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Abstract We investigate the computational complexity of clearing markets in a continuous call double auction. In the simplest case, when any part of any bid can be matched with any part of any ask, the market can be cleared optimally in log-linear time. We present two generalizations, motivated by electronic marketplaces for the process industry, where: (a) there exist assignment constraints on which bids can be matched with which asks; and (b) where demand is indivisible. We show that clearing markets with assignment constraints can be solved efficiently using network flow algorithms. However clearing markets with indivisible demand, with or without assignment constraints, requires solving NP-hard optimization problems such as the generalized assignment problem, the multiple knapsack problem and the bin packing problem. Key Words: Electronic exchanges, market clearing, continuous call double auction, indivisible demand, assignment constraints, multiple knapsack problem, bin packing problem, generalized assignment problem.



1. Introduction Double-sided auctions are mechanisms for clearing markets with multiple buyers and multiple sellers for a commodity or set of substitutible commodities. There are two main institutions for double auctions: (a) the continuous double auction, and (b) the clearinghouse, or continuous call, auction. In this paper we examine market clearing mechanisms for the continuous call auction1 . The continuous call auction collects bids (demand) and asks (supply) over a fixed time period and clears the market at the end of that time period. Identifying an optimal allocation of bids to asks is fundamental to market clearing, and is often used as part of surplus distribution strategies. When any part of any bid can be matched with any part of any ask, and demand is fully divisible, the optimal allocation of bids to asks can be computed in log-linear time. However, for some commodities, these assumptions do not hold, and more sophisticated allocation algorithms must be used. Combinatorial auctions (Sandholm, 1999; de Vries & Vohra, 2000) have recently been studied, where finding the optimal allocation of bids to asks involves solving the set packing problem, which is NP-hard (Garey & Johnson, 1979). In this paper, we investigate clearing mechanisms for continuous call double auctions with assignment constraints and indivisible demand. We show that: 1. Auctions with assignment constraints between bids and asks can be cleared in polynomial time using network flow algorithms. 2. If the demand is indivisible, that is the demand requested in a single bid cannot be met using supply from more than one ask, then finding an optimal allocation becomes computation1 The continuous double auction is appropriate when the value of the commodity tends to change rapidly, such as in the stock market. It maintains a queue of bids from buyers sorted by decreasing price and a queue of asks sorted from the sellers sorted by increasing price. Every time a bid price is lower than the offer price the demand and supply is matched and a transaction clears the match.
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Seller ID S1 S2 S3 S4 S5 S6 S7 S8 S9



Price ($/ton) 100 100 110 110 120 140 160 160 175



Grade 1 2 3 4 4 5 5 5 5



Width (mm) 2000 2000 2000 2000 2000 2000 2000 2000 2000



Number of units 1 1 1 1 2 2 2 2 2



Weight (tons) 5 5 5 5 10 10 10 10 10



Cumulative supply (tons) 5 10 15 20 30 40 50 60 70



Table 1: Sellers asks for paper exchange example. The asks are sorted by price. For each row, the cumulative supply column shows the cumulative supply of paper available at the asking price of the seller in that row.



ally intractable and requires solving NP-hard optimization problems such as the generalized assignment problem, the multiple knapsack problem and the bin packing problem(Garey & Johnson, 1979). In Section 2 we provide an example of an auction, motivated by electronic marketplaces for the process industry, where demand is indivisible and there exist assignment constraints. We discuss the allocation algorithm for when these constraints are relaxed in Section 3. An allocation algorithm which takes into account assignment constraints is presented in Section 4. We further generalize allocation to indivisible demand in Section 5. Section 6 summarizes results for the example problem introduced in Section 2 based on the formulations introducd in the paper, and identifies directions for future research.



