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Communication in procurement: silence is not golden. Lucie Ménager∗† February 7, 2012



Abstract We study the effect of cheap talk on the outcome of a first-price procurement game with N sellers in which bidding may be costly. We show that the conventional wisdom according to which bidders would use communication to collude on higher prices is not true. Rather, bidders use communication to intimidate their competitors, which leads to competition between less, but stronger bidders. It follows that the contract is awarded at a lower price than without communication. More precisely, the only informative equilibria of the game are I’m Out equilibria, in which strong bidders credibly separate from bidders who do not participate in the procurement, even without any competitor. While the strongest bidders may be hurt ex ante by communication, the overall effect of cheap talk is positive if and only if sellers incur a positive entry cost. Finally, we show that other informative equilibria may be found in a discrete environment. Then, although communication improves the allocative efficiency of equilibrium, it may not raise the ex-ante surplus of the procurement relatively to some equilibria of the game without communication.
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Introduction Communication between bidders is the target of all competition authorities. Most of them



have developed guidelines1 to help governments improve public procurement by fighting bid rigging, according to which bidders have to vouch for they did not communicate with any competitor regarding prices, methods used to calculate prices, and the intention to submit or not a bid. The reason is the conventional wisdom in industrial organization, according to which communication between bidders in public procurement would 1) encourage collusion, 2) increase public spending, and 3) decrease efficiency. This paper shows in a first-price procurement game with entry cost that none of these points is true. First, only a specific form of coordination between bidders can be achieved by communication. Second, the contract resulting from this coordination is always awarded at a lower price for the buyer. Finally, by eliminating weak bidders from the competition, communication increases the total surplus of the procurement. To illustrate these three points, consider the following (true) story. The announcement in March 2008 that Boeing had lost a $40 billion aircraft contract to Airbus with the United States Air Force (USAF) drew angry protests in the United States Congress. Upon review of Boeing’s protest, the Government Accountability Office ruled in favor of Boeing and ordered the USAF to recompete the contract. Later, the entire call for aircraft was rescheduled, then cancelled, with a new call decided upon in March 2010. Because of rumors2 according to which Airbus was going to bid aggressively, the European company was expected to win this time as well. However, Pentagon leaders surprised both competing firms by declaring Boeing’s proposal was the “clear winner” in February 2011. How did Boeing win? They underbid on a fixed-price contract by several hundred million dollars. Since the two rival tankers had already satisfied 372 mandatory performance requirements, price determined the outcome. In July 2011, it was revealed that the price was so low that Boeing would take a loss on the deal: projected development costs would exceed the contract cap by $300 million. This anecdote illustrates first that communication may not have the effect predicted by the conventional wisdom. Here, rumors (which are a certain form of communication) that 1



See for instance www.oecd.org/gov/ethics/procurement and http://competitionbureau.gc.ca/eic/site/cb-



bc.nsf/eng/00599.html 2 Mostly spread by journalists, see for instance http://www.forbes.com/sites/beltway/2011/02/28/howboeing-won-the-tanker-war/
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circulated between Airbus and Boeing clearly benefited to the USAF, as they led Boeing to bid a very low price. Second, this story abounds with inefficiencies that could be reduced by more communication. Indeed, during several years, Airbus devoted time and resource to the contest. Would they have valued the information that Boeing would make an unbeatable offer before wasting thousand million dollars in preparing the bid? The answer would probably be yes. As looser of the procurement, Airbus strictly wishes ex post they had not participated. Furthermore, Boeing bid hundreds million dollars about what was enough to win the procurement. Would they have valued a more accurate information about Airbus’ bid? Here again, the answer would be yes. Airbus and Boeing may clearly have benefited from more information about their opponent before deciding to enter the competition. The role of communication in collusion and its impact on welfare is then not so clear. Surprisingly, despite the complete unanimity on this issue among competition authorities, there has been few formal theory on the subject. This paper studies the impact of pre-play communication between bidders on the equilibrium outcome of a first-price competitive bidding game with entry cost. We consider a buyer who seeks to obtain an object by procuring it via a sealed-bid first-price reverse auction. There are N potential sellers, who hold privately known costs of fulfilling the contract (say, of producing the object). Sellers have the option to pay a fixed and non-recoverable entry cost and bid a price, or to stay out of the competition. The entry cost can be interpreted either as a direct participation cost (travel expenses, participation fees,...), or through a bid preparation cost (time spent and resource allocated to preparing the bid, opportunity cost,...). Finally, if at least one seller participates in the procurement, the buyer buys the object to the seller submitting the lowest price, and payoffs are realized. Communication between bidders is modeled as follows. Before they decide to participate in the procurement, bidders send public messages to each other. We assume cheap talk: messages are costless, unverifiable and non binding.3 According to the conventional wisdom, bidders should use messages to collude in equilibrium on higher prices. Yet the transmission of essential information, that makes bidders participate and bid differently from what they would do in the game without communication, is not straightforward in equilibrium. Indeed, each bidder has an obvious incentive to look 3



Another way to model the effects of announcements is to suppose they are costly. A large literature (starting



with Fudenberg and Tirole (1983), Sobel and Takahashi (1983)) analyzes how bargainers can improve their terms of trade by undertaking costly actions.
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more competitive than he actually is. If all types of bidders are better off sending the same message as the most competitive bidder, communication is taken to be meaningless and has no impact on the procurement equilibrium. We study the existence of informative equilibria, in which different types of bidders send different messages. Why would a weak (i.e. a high production cost) bidder “claim to be weak” 4 ? The expected payoff to each firm depends 1) negatively on its competitor’s participation probability, and 2) positively on its own probability of making a winning bid. The information a firm may credibly reveal through cheap talk has an effect on both aspects of its expected payoff: “claiming to be weak” increases the probability one’s opponents participate, but increases also the level of one’s opponents’ bids, and then one’s probability of making a winning bid. “Claiming to be strong” has the opposite effects. Therefore, any information revelation about one’s type induces a trade-off between bidding positions and probability of participation. We show that any informative equilibrium of the game must be an I’m-Out equilibrium, in which strong bidders credibly separate from “very weak” bidders, who do not participate in the auction, even without competitor. In other words, the only possible coordination between bidders comes from the communication on their intention of submitting a bid through two messages, “I do not enter”, and “I may enter”. Furthermore, conditional on a given number of participants, the price payed by the buyer in an I’m-Out equilibrium is smaller than in the equilibrium of the game without communication, and decreases with the amount of information transmitted by communication in equilibrium. This result allows to characterize the situations in which “communication promotes collusion”. Collusion is facilitated only in the case where at least two bidders would participate without communication, whereas only one participates after the message exchange. There, the unique bidder bids the buyer’s ceiling price and collusion is efficient. In all other situations, communication leads to “anti-collusion”, namely a competition between less, but stronger bidders, which results in a lower price for the buyer. Finally, we investigate the welfare implications of pre-play communication, with a special attention to the role of entry cost. We show that, conditional on competition to take place, the buyer benefits ex ante from communication. The only reason why communication may hurt the buyer is because it decreases bidders’ participation, and then the probability of contracting. 4



