographically, i.e. (a, b) < (c, d) if a < c or if a = c and b < d. Define the complete weight enumerator of a code C by: XY n cweC (x0,0 , x0,1 , . . . , xpe −1,pe −1 ) = xa,ba,b ,



(6)



c∈C



where there are na,b occurences of the element corresponding to (a, b) in c. All the rings we consider are Frobenius rings. Therefore, we can invoke the results in [15] to obtain MacWilliams relations for these codes. Since the ring R is Frobenius we have that b are isomorphic as left R-modules. For each element of α of R let χα denote the R and R character which corresponds to the element α. Then the matrix which gives the MacWilliams relations is defined by Tα,β = χα (β). Since the ring is Frobenius then there is a generating character χ corresponding to the element 1 in the ring. Then we have that Tα,β = χ(αβ). This is what we need to determine for each ring we consider. 2πi



To accomplish this we shall define a matrix Ti to correspond to each ring. Let ξ = e pe , that is ξ is a primitive pe -th root of unity. Associate to each element of the ring (a, b) in terms of the underlying additive group. There are three cases for rings that we consider. The first ring is R1 = GR(pe , 2) with involution a + bω = a+bω p . Then (a+bω)(c + dω) = (a + bω)(c + dω p ) = f1 + f2 ω, where f1 and f2 are functions of a, b, c, and d. Define the matrix T1 as follows: (T1 )(a,b),(c,d) = ξ f1 +f2 (7) The second ring is R2 = Zpe × Zpe with involution (a, b) = (b, a). Then (a, b)(c, d) = (a, b)(d, c) = (ad, bc). Hence, (T2 )(a,b),(c,d) = ξ ad+bc . (8) The third ring is R3 = Zpe + uZpe where u2 = 0 with involution a + bu = a − bu. Then (a + bu)(c + du) = (a + bu)(c − du) = ac + (bc − ad)u. Hence, (T3 )(a,b),(c,d) = ξ ac+(bc−ad) .



(9)



This gives the following theorem. Theorem 5.1. (MacWilliams Relations) Set X = (x0,0 , x0,1 , . . . , xpe −1,pe −1 ). Let C be a linear code over the ring Ri then cweC (X) =



1 cwe(Ti · X). |C| 20



(10)
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Conclusion



In this paper, we give a new and interesting connection between linear codes over three √ kinds of finite rings R and Hermitian lattices over K = Q( −`), where ` > 0 is a square free integer such that ` ≡ 3 (mod 4). First it is shown that R is isomorphic to one of the following three non-isomorphic rings: a Galois ring GR(pe , 2), Zpe × Zpe , and Zpe + uZpe . Then it is proved that the theta series of the Hermitian lattices constructed from codes over these three rings are determined by the complete weight enumerators of those codes. It is shown that self-dual codes over R produce unimodular Hermitian lattices. The existence of Hermitian self-dual codes over R is also discussed. Furthermore, the MacWilliams relations for codes over R are given. As future work, it is worth further studying further the structures of linear codes over R including their constructions, bounds, and decoding.
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