2. Motivating example Process industries such as paper and steel are examples of markets where the supply and demand may be indivisible and subject to assignment constraints. In the paper industry, paper is manufactured in standard sized rolls with a few standard widths. Similarly, steel is produced in standard sized slabs, rolls or sheets. Standarized geometries such as width, length and weight are used. Furthermore, paper or steel may be produced in different quality grades. A demand for high grade paper cannot be met with a supply of low grade paper. However, if we allow substitutibiity, the opposite does apply: we can meet a demand of low grade paper with a supply of high grade paper. This gives us assignment constraints on which demand can be matched with which supply. We illustrate these issues with an example from the paper industry. Let us assume that paper is produced using standard widths of 2000mm, each corresponding to a weight of 5 tons. As a result of the standard sizes, rolls that are partially assigned incur waste. For example, if 1700mm from a standard roll is assigned to bids, the remaining unmatched 300mm, or 0.75 tons, is often considered waste. The primary reason is that non-standard sizes are difficult to match and usually end up on secondary markets where they have to be sold at much lower prices. For purposes of illustration, we give an example of a market where there are 9 suppliers of paper with the asks as shown in Table 1, and 17 buyers with bids as shown in Table 2. We associate with each seller one or more asks. Associated with each ask Sj is a price pSj and the ability to supply/manufacture one unit of weight qSj at this price. Let there be n such asks. We associate with each buyer one or more bids. Associated with each bid Bi is a bid price, pBi , and a demand for one unit of weight qBi at this price. Let there be m such bids2 . 2 A buyer or seller who makes an offer of more than one unit of a commodity would have multiple bids or asks with the same price and quantity.
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Buyer ID B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 B11 B12 B13 B14 B15 B16 B17



Price ($/ton) 175 165 150 145 145 140 125 125 120 120 115 110 110 110 105 100 100



Grade 5 4 5 4 4 3 4 3 3 3 2 3 2 2 1 1 1



Width (mm) 1200 1200 1600 800 1600 2000 1200 1200 1200 1600 1600 2000 1200 800 2000 1200 800



Number of units 1 1 1 1 1 1 1 1 2 1 1 1 1 1 2 1 1



Weight (tons) 3 3 4 2 4 5 3 3 6 4 4 5 3 2 10 3 2



Cumulative demand (tons) 3 6 10 12 16 21 24 27 33 37 41 46 49 51 61 64 66



Table 2: Buyers bids for paper exchange example. The bids are sorted by price. For each row, the cumulative demand column shows the cumulative demand of paper available at the bidding price of the buyer in that row.



Buyers typically bid for rolls of paper of desired width. For example, a newspaper printer might need an integer number (say 5) of 800mm rolls. Notice however that the buyer requires each roll to be of 800mm, and this cannot be substituted with two rolls of 400mm. This leads to an interesting constraint on how the bids can be satisfied: each roll demanded by the buyer is indivisible in the sense that it has to be cut in a single piece from one roll3 . This leads to an indivisible aggregate demand and the task of matching demand (presented as a list of bids) to the available supply requires finding an optimal packing of the bids into the available supply. In the sections which follow we will investigate, from a computational point of view, clearing mechanisms for computing optimal allocations of supply and demand for continuous call double auctions where we have assignment constraints and indivisible demand.



3. The simplest case For purposes of illustration, we will temporarily relax two of the constraints in our paper auction example: (a) the assignment constraints arising from the substitutibility of the grade attribute on the paper; and (b) that the demand is indivisible. Thus we will allow any part of any bid can be matched with any part of any ask, and we will only consider price and quantity as being the parameters of bids and asks. The continuous call double auction clears the market at periodic intervals. During some interval, bids and asks are submitted continuously by buyers and sellers. The buyers come to the market with a demand for some quantity of good (qD ) along with a price4 (pD ) they are willing to pay for it. Similarly sellers arrive with a quantity they are willing to supply (or produce, qS ) and the price (pS ) they are asking for it. At the end of the period, an allocation is computed matching some or all of the bids to some or all of the asks. 3 Note