Messages sent in cheap-talk games have no informational content per se: “claiming to be weak” is an



intuitive way of understanding “sending the same message in equilibrium as high-cost sellers”.
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Furthermore, communication may decrease the strongest bidders’ ex-ante payoff and increase that of the weakest bidders. This result differs from that obtained in the second-price setting by Campbell (1996), who proves that the equilibrium of a bidding game without communication is ex-post Pareto-dominated for the bidders by an I’m-Out equilibrium. This is due to the fact that, in the first-price setting, communication affects also what bidders bid: the more informative the equilibrium, the lower sellers bid. Therefore, bidders with a high probability of awarding the contract if there is competition may not benefit from communication. Finally, we prove that the ex-ante surplus of the procurement increases with the informativeness of communication in equilibrium, if and only if the entry cost is positive. We also show that communication may lead to more sophisticated forms of coordination in a discrete environment: there, the trade-off between bidding position and participation may turn to the advantage of “claiming-to-be-weak” for some types. We prove it by exhibiting such an equilibrium in a particular setting with two sellers and three possible bids. In this case, the fact that weak bidders “claim to be weak” and still participate (in contrast with the continuous setting where they do not participate) leads bidders to collude on higher prices. The multiplicity of equilibria in the discrete environment makes the efficiency-enhancing effect of communication not straightforward to address. Even if communication improves the allocative efficiency of equilibrium, we show that the expected surplus of the procurement is higher in some equilibria of the game without communication than in the informative equilibrium we exhibit. The paper is organized as follows. The related literature is exposed in Section 2. Section 3 presents the procurement game with pre-play communication. In section 4, we study the existence and welfare properties of informative equilibria of the game. In section 5 we show that other informative equilibria may be found if the setting is discretized. Section 5 concludes, and main proofs are gathered in the Appendix.
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Related literature There is few formal theory on the role of communication in collusion. Kandori and Mat-



sushima (1998) and Compte (1998) explore the role of communication in repeated games with imperfect monitoring and privately observed signals, in which collusion is hardly sustainable
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because each player observes a different set of signals about other players’ past actions. They assume the possibility for players to communicate at the end of each period, and prove a Folk theorem. Aoyagi (2007) studies collusion in repeated auctions when bidders report their private signals to a center, which then returns instructions to them based on the reported signal profile. He finds conditions under which an equilibrium collusion scheme is fully efficient in the sense that the bidders’ payoff is close to what they get when the object is allocated to the highest valuation bidder at the reserve price. The closest work to ours is that of Campbell (1998). He studies non-committal coordination in second-price auction with entry, where coordination consists in playing sunspot or cheap-talk equilibria. He proves that this coordination can yield higher ex-post payoff to all types of bidder than without coordination, and that coordination through cheap talk is more efficient than coordination through exogenously generated public information. Since it is always optimal for bidders to bid their true cost in a second-price auction, cheap talk affects whether bidders bid, but not what they bid. Cheap talk has then different welfare implications in our paper than in Campbell’s. Miralles (2010) generalizes Campbell’s result to more-than-two-bidder, more-than-one-object cases. Some experimental works study how communication promotes collusion in the lab. Brosig et al. (2006) compare different coordination mechanisms in a first-price procurement in how they promote collusive arrangements: unrestricted pre-play communication, ability to restrict bidders’ bidding range, and opportunity to implement mutual shareholding. They show that, among the three mechanisms considered, pre-play communication is the one that promotes collusion the most. Cooper and Kühn (2011) show with a lab experiment that pre-play messages including a credible threat to punish cheating are the most effective type of message for improving collusion. This paper is also related to the broader literature on communication in competitive bidding games. Matthews and Postlewaite (1987), and Farrell and Gibbons (1987) introduced cheap talk to bargaining games, in which a single buyer and a single seller bargain over an exchange price. Although such coordination is different from coordination between bidders competing on the same side of a market, they also find the existence of I’m-Out equilibria. Moreover, these equilibria are based on a similar mechanism: low-value buyers and high-value sellers are willing to jeopardize continued negotiation so as to improve their bargaining position: those who have more at stake cannot afford this risk. Therefore, the two parties use
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talk to trade-off bargaining positions against the probability of continued negotiation. More recently, Chakraborty and Harbaugh (2003) study a multi-issue bargaining game in which player A sends a message to player B, who makes a “take-it-or-leave it” offer to player A after hearing the message. They show that while the two sides’ interests are directly opposed on each issue, cheap talk can be credible if there is bundling over the two issues. In a different communication setting, Rieck (2010) studies signalling in a first-price auction with two bidders, where one of the two bidders has the option to release a signal about his valuation when he learns it. He shows that a bidder may benefit from the presence of an informative signal about his own valuation, if this signal is not too precise. Gonçalves (2008) studies the existence of a communication equilibrium in a model of a common-value English auction with discrete bidding. Experimental support for the efficiency-enhancing effects of communication is provided by Valley et al. (2002) in a double-auction à la Myerson and Satterthwaite (1983) with pre-play communication. Finally, this paper belongs to the wide set of papers about cheap talk in games, that followed Crawford and Sobel (1982)’s seminal result. Most papers in this literature assume one sender (the informed player) and one receiver (the decision maker), while we assume that all bidders are both sender and receiver. To the best of our knowledge, the only papers assuming this kind of multiple cheap talk between decision makers are Matthews and Postlewaite (1987) and Farrell and Gibbons (1987) in which the seller and the buyer of a good communicate before bargaining, and Hagenbach and Koessler (2010) in which all participants to a beauty contest à la Keynes can send private messages to each other.
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A procurement game with pre-play communication



3.1



The environnement



We consider a dynamic game à la Samuelson (1985): a single buyer seeks to obtain a good or service from N possible sellers, by procuring it via a sealed-bid first-price reverse auction, i.e. a procurement. Under the procurement rules, the buyer accepts the lowest bid, provided it is below its pre-announced ceiling price ρ ≥ 0. Ties are resolved via uniform
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randomization,5 and losers of the procurement obtain nothing. Sellers incur a privately known cost t ∈ [0, 1] of supplying the good. The cost of a player will be called his type. Types are generated independently from a common distribution F on [0,1]. After learning their type, sellers have the option to pay a participation cost k ≥ 0 and get the status of active bidder, or to opt out and get the status of inactive bidder. We denote by s ∈ S = {Active, Inactive} the status chosen by a bidder. After observing which of their opponents are active, active bidders submit a bid b ∈ R+ .6 Finally, we assume that inactive bidders have a payoff 0, and that the buyer has a payoff 0 if all bidders chose to be inactive. Before the auction there is a cheap-talk stage in which sellers talk to each other by sending messages chosen in a finite set of messages M, with | M |≥ 2. These messages do not directly affect payoffs: they work only by affecting the other players’ beliefs. In particular, they are not commitments nor they are verifiable. To sum-up, the game has the following timing: 1) sellers learn their type, 2) they send a message to every other seller, chosen on the basis of their type, 3) they make their status decision on the basis of their type and on the N -uple of messages sent during the communication stage, 4) active bidders observe which of their opponents are active and make their bid decisions on the basis of their type, the messages sent and the status of all players.



3.2



Strategies and payoffs



Seller i’s strategy has three components: a message strategy mi : [0, 1] → M, which determines what message i will send as a function of his type; a status strategy si : [0, 1] × MN → {Active, Inactive}, which determines what status i will chose as a function of his type and of the messages sent by all sellers, and a bid strategy bi : [0, 1] × MN × S N → R+ , which determines what i will bid as a function of his type, the messages sent and the statuses of his opponents. If i is inactive, his payoff is 0. If i is active and bid b, his ex-post payoff is b − ti − k if b is a winning bid, and −k if b is a losing bid. Therefore, his expected payoff of bidding b, given 5



This is equivalent to sharing the production equally in the case where sellers are producers of a divisible



good. 6 The implications of the assumption that sellers might simultaneously decide to participate and what bid to make are discussed in section 4.1.
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his opponents’ strategies (σ−i ) and conditional on the messages sent m and the sellers’ status s, is



U (b, t | (σ−i ), m, s) := (b − t)P [b is a winning bid | (σ−i ), m, s] − k Let bi (t | (σ−i ), m, s) be i’s best response to his opponents’ strategies conditional on (m, s), and let V (t | (σ−i ), m, s) denote player i’s expected payoff when he plays this best response. Player i must decide whether to participate after the communication stage, that is before knowing which of his opponents will be active or not. Therefore, he computes his expected payoff from participating in the procurement conditional only on the messages sent m, and decides to be active if and only if this payoff is positive. Formally, X s(t | m) =Active ⇔ P (s | (σ−i ), m)V (t | (σ−i ), m, s) ≥ 0 s∈S N −1



3.3



Equilibria



The equilibrium concept used in the paper is the Nash Bayesian equilibrium, defined as any strategy profile such that (1) each bidder’s beliefs result from Bayesian updating of his prior according to his opponent’s message strategy, (2) bidders play best responses according to their beliefs and to the messages sent, and (3) bidders’ messages are best responses given the belief functions and the participation and bidding strategies. In any game with strategic communication, there are babbling equilibria: if cheap talk is taken to be meaningless, then players are willing to randomize over the possible messages. In the rest of the paper, we will investigate the conditions under which there exist symmetric informative equilibria, in which players play the same strategies and at least two different types send two different messages. Definition 1. m(.) is the message strategy of a symmetric informative equilibrium if there exist m1 6= m2 ∈ M such that m−1 (m1 ) ∩ m−1 (m2 ) = ∅, with m−1 (m) = {t ∈ [0, 1] | m(t) = m}.
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Coordination through communication In this section, we first investigate what kind of coordination can be achieved by commu-



nication, and the conditions under which it happens. We show that whenever it exists, an informative equilibrium has an I’m-Out 7 message structure: two kinds of message are sent in equilibrium, one of them being only sent by players who are sure not to participate in the procurement, regardless of their opponents’ strategy. Then we study the welfare implications of cheap talk in equilibrium.



4.1



Structure and existence of informative equilibria



Let us first show that the game admits a family of equilibria parameterized by a cutoff θ, called I’m-Out equilibria. In a θ-I’m-Out equilibrium, the set of messages M is partitioned into two subsets M and M . Players whose type is above θ send a message in M and are inactive, and those whose type is below θ send a message in M and may be active or inactive. Messages in M are interpreted as the message “I’m-Out” since they are sent by sellers who will certainly not participate. Let us define formally a θ-cutoff message strategy. Definition 2. A θ-cutoff message strategy is “send a message in M if t ≤ θ and in M if t > θ”, with M ∩ M = ∅ and M ∪ M = M. In a θ-I’m-Out equilibrium, the message cutoff θ must be above the payoff to a lonely seller. Claim 1. In a θ-I’m-Out equilibrium, θ ≥ ρ − k. Proof. For “sending m and be inactive” to be an equilibrium action for some types, it must be the case that these types do not participate even without any competitor. Yet the payoff to a unique bidder is the maximum price minus the participation cost, namely is ρ − k. Therefore, a player who sends m in a θ-I’m Out equilibrium must have a type above ρ − k. The next proposition characterizes the class of I’m-Out equilibria. 7



The name I’m-Out is due to Campbell (1998), who proves the existence of I’m-Out equilibria in a second-



price procurement game with pre-play communication.
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Proposition 1. For each value θ ∈ [ρ − k, 1], there exists a unique θ-I’m Out equilibrium, in which sellers use a θ-cutoff message strategy in the communication stage, and the following status and bid strategies in the procurement stage: Status strategy: if n players send a message in M , a type-t seller participates if and only if t ≤ µθ,n , where the maximal participating type µθ,n is determined by the equilibrium entry condition



µ ¶ F (µθ,n ) n−1 (ρ − µθ,n ) 1 − −k =0 F (θ)



Bid strategy: if n bidders send a message in M and q bidders are active, then an active type-t seller bids



R µθ,n b(t, µθ,n , q) = t +



t



(F (µθ,n ) − F (v))q−1 dv (F (µθ,n ) − F (t))q−1



If ρ − k ≥ 1, the class of I’m-Out equilibria only contains the 1-I’m-Out equilibria, in which all sellers send a message in the same subset of messages. The 1-I’m-Out equilibrium is then babbling, and corresponds to the equilibrium of the procurement game without preplay communication. Indeed, since communication is not informative, sellers play the same participation and bid strategies as if there were no communication. If ρ− k < 1 however, there exist infinitely many θ-I’m-Out equilibria. Equilibria within this class differ in their payoffs and in the informativeness of communication. When θ = ρ − k, messages in M are sent by the exact number of bidders who are sure not to participate in the procurement. Therefore, sellers will perfectly identify the “I’m-Out” sellers. If however θ ∈]ρ − k, 1], some, if not all, “I’m-Out” sellers will not be identified at the communication stage. Therefore, the higher θ above ρ − k, the less informative the θ-I’m-Out equilibrium. We shall say that the message cutoff θ represents the informativeness of communication in a θ-I’m-Out equilibrium. Claim 2. A θ-I’m-Out equilibrium is informative if and only if θ ∈ [ρ − k, 1[. Put differently, a necessary and sufficient condition for the existence of informative I’mOut equilibria is the existence of “I’m-Out types” who never participate in the procurement. We now present the main result of the paper, which states that informative I’m-Out equilibria are the only informative equilibria of the game. Theorem 1. Any symmetric informative equilibrium is a θ-I’m-Out equilibrium such that θ ∈ [ρ − k, 1[. 11