however, that the quantity of supply may be used to satisfy the demand from multiple buyers, i.e. it is possible to cut a roll of 2000mm into 2 rolls of 1200mm and 800mm. 4 All prices are per unit.
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The first step in computing such an allocation is to construct an aggregate supply and demand curve, composed from the bids and the asks. For each price, we plot the available cumulative demand and available cumulative supply at that price. The aggregate curves for our example, are plotted in Figure 1. Notice that in this figure the supply and demand are discrete and indicated on the supply and demand curve with circles. The question then arises as to whether there is some price p where there is no excess positive demand in the market. The price discovery process depends on the market mechanism used and differs substantially across different market mechanisms. For the continuous call auction (Gjerstad & Dickhaut, 1998) the Walsrasian equilibrium identifies such a price p by finding the intersection of aggregate supply and demand (Varian, 1984). The crossover point between the aggregate demand and supply provides the equilibrium price p and equilibrium quantity q . At this crossover point, there is equal amount of supply (of quantity q ) whose price is  p , and of demand (of quantity q ) whose price is  p . The clearing process matches all the bids and asks corresponding to this supply and demand. For our paper example with relaxed constraints, the equilibrium clearing occurs where the aggregate supply and demand curves intersect, at a price of $120/ton and a clearing quantity of 30 tons. To satisfy the demand of 30 tons using exactly the 30 tons of supply at this equilibrium clearing price requires that we are able to allocate any fraction of any bid to any fraction of any ask. Such an allocation of supply and demand for our paper example is illustrated in Figure 2. Notice that in this allocation, bids B2 , B6 and B9 are divided and allocated across multiple asks. For this allocation we have a total net surplus, or profit, of $10005. Market Clearing for Continuous Call Auctions 180
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Figure 1: Aggregate demand and supply curve



Therefore assuming that there are no assignment constraints between the demand and supply, and that demand and supply is divisible, we can clear the auction and compute the optimal allocation of demand to supply using the algorithm simple allocation in the following way: 5 The net surplus is calculated as the sum of the difference in price between each ask and bid, for all matches in the final allocation.



4



IBM Research Report RC21660(97613) February 2nd, 2000



B1 ($175)



3



5



S1 ($100)



5



S2 ($100)



5



S3 ($110)



5



S4 ($110)



5



S5 ($120)



5



S5 ($120)



1 4 3



3



bids (demand)



2 B3 ($150)



4



B4 ($145)



2 4



B5 ($145)



1



2



4



3 B6 ($140)



5



B7 ($125)



3



3



asks (supply)



B2 ($165)



2 B8 ($125)



3 3



B9 ($120)



2



3



Figure 2: An allocation which relaxes the assignment and indivisibility constraints. Each bid in the allocation is represented by a circle, labelled with a number representing the weight of the bid. Each ask is represented by a box, labelled with the weight of the ask. The label on each arc between a bid and an ask represents the weight of that bid allocated to the ask.



1. Construct the aggregate demand and supply curves; 2. Identify the equilibrium clearing price p at the crossover of these curves; 3. Take all bids Bi whose offer price is greater than or equal to p ; place these bids in the list Bwin ; sort Bwin in non-increasing order of price. 4. Take all asks Aj whose offer price is less than or equal to p ; place these asks in the list Awin ; sort Awin in non-decreasing order of price. 5. Remove the first element buyer Bi from Bwin . 6.
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= quantity of demand required by buyer Bi .



7. While Swin is non-empty do (seller loop): (a) Remove the first element seller Sj from Swin . (b)
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= quantity of demand supplied by seller Sj .



(c) Demand matched Dm = min (Db ; Ds ) (buyer loop).



(d) Allocate demand Dm to buyer Bi . (e) (f)
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(g) If Db i. ii.



=0



then



B D



= the first element of Bwin ; remove buyer Bi from Bwin . b = quantity of demand required by buyer Bi .



i



(h) If Ds = 0 go to step (seller loop). (i) Go to step (buyer loop).