The intuition is the following. Consider a “not-too-weak” bidder, namely a bidder whose type θ is such that there are gains to this player from participating when his type is just below θ. If this bidder claims to have a type below θ, then he is sure to lose the procurement whenever he has a competitor, since his bid will be the maximal one. However, if he claims to have a type above θ, then he is sure to win the procurement. Therefore, “not-too-weak types” cannot credibly separate from other types. The only credible separation is that of strong types from very weak types. These results precise the role that communication may play in collusion. First, the only credible message bidders can send is the “I’m-Out” message, which means that sellers behave as if they were communicating only on their intention on submitting a bid. Second, communication has an impact on bidders’ behavior only if there exist I’m-Out bidders, who wouldn’t participate alone in the procurement. Setting a ceiling price above 1 + k is sufficient to eliminate I’m-Out bidders, and is then a solution to prevent bidders from coordinating. Finally, when q ≥ 2 sellers are active, the contract is awarded at the price b(t, µθ,n , q), with t the type of the strongest bidder. The equilibrium price b(t, µθ,n , q) increases with µθ,n , which increases with θ. Then, conditional on competition taking place between at least two bidders, the more informative the equilibrium (i.e. the lower θ), the lower the price paid by the buyer in equilibrium. Therefore, communication leads to collusion only in the situation in which at least two players would participate without communication, while only one participates with communication. Formally, the θ-I’m-Out equilibrium is collusion-promoting if t < µθ < t < µ1 , with t < t denoting the types of the two strongest bidders. In all other situations, communication is anti-collusion-promoting: it leads to competition between less, but strongest bidders, who bid lower prices than without communication. To understand what remedies could be used by tendering authorities to prevent collusion, it is interesting to investigate the role played by our assumptions in the existence of informative I’m-Out equilibria. We may first wonder whether the existence of a positive entry cost is a necessary condition for communication between bidders to be credible. If it were the case, a solution for the tendering authority could be to reimburse the bid preparation cost to the winning bidder. However, the answer is no: there can be informative equilibria without entry cost. Indeed, a θ-I’m-Out equilibrium is informative if and only if θ ∈ [ρ − k, 1[. Then, even if k = 0, the condition ρ < 1 is sufficient to guarantee the existence of I’m-Out types, and thus 12



of informative I’m-Out equilibria. Nonetheless, in any informative equilibria, there must exist some messages configuration in which some types are inactive. Claim 3. There is no symmetric informative equilibrium in which every type of bidder is active. Proof. In an informative equilibrium, there exist at least some threshold θ and two messages m, m such that types in [θ − ε, θ] send m, and types in ]θ, θ + ε] send m. Consider some bidder i and suppose that his type is θ. If all types are active regardless of the messages sent, bidders make a positive payoff only if they make a winning bid. If player i sends m in equilibrium, no player will bid more than i’s maximal bid, which is i’s actual bid since i’s type is θ. Therefore, i has a zero probability of making a winning bid, and a probability 1 of making a profit of −k. If i sends m however, he has a positive probability of making a payoff strictly above −k. Therefore, m is strictly dominated by m for a type-θ player, whenever all players participate regardless of the messages sent. Second, the assumption that bidders observe the status of their opponents before making their bid decisions is crucial in the existence of informative I’m-Out equilibria. If bidders have to decide simultaneously about their status and their bid, the equilibrium cannot be informative. Indeed, in this setting, bidders would use the message “I’m-Out” to fool their opponents: roughly speaking, they would make them bid ρ as if they had no competitor, and would win the contract by bidding ρ − ε. Claim 4. If bidders do not observe each other’s status before bidding, there is no informative equilibrium. Proof. Consider a bidder i whose type is close to the maximal participating type ρ−k. Suppose that his opponents follow an I’m-Out strategy. If i sends m and participate, then the only situation in which he can make a positive profit is that when all opponents send m. Yet in this case, i is indifferent between sending m and m. If i sends m however, he also can make a positive payoff in the situation in which only one opponent sends m: this opponent will surely participate and bid ρ) (since he thinks he is the sole bidder), and i can win the auction by participating and bidding ρ − ε.
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An implication of this claim is that keeping participation secret from bidders could be a way to prevent collusion. Though, this solution is practically hard to implement in the case of public procurements, for which bid preparation may last several years.



4.2



The efficiency-enhancing effect of cheap talk



We now study the welfare implications of cheap talk in procurements. In the second-price setting, Campbell (1996) shows that the symmetric equilibrium of the game without communication is ex-post Pareto-dominated for the bidders by a symmetric I’m-Out equilibrium. We prove a different result in the first-price setting. While pre-play communication increases the ex-ante surplus of the procurement, it may decrease the strongest bidders’ ex-ante payoff and increase that of the weakest bidders. Indeed, in contrast with the second-price setting, communication here also affects what bidders bid: the more informative the equilibrium, the lower sellers bid. In other words, the informativeness of an I’m-Out equilibrium has two effects on a bidder’s ex-ante payoff: it decreases the other’s participation, but decreases the equilibrium bid. Therefore, bidders who have a high probability of awarding the contract if there is competition may not benefit from communication. We prove it in the case of two sellers. Proposition 2. Suppose that N = 2 and consider a θ-I’m-Out equilibrium with θ ∈ [ρ − k, 1[. If F (µθ,2 ) − ρ > 0, the ex-ante payoff to a type t seller • increases with θ if t ≤ F −1 (F (µθ,2 ) − ρ) • decreases with θ if t > F −1 (F (µθ,2 ) − ρ) In other words, if F (µθ,2 ) − ρ > 0, the strongest bidders are hurt ex ante by the informativeness of equilibrium, while the weakest ones benefit from it. This situation cannot happen if types are uniformly distributed. Indeed, the maximal participating type µθ,2 is smaller than ρ, then if F (x) = x, F (µθ,2 ) ≤ ρ. However, it is easy to show that F (µθ,2 ) − ρ may be positive √ for some strictly increasing distribution functions, even if k = 0. Take for instance, F (t) = t, k = 0, θ = ρ, and ρ = 0.5.8 This result is not true ex post: strong bidders may benefit ex post from communication in some configurations. Consider for instance two types of bidders t and t0 , with t < t0 . 8



Let g(x) = (ρ − x)(F (θ) − F (x)): g(x) is decreasing on [0, 1/2], and that g(1/4) > 0. Hence µθ,2 > 1/4 ⇒



F (µθ,2 ) > ρ.
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Suppose that t0 ∈ [µθ,2 , µ1,2 ]. It means that t0 is competitive enough to participate when he believes that t belongs to [0, 1], but not when he believes that t belongs to [0, θ]. In this case, communication really promotes collusion: it deters the type-t0 player from participating, and the type-t player get ρ − t. If however t0 < µθ,2 , the type-t0 player is strong enough to participate even if he believes that t ∈ [0, θ]. In this case, communication will harden competition: the type t-player will still award the contract, but at a lower price. We now address the overall efficiency-enhancing effect of communication. To do so, we compute the ex-ante surplus of the procurement in each I’m-Out equilibrium, and study how this surplus evolves with θ. Let N (m) denote the random number of sellers who send a message in M in equilibrium, and let S(θ) |N (m)=n be the surplus of the procurement conditional on {N (m) = n}. Let t denote the type of the strongest bidder. If the strongest bidder does not participate, then no seller participates and the surplus of the procurement is zero. Otherwise, the surplus is the sum of the allocative surplus due to the contract between the buyer and the strongest seller (ρ − t), minus the sum of all participation costs payed by active bidders. Formally, S(θ) |N (m)=n = (ρ − t)1t≤µθ,n − k