The most expensive part of this algorithm, in terms of time, are sorting the ask and bid lists. This is O(n log n) in the worst case for n items in the list. Thus this allocation algorithm has a time complexity of O(n log n).



4. Assignment constraints on demand and supply
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The matching process presented in the previous section ignored the fact that each item of supply and demand has a substitutible ”grade” attribute, representing the quality of the paper, and that when matching an ask and a bid we must take into account constraints on the values of these attributes. We illustrate these constraints on a part of our paper auction example in Figure 3.



Figure 3: A bipartite match graph illustrating the assignment constraints between bids and asks in a subset of the paper auction example. A match can be made between a bid and an ask iff there exists an arc between the corresponding bid and ask nodes in the graph.



Here we are showing only a subset of the bids (B7 ; B9 ; B13 ; B15 ) and asks (S1 ; S2 ; S3 ; S4 ) to simplify the illustration. We represent the possible matches between the bids and asks using a bipartite match graph, where the nodes are partitioned into a set of bid nodes and ask nodes. Each bid and ask node is labelled (in brackets) with its grade attribute. A bid specifies the minimum grade of paper it demands. An ask specifies the grade of the paper it is supplying. When matching a bid to an ask, the substitutibility constraint on the grade attribute states that the grade of the ask must be greater than or equal to the grade of the bid. That is, demand for paper of a low grade can be met with supply of paper of a higher grade, but the converse is not true: we cannot meet demand for high grade paper with low grade paper. The effect of this constraint is to add assignment constraints to the matching problem. In Figure 3, the assignment constraints are represented by arcs between the bid and the ask nodes: an arc specifies that an assignment between the corresponding bid and ask is feasible. If there is no arc between an ask and a bid node, the corresponding bid and ask cannot be matched in the auction. Note that in general, we cannot use the algorithm presented in the previous section for finding the optimal allocation of demand to supply when we have assignment constraints6 . Although we 6 When the bipartite match graph is complete, or can be decomposed into a set of subgraphs, each of which is complete, we do not need to consider assignment constraints explicitly and can use the algorithm presented in the previous section to clear the auction. Such graphs correspond to the assignment constraints being strict equality. That is, each bid must be matched to an ask that has the same values for their specified attributes, and substititutibility is not allowed.
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can still identify some equilibrium clearing price for such an auction, we cannot guarantee that all the supply can be matched to all the demand available at this price, without violating some of the assignment constraints. An alternative approach to clearing such an auction is to formulate the matching problem as a network flow problem (Ahuja, Magnanti, & Orlin, 1993). Following the notation given in (Ahuja et al., 1993), we consider a capacitated network G = (N; A) with a cost c ij and a non-negative capacity uij associated with each arc (i; j ) 2 A. We represent the matching problem as a network flow problem in the following way: 1. We have a source node s and a sink node t; 2. Each bid Bi is represented by a bid node in the network; 3. Each ask Aj is represented by an ask node in the network. 4. There is an arc from the source node s to each bid node Bi with:



 



capacity us;Bi equal to the quantity qBi of the bid; cost cs;Bi equal to some constant, say 0.



5. For each bid Bi , and for each ask Aj which can be potentially matched to the bid satisfying the assignment constraints, there is an arc from the node corresponding to the bid to the node corresponding to the ask with:



 



capacity uBi ;Aj equal to the weight of the bid;



cost cBi ;Aj equal to the price of the ask minus the price of the bid, that is pAj



p



Bi



.



6. There is an arc from each ask node to the sink node t with:



 



capacity uAj ;t equal to the quantity qAj of the ask; cost cAj ;t equal to some constant, say 0.