X



1ti ≤µθ,n



ti ≤θ



Therefore, the expected surplus of the procurement conditional on n sellers sending a message in M is



Z E[S(θ) |N (m)=n ] = ³



where dG(n, t) = n 1 −



F (t) F (θ)



´n−1



f (t) F (θ)



µθ,n



(ρ − t)dG(n, t) − nk



0



F (µθ,n ) F (θ)



is the distribution of the minimum of n independent



variables distributed on [0, θ]. The expected surplus of the procurement is then E[S(θ)] =



N X



E[S(θ) |N (m)=n ]P ({N (m) = n})



n=1



We show that the overall effect of cheap talk is positive, since the expected surplus increases with the informativeness of equilibrium. Proposition 3. The expected surplus of the procurement in equilibrium increases with the informativeness of equilibrium if and only if k > 0. We prove the first implication by showing that if k > 0, E[S(θ)] decreases with θ on [ρ − k, 1]. The second implication is proved as follows. Suppose that k = 0. If n players send 15



a message in M in the θ-I’m-Out equilibrium, the equilibrium entry condition is µ ¶ F (µθ,n ) n−1 (ρ − µθ,n ) 1 − =0 F (θ) which implies that the maximal participating type is ρ and does not depend on θ and n. In other words, any seller whose type is below the maximal price participates, regardless of the message cutoff θ and the number of sellers sending each message. Therefore, the expected surplus of the procurement is E[S(θ)] = E[ρ − t | 1t 0 The role of the entry cost can then be interpreted as follows. If there is no entry cost, pre-play communication may exert a transfer of ex-ante payoffs from strong to weak bidders, but does not change the total ex-ante payoff. If there is a positive entry cost however, communication does efficient transfers, in increasing the ex-ante surplus.



5



The trade-off between participation and bidding position in a discrete environment The aim of this section is to show that non-trivial trade-offs between participation and



bidding position may appear in equilibrium if the environment is discretized. To prove it, we study a version of the game in which the set of possible bids is discrete.9 Consider the following specifications: two sellers, whose types are independently and uniformly distributed on [0, 1], can make three possible bids, 12 , 1 and 2.10 The buyer’s ceiling price is ρ = 2. As in the continuous environment game, the bidder making the lowest bid wins the contract, and if the two bidders make the same bid, the buyer randomly chooses to contract with one of them. Let us denote this game by DP G (discrete procurement game). 9



We feel that the same kind of equilibria could be found in a suitable environment with a finite, larger than



three, number of types. 10 The bid set is such that a type-zero bidder is indifferent between making the same bid as his opponent and award the contract with probability 1/2, and making the highest bid below that of his opponent and win the contract with probability one. This simplifies the study of bid deviations.



16



Proposition 4. The DP G only admits three symmetric equilibria, in which sellers bid some value b when they participate, and participate if their type is below µb := 3 − q ( 2b − 3)2 − 2(2 − k).



b 2



−



We denote by Eb the equilibrium of DP G in which bidders bid b.



5.1



Informative equilibria



As in the continuous environment, we suppose that sellers can engage in cheap-talk before playing DP G. Let us call the discrete procurement game with communication DP GC. We know from Proposition (1) that if 2 − k < 1, DP GC admits infinitely many I’m-Out equilibria. We now show that some equilibria of DP GC may not have an I’m-Out structure. The next result states that, under some conditions on k, there is an equilibrium in which strong bidders send a message m, weak bidders send a message m and, whenever they participate, sellers bid



1 2



when they both send m, bid 2 when they both send m and bid 1 when they send



different messages. Remark that this may not be the only informative equilibrium of DP GC. In particular, more than two messages could be used in equilibrium. √ √ 52 −4+ 28 , ], 8



Proposition 5. If k ∈ [ −6+8



there exist an informative equilibrium denoted E ∗



in which a type-t player plays the following strategy: • If t ≤ θ :=



√ 1 − 6k, send m and



– if t’s opponent sends m, bid 1/2 if t ≤ µm,m and do not participate otherwise, with µm,m defined by µm,m µm,m 1 ( − µm,m ) + (2 − µm,m )(1 − )−k =0 2 2θ θ – if t’s opponent sends m, participate and bid 1; • If t > θ :=



√ 1 − 6k, send m and



– if t’s opponent sends m, bid 1 if t ≤ µm,m and do not participate otherwise, with µm,m defined by µm,m = 1 − 2k – if t’s opponent sends m, participate and bid 2; 17



Let us emphasize the trade-off faced by sellers in E ∗ . Suppose that seller 2 sends m. If seller 1 sends m, seller 2 will participate with probability



µm,m θ



< 1, and they will both bid



1 2



if



both participate. If seller 1 sends m, then seller 2 will participate with probability 1 and they will both bid 1. Suppose that seller 2 sends m. If seller 1 sends m, seller 2 will participate with probability



1−2k 1−θ



< 1 and they will both bid 1. If seller 1 sends m, they will both bid 2



and seller 2 will participate with probability 1. In both cases, the competitive bid is higher when a seller sends m but his opponent’s participation probability is also higher. Finally, it may come as a surprise that the participation cost needs to be bounded below for the equilibrium to exist. This is because the message m has to be preferred to message m for types just below θ. Roughly speaking, if participation in the procurement is too cheap, sellers will participate “too much” when they both send m, while they bid relatively low: this would make the trade-off between participation and bidding positions turn to the advantage of m even for strong types.



5.2



Efficiency



The game without communication admits three equilibria, and the game with communication may admit several equilibria. Properly addressing the question of the efficiency-enhancing effect of communication is then not an easy task. In particular, the comparison of ex-ante surplus in E1/2 , E1 , and E2 and E ∗ would not be enough to prove a similar welfare property as in section 4.2. However, it turns out that the ex-ante surplus in E ∗ is smaller than that in E1/2 . It can then at least be stated that communication may not raise efficiency in a discrete environment. Let us first compute ex-ante surplus of the procurement in each equilibrium. In all equilibria of DP G and DP GC, bidders have a probability 1/2 of awarding the contract whenever 2 they both participate. Therefore, the total interim surplus is 2 − t1 +t 2 − 2k when both sellers



are active and before one of them is chosen, 2 − ti − k if i is the only active bidder, and 0 if no seller participates. Consider equilibria of the game without communication. The ex-ante surplus depends on the entry cost k and on the maximal participating type µb , and is denoted Sµb (k). Basic computation gives 1 Sµb (k) = µb [ µ2b − 3µb + 2(2 − k)] 2 18



√



√ Sµb (k) increases on [0, 2 −



12(1+k) ] 3



and decreases on [2 −



12(1+k) , 1]. 3



This is because



more participation has two effects on the ex-ante surplus: a positive effect through more gains from trade, and a negative one through more participation costs payed by sellers. When participation is very low, there are social gains from more participation and more transactions. When participation is too high, additional transactions are not worth the participation cost. √ 12(1+k) Since 2 − < µ1/2 < µ1 < µ2 = 1, sellers participate “too much” in each equilibrium 3 of DPG. Let us now compute the ex-ante surplus in E ∗ , denoted by S ∗ (k), which depends on the maximal participating types µm,m and µm,m = 1 − 2k, and on the message cutoff θ. Basic but tedious calculation boilds down to: µm,m 1+θ ] + (1 − θ)2 [2(1 − k) − ] + 2θ(1 − 2k − θ)[2(1 − k) − S ∗ (k) = µ2m,m [2(1 − k) − 2 2 1 − 2k + 2θ x θ ] + 2µm,m (θ − µm,m )(2 − k − ) + 4kθ(2 − k − ) 4 2 2 √



The evolution of Sµ1/2 (k), Sµ1 (k), Sµ2 (k) and S ∗ (k) for k ∈ [ −6+8



√ 52 −4+ 28 , ] 8



are repre-



sented on the following graph. The normal, dotted, and dashed curves respectively represent the ex-ante surplus in E1/2 , E1 , and E2 as functions of k. The thick curve is the ex-ante surplus in the equilibrium with communication.



Ex-ante surplus 1.28 1.26 1.24 1.22 1.2 1.18 0.152 0.1540.156 0.158 0.16 0.162



k



Claim 5. Pre-play communication may raise as may decrease the ex-ante surplus in equilibrium. How to explain this result? In equilibria of the game without communication, there is no allocative efficiency whenever both sellers participate. Indeed, they have the same chance of awarding the contract, no matter their type. Pre-play communication increases the total 19



surplus because in four configurations, when ti < θ and t−i > 1 − 2k, and when ti < µm,m and t−i ∈ [µm,m , θ], 1) allocative efficiency is restored, and 2) only one seller pays the participation cost. The reason why the total surplus remains higher in E1/2 than in E ∗ , and higher in E1 than in E ∗ for k high enough, is the following. Sellers’ probability of participating is so small in E1/2 that the gain due to the non-payment of participation costs is higher than the loss induced by allocative inefficiency.



6



Conclusion The aim of this paper is to investigate the extent to which communication between par-



ticipants to a procurement promotes collusion. To do so, we study a procurement game with entry cost in which sellers send cheap messages to each other before deciding to participate. We prove that the only informative equilibria of the game are I’m-Out equilibria, in which strong bidders separate from very weak bidders, who do not participate even if they have no competitor. In this equilibrium, sellers who are sure not to participate credibly signal themselves. Therefore, communication hardens competition, by increasing the average strength of potentially active bidders. This has two consequences for the buyer, a negative, and a positive one. The negative one is that communication decreases sellers’ participation, and then the probability of contracting for the buyer. The positive one is that communication decreases the level of bids if at least two sellers participate, and then the price paid by the buyer. Therefore, communication may lead to collusion by eliminating all but one bidder from the competition, as well as to anti-collusion by hardening competition between bidders. In terms of ex-ante payoffs, communication exerts a transfer from strong to weak bidders, and the overall effect is positive if and only if there is a positive entry cost. We also show that other informative equilibria may exist if the bidding environment is discretized. Then, a non-trivial trade-off between bidding position and probability of participation appears: not-too-weak bidders, who would participate alone in the procurement, have also an interest to separate from strong bidders. We exhibit such an equilibrium in a particular setting of two sellers and three possible bids. Then, we show that while pre-play communication improves the allocative efficiency of equilibrium, its effect on the expected surplus of the procurement is not determined.
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Appendix Proof of Proposition 1. Fix some player i. Let σ denote the strategy described in Proposition (1) and suppose that i’s opponents all play σ. When they play a θ-cutoff message strategy, players are indifferent between all messages in M , and between all messages in M . For the sake of lightness of the proof, we will then assume that players use only two messages in equilibrium, m and m. Let us first show that σ is not a best response for i if θ < ρb − k. Indeed, if i’s type is in [θ, ρ − k], and if every other bidders send m, i will participate regardless of the message he sent during the communication stage. Suppose now that θ ≥ ρ − k and let us show that it is a best response for i to play σ. If ti > ρ − k, then i will not participate regardless of his opponents’ strategy, thus i is indifferent 22



between m and m. Suppose now that ti < ρ − k, and let us compare i’s expected payoff when he sends m and i’s expected payoff when he deviates from σ and sends m. Let n be the number of player sending m, including i. The next lemma shows that the status strategies that are candidates for best responses have a simple cutoff characterization. Lemma 1. In equilibrium, status strategies are µ-cutoff strategies defined for any message profile m by s(t, m) =Active if and only if t ≤ µm . Proof. Consider some player i and fix (σ−i ) ∈ S N −1 the strategies of player i’s opponents. The payoffs to bidder i from not participating (0) and participating and loosing the procurement (−k) do not depend on his type. His payoff conditional on submitting a winning bid b − t decreases with his type. Therefore, by the envelop theorem, if it is a best response for i to participate when his type is t, then it is also a best response to participate when his type is t0 < t, regardless of i’s opponents strategies. Then there exists some threshold µi ≥ 0 such that i participates if and only if t ≤ µi . When his type is µi , seller i is indifferent between participating or not, so µi is defined as the type for which i’s expected payoff is equal to 0. Let µθ,n be the type indifferent between paying k in order to make a bid and not participating. If he participates, he gets 0 − k if at least one other bidder is active, since all other active bidders will have a smaller type. If he is the only active bidder, then he bids the maximal price ρ. Therefore, the entry threshold is determined by the equilibrium entry condition



µ ¶ F (µθ,n ) n−1 (ρ − µθ,n ) 1 − −k =0 F (θ)



If a type t-bidder is active and faces q − 1 ≤ n other active bidders, standard techniques allow to derive the symmetric equilibrium bid R µθ,n b(t; µθ,n , q) = t +



t



(F (µθ,n ) − F (v))q−1 dv (F (µθ,n ) − F (t))q−1



Therefore, the expected payoff to bidder i if he sends m and participates, conditional on n − 1 opponents sending m is Rµ P q−1 (F (θ) − F (µθ,n ))n−q ] + (ρ − V (m, t | n) = F (θ)1n−1 nq=2 [ t θ,n (F (µθ,n ) − F (v))q−1 dvCn−1 t)(1 −



F (µθ,n ) n−1 F (θ) )