An example of such a network flow for the subset of bids and asks shown in Figure 3 is given in Figure 4. For the arcs between the bid nodes and the asks nodes, we have only labelled the arcs coming out of bid node B15 in order to improve clarity. Note that the cost of the arcs from B15 to the ask nodes S1 and S2 are negative, while the arcs going to nodes S3 and S4 have positive cost. This is a consequence of the price of B15 being less than the price of S1 and S2 , but greater than the price of S3 and S4 . We want to minimize cost in order to maximize the profit of the auction, so in general we prefer to select assignments corresponding to arcs with negative cost. For each arc in the network between nodes i and j we have a decision variable xij representing the amount of flow passing through the arc. The total quantity of flow passing from the source node to the sink node in a solution to the network flow problem represents the total quantity of demand matched to supply. This is defined as the value v of the flow:



v=



X



x



ij



(i;j )2A



For each bid node Bi and ask node Aj , the value of the decision variable xBi Aj in the solution to the problem represents the amount of the demand from the corresponding bid which is matched to the supply in the corresponding ask. We can consider the number of objectives for the marketplace when solving the network flow problem, for instance: 7
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Figure 4: A network flow problem representation for the matching problem with assignment constraints. This network represents the problem given in Figure 3.



1. maximize the amount of supply and demand matched in the auction; 2. maximize the profit of the auction achieved through the price spread between the matched bids and asks; In order to maximize the amount of demand matched to supply, we need to solve a maximum flow problem on the network. This can be formulated as a linear program in the following way7 .



maximize subject to
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We can maximize the net surplus, or profit, of the auction by solving a minimum cost circulation problem (Ahuja et al., 1993) on the network. For this problem, we need to add an arc from the sink node t to the source node s of infinite capacity and zero cost. Then we specify that the supply to each node in the network is zero. In the solution to the problem the amount of flow from the sink node to the source node will give us the amount of supply matched to demand. A linear programming formulation for this problem can be written as follows:



minimize subject to



z (x) =



P



P



2A



j :(i;j )



0 7 For



(i;j )2A



x



ij



x u ij



c x ij



P



2A



j :(j;i) ij



x



ij



=0



for each (i; j ) 2 A



this formulation we ignore the costs on the arcs in the network.
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An alternative strategy is to consider tradeoffs between the profit and the amount of demand matched to supply. For instance, we can first solve a maximum flow problem to determine the maximum quantity of supply we can match to demand, then use this value as the value of the flow in the formulation of a minimum cost flow problem to maximize the profit for this quantity of matched supply and demand. This is a min-cost max-flow problem (Ahuja et al., 1993). We illustrate in Figure 5 an allocation for our paper auction example which takes into account the assignment constraints on the grade of the paper. This allocation maximizes the net surplus by solving a minimum cost ciruclation problem. The total net surplus for this allocation is $755 (compared to $1000 when we ignore assignment constraints). However for this allocation we have matched 37 tons of supply to demand, 7 tons more than when we ignore assignment constraints. B1 ($175)
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Figure 5: An allocation which takes into account assignment constraints, but relaxes the indivisibility constraint. This allocation maximizes net surplus, by solving a minimum cost circulation problem. Each bid in the allocation is represented by a circle, labelled with a number representing the weight of the bid. Each ask is represented by a box, labelled with the weight of the ask. The label on each arc between a bid and an ask represents the weight of that bid allocated to the ask.