−k



23



Rearranging, this expression rewrites µ ¶ ¶ Z µθ,n µ F (µθ,n ) n−1 F (v) n−1 V (m, t | n) = dv + (ρ − µθ,n ) 1 − −k 1− F (θ) F (θ) t



(1)



Suppose now that i sends m. The maximal participating type for i’s opponents will be µθ,n−1 > µθ,n . If i deviates and participates to the auction, i’s opponents infer that i’s type is below θ,n−1 , so the equilibrium bid with q participants will be smaller than b(t; µθ,n−1 , q) = R µµ θ,n−1 (F (µθ,n−1 ) − F (v))q−1 . Then the expected payoff if i deviates by sending m but t+ t (F (µθ,n−1 ) − F (t))q−1 participating is smaller than ¶n−1 µ ¶n−1 Z µθ,n−1 µ F (µ ) F (v) θ,n−1 Ve := 1− dv + (ρ − µθ,n−1 ) 1 − −k F (θ) F (θ) t Let us show that the difference between V (m, t | n) and Ve is positive. R µθ,n−1 (F (θ) − F (v))n−1 dv + (ρ − µθ,n )(F (θ) − F (µθ,n )n−1 − (ρ − V (m, t | n) − Ve = − µθ,n µθ,n−1 )(F (θ) − F (µθ,n ))n−1 . Yet ∀ v ≥ µθ,n , (F (θ) − F (v))n−1 < (F (θ) − F (µθ,n ))n−1 ⇒ R µθ,n−1 (F (θ) − F (v))n−1 dv ≥ −(µθ,n−1 − µθ,n )(F (θ) − F (µθ,n ))n−1 . So V (m, t) − Ve ≥ − µθ,n (ρ − µθ,n−1 )[(F (θ) − F (µθ,n ))n−1 − (F (θ) − F (µθ,n−1 ))n−1 ] > 0. Therefore, the payoff to bidder i if he deviates from the message strategy described in Proposition 1 is smaller than the payoff he gets if he plays σ. Proof of Proposition (1). By definition, the θ-I’m Out equilibrium is informative if and only if θ < 1, since types below θ separate from types above θ. We now show that informative I’m-Out equilibria are the only informative equilibria of the game. To do so, we show ad absurdum that there can be no equilibrium in which two different messages are sent by types who participate with a positive probability. Fix some player i and let {mi , m−i } ∈ MN denote the message profile in which i sends mi ∈ M and i’ opponents send m−i ∈ MN −1 . Suppose that there exist two messages m and m such that, in equilibrium, 1) player i is indifferent between m and m in θ, and 2) strictly prefers to send m for types t ∈]θ − ε, θ] and strictly prefer to send m for types t ∈ [θ, θ + ε[. Finally, assume that types who send m participate with a positive probability, namely that there exist a subset of messages profiles M ⊆ MN −1 and ε0 > 0 such that ∀ t ∈ [θ, θ + ε0 [, ∀ m ∈ M , s(t | {m, m})=Active. Let m ∈ MN −1 . Suppose first that m is not sent in the profile m. If i is active when his type is θ and the message profile is (m, m), then i’s bid is the maximal bid played by i’s 24



opponents whenever they participate. Consider an opponent of i who is indifferent between participating or not. In equilibrium, this opponent plays the maximal bid, and gets therefore a positive payoff only if he has no competitor. Yet if s(θ | {m, m}) =Active, this opponent will at least have i as a competitor, and his expected profit is if he participates is −k. Therefore, if s(θ | {m, m}) =Active, players who send m0 6= m do not participate. Suppose now that m is sent by at least one player in the profile m. If s(θ | {m, m}) =Active, then player i will have at least one opponent and will make the maximal bid. Therefore, he will get a payoff −k. If i sends m when his type is θ, he will make the lowest bid and has then an expected payoff strictly above −k. Therefore, i strictly prefers to send m rather then m when his type is θ. Proof of Proposition (2). The expected payoff to a type t seller in the θ-I’m-Out equilibrium is V (t) = ρ(1 − F (µθ,2 ) + (b(t; µθ,2 , 2) − t)(F (µθ,2 ) − F (t)) − k, with µθ,2 determined by the equilibrium entry condition (ρ − µθ,2 )(F (θ) − F (µθ,2 ) = F (θ)k. Since b(t, µθ,2 , 2) = R µθ,2



(F (µθ,2 )−F (v))dv ∂µ ∂ , ∂θ b(t, µθ,2 , 2) = ∂θθ,2 f (µθ,2 )(1 − (F (µθ,2 )−F (t)) ∂µ ∂µ f (µθ,2 )[F (µθ,2 ) − F (t) − ρ] ∂θθ,2 . Since ∂θθ,2 > 0, ∂V∂θ(t)



t+



t



R µθ,2 t



(F (µθ,2 )−F (v))dv ), (F (µθ,2 )−F (t))2



and



∂V (t) ∂θ



=



has the same sign as [F (µθ,2 ) −



F (t) − ρ]. If F (µθ,2 ) − ρ ≤ 0, then the ex-ante payoff to any type of bidder decreases with θ. If F (µθ,2 ) − ρ > 0 (and since F (µθ,2 ) − ρ < F (µθ,2 ), there exists e t ∈]0, µθ,2 [ such that e t = F −1 (F (µθ,2 ) − ρ), and such that F (t) < F (µθ,2 ) − ρ if and only if t ≤ e t.



Proof of Proposition 3. The ex-ante surplus of the procurement rewrites E[S(θ)] =



N X



n CN n(1 − F (θ))N −n Z(n, θ)



n=1



R µθ,n



(ρ − t)f (t)(F (θ) − F (t))n−1 dt − kF (µθ,n )F (θ)n−1 . P n N −n−1 [(1−F (θ))Z 0 (n, θ)− Deriving with respect to θ gives: E 0 [S(θ)] = N n=1 CN (1−F (θ))



with Z(n, θ) =



0



f (θ)(N − n)Z(n, θ)] Let us notice that for n ≥ 2, Z 0 (n, θ) = (n−1)f (θ)g(n, µθ,n ) and Z(n−1, θ) = g(n, µθ,n−1 ), Rx with g(n, x) = 0 (ρ − t)f (t)(F (θ) − F (t))n−2 dt − kF (x)F (θ)n−2 . Furthermore, for θ > ρ − k, µθ,1 = ρ − k < θ and then Z 0 (1, θ) = 0. Then E 0 [S(θ)] =



N X



n (1 − F (θ))N −n f (θ)(n − 1)nCN [g(n, µθ,n ) − g(n, µθ,n−1 )]



n=2
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Let us study the sign of E 0 [S(θ)]. g(n, µθ,n ) − g(n, µθ,n−1 )) = −



R µθ,n−1 µθ,n



(ρ − t)f (t)(F (θ) −



F (t))n−2 dt + kF (θ)n−2 (F (µθ,n−1 ) − F (µθ,n )). Yet t < µθ,n−1 ⇒ (ρ − t)f (t)(F (θ) − F (t))n−2 > (ρ − µθ,n−1 )f (t)(F (θ) − F (µθ,n−1 )n−2 = kF (θ)n−2 f (t) by the equilibrium entry condition. R µθ,n−1 Thus µθ,n (ρ − t)f (t)(F (θ) − F (t))n−2 dt > kF (θ)n−2 f (t) and g(n, µθ,n ) − g(n, µθ,n−1 ) < 0, which concludes. Proof of proposition 4. Let σb be the strategy “bid b in case of participation and participate if the type is below µb ”. 1) Let us first show that (σb , σb ) is an equilibrium. Suppose that player 1 plays σb . If player 1 participates, then it is weakly dominant for player 2 to bid b if he participates. His payoff in case of participation is then (b − t) 21 − k. If player 1 does not participate while player 2 does, his payoff is (2 − t) − k. Therefore, player 2’s expected payoff when he participates is (b − t) µ2b + (2 − t)(1 − µb ) − k, which is positive if and only if t ≤ µb , since µb is defined by (b − µb ) µ2b + (2 − µb )(1 − µb ) − k = 0. ¤ 2) Let us now show that there there is no symmetric equilibrium in step-increasing bid strategies. Suppose that player i’s strategy is the following: participate if ti ≤ µ and bid



1 2



if



ti ∈ [0, x], 1 if ti ∈]x, y] and 2 if ti ∈]y, µ]. Let us determine player −i’s best response. Suppose that i and −i both participate. If −i bids 12 , he gets in expectation ( 12 − ti )(1 − −i bids 1, he gets in expectation (1 − ti )(1 −



y+x 2µ )



− k. Finally, he gets (2 −



x 2µ ) − k. ti ) µ−y 2µ − k



expectation if he bids 2. At a symmetric equilibrium, −i must be indifferent between



1 2



If in



and



1 for t−i = x, indifferent between 1 and 2 in t−i = y and must stop participating for t−i = µ. The cutoffs x, y and µ are then defined by: 1 x y+x ( − x)(1 − ) = (1 − x)(1 − ) 2 2µ 2µ



(1 − y)(1 −



(2)



µ−y y+x ) = (2 − y) 2µ 2µ



(3)



y+µ )=k 2



(4)



(2 − µ)(1 −



Eliminating x from the first two equations gives y 2 (2 − µ) − y



3+µ +µ=0 2
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(5)



and equation (4) rewrites y =2−µ−



2k 2−µ



(6)



Let us show that there are no x ≤ y ≤ µ satisfying these equations. Equation (5) admits ³ ´2 − 4µ(2 − µ) > 0, that is if µ < 9/17. Suppose then that µ < 9/17. a solution if ∆ := 3+µ 2 Equation (5) admits two solutions y =



√ ∆ 2(2−µ)



3+µ − 2



and y =



√ ∆ 2(2−µ) .



3+µ + 2



For µ < 9/17, y > µ, and



y < µ if and only if µ < 1/2. Suppose then that µ < 1/2. From equation (6), y < µ if and only √



if µ ∈ [ 3−



√ 1+4k 3+ 1+4k , ]. 2 2



Yet if k < 3/4,



√ 3− 1+4k 2



> 1/2, so the system of equations (5) and



(6) admits no solution y < µ if k < 3/4. Suppose that k > 3/4. Following equations (5) and (6), y is determined as a two functions of µ: y(5) (µ) =



√ ∆ 2(2−µ)



3+µ − 2



and y(6) = 2 − µ −



2k 2−µ .



For



k > 3/4, y(5) (µ) is increasing and y(6) (µ) is decreasing. Furthermore, y(5) (3/4) > y(6) (3/4), then there is no solution to equations (5) and (6) such that y < µ. Suppose then that y = µ ≤ 1, so that bidders never bid 2. The two cutoffs x and µ are now determined by x µ−x 1 ) = (1 − x)( ) ( − x)(1 − 2 2µ 2µ and (1 − µ)(2 −



µ+x )=k 2



If x 6= 0, then µ < 0, then x = 0. Then there is no equilibrium in step bid strategies.



Proof of proposition 5. Let σ ∗ be the strategy described in Proposition 5. Let θ =



√ 1 − 6k,



x xm,m = 1 − 2k, xm,m solution of ( 12 − x) 2θ + (2 − x)(1 − xθ ) − k = 0. Let us show that if √



k ∈ [ −6+8



√ 52 −4+ 28 , ], 8



σ ∗ is a best response to σ ∗ . We denote by {m1 , m2 } the subgame in



which players 1 and 2 respectively send m1 and m2 . Suppose that player 1 plays σ ∗ . Let us first notice that, because of the structure of the bid set, it is weakly dominant in each messages configuration for player 2 to bid like player 1 whenever they both participate. Therefore, the bid component of σ ∗ is a best response to the bid component of σ ∗ . Furthermore, when a player observes that his opponent doesn’t participate, then he bids the maximal price 2. Let us write a type-t player 2’s expected payoff U (t)m1 ,m2 in each message configuration: • Um,m (t) = ( 12 − t)



µm,m 2θ



+ (2 − t)(1 −



µm,m θ )
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−k



• Um,m (t) =



1−2k−θ 1−θ (1



− t) 12 +



2k 1−θ (2



− t) − k



• Um,m (t) = (1 − t) 12 − k • Um,m (t) = (2 − t) 12 − k Since k < 12 , Um,m (t) is positive for all t ∈ [0, 1], then it is a best response for player 2 to participate for any type and to bid 2 in configuration {m, m}. Um,m (t) is positive if and only if t < 1 + k(1+θ) , that is for any t < 1. Then player 2 always 1−θ +k 2



participates in configuration {m, m}. Um,m (t) is positive if and only if t ≤ 1 − 2k, which is below 1 for any value of k. Finally, Um,m (t) is positive if and only if t(1 −



µmm 2θ )






3µmm 4θ



− k, that is if t ≤ µm,m



by definition of µmm . Player 2’s best-response message strategy is determined by comparing his expected payoffs when he sends m and m. If player 1 plays σ ∗ , the ex-ante probability that he sends m is θ, then: V (m, t) = θUm,m (t)1t≤µm,m + (1 − θ)Um,m (t) V (m, t) = θUm,m (t)1t≤1−2k + (1 − θ)Um,m (t) Let ∆(t) := V (m, t) − V (m, t) be the difference in expected payoffs of sending m and m. If t ≤ µm,m or t > 1 − 2k, ∆(t) is decreasing. If t ∈ [µm,m , 1 − 2k], ∆(t) is decreasing if and only if θ < 2k. Therefore, σ ∗ is a best response to σ ∗ for player 2 if 1) θ < 2k, 2) ∆(θ) = 0, and 3) √ θ ∈]µm,m , 1 − 2k[. Condition 2) leads to θ = 1 − 6k and k < 61 . Given this value of θ, condition 1) is equivalent to k > k



√ −4+ 28 8



√ −6+ 52 8



' 0.1514, and condition 3) is equivalent to



' 0.1614.
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