There are many efficient algorithms for solving the maximum flow problem. For instance the preflow-push method using a dynamic tree data structure can solve the problem in time O(nm + n2 log n) (Cheriyan & Hagerup, 1995; Cheriyan, Hagerup, & Melhorn, 1996) (for n nodes and m edges in the network). Minimum cost flow problems can be solved in time O(m log U (m + n log n)) for n nodes, m edges and largest absolute capacity U (Edmonds & Karp, 1972; Ahuja et al., 1993). 9
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5. Indivisible demand We now consider the case of matching indivisible demand in the auction. Indivisible demand occurs when the buyer wants the entire quantity qBi asked for, or nothing. We furthermore assume that these units are non-decomposable. For example, a buyer demanding a paper roll of width 1200mm cannot be supplied 2 rolls of 600mm width. In the aggregate demand and supply curve plotted in Figure 1, the indivisible nature of the demand and supply leads to a staircase structure for these curves. Notice that the demand and supply curve intersect at ($120/ton, 27 tons). However, this cannot be interpreted as the equilibrium point since supply is discrete at 25 or 30 tons for this price. Two interesting cases arise in market clearing for auctions with indivisible demand: Case 1 In general, for any level of demand (say 27 tons at $125/ton) the total supply required to match this demand is more than 27 tons, since packing the individual bids (the first 8 bids in Table 2) requires more than 30 tons of the available supply at this price. Since the bids are indivisible, packing these 7 bids in standard size rolls of 5 tons requires 7 such rolls; however only 6 rolls are available at this price. Case 2 If we are resigned to clearing less than 27 tons of demand at this price of $120/ton using the available supply of 30 tons we find that we can clear at most 24 tons of demand. This implies that an additional 6 tons are wasted and the sellers will not realize a value of 120  6 = $720 for their supply. This gap arises due to the indivisible nature of the supply and demand and needs to be accounted for by the market maker. A primary effect of indivisible supply and demand is that determining the equilibrium price using the intersection of the supply and demand curve is usually invalid since the intersection point (p ; q  ) might not correspond to the actual discrete demand and supply. This general problem of how to determine the clearing price for markets with indivisible supply and demand is the focus of this section of the paper. Now we set up the four allocation problems whose goals are: Multiple knapsack problem: To identify the amount of supply available at the equilibrium clearing price of the auction, and match as much of this supply as possible to the available demand at this price (as in Case 1). Bin packing problem: To identify the amount of demand available at the equilibrium clearing price of the auction, and match as much of this demand as possible to the available supply (as in Case 2). Generalized assignment problem: To determine an allocation that maximizes the net revealed surplus, while taking into account the surplus lost by the seller due to waste; this allocation does not use the equilibrium clearing price. These allocation problems are all NP-hard, and have been studied in the operations research literature, e.g. (Martello & Toth, 1989). 5.1 Multiple knapsack problem formulation The first allocation problem we present identifies the amount of supply available at the equilibrium clearing price of the auction, assuming the demand is divisible. It then solves an optimization problem whose goal is to match all this supply to the available demand. To do this, we formulate the matching problem as a multiple knapsack problem. In the multiple knapsack problem we have n items and m knapsacks. Each item has a value and a weight, both of which are positive integers. Each knapsack has a limit on the total weight of the items that can be placed in it. We wish to pick 10
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certain items (without repetition) to place into the knapsacks such that the total value of the items picked is maximized and the weight limit constraint on the knapsacks is satisfied. The procedure to clear the auction is the following: 1. Identify an equilibrium clearing price p of the auction assuming divisible demand and supply. 2. Identify the available supply at this equlibrium clearing price. 3. Determine how much demand can be satisifed using the available supply at the equilibrium clearing price. In order to answer this question it is necessary to solve a multiple knapsack problem. 4. Take all bids Bi whose offer price is greater than or equal to p . There are M bids sorted in some non-increasing order, for i = 0; : : : ; M . Each bid has a weight qBi . 5. Take all asks Aj whose offer price is less than or equal to p . There are non-decreasing order, for j = 0; : : : ; N . Each ask has a weight qAi .



N



asks, sorted in



6. Find an assignment of bids in Bi to asks in Aj such that the total assigned weight of the bids in Bi is maximized. For each ask j in Aj , we need to select a subset Sj of the bids in Bi such that: (a) all the sets Sj are disjoint;



(b) the total weight of bids assigned to an ask does not exceed the weight of ask Aj ; (c) the total weight of bids assigned is maximized. This assignment is found by formulating the problem as a multiple knapsack problem. An integer programming formulation is given as:
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where the 0-1 variable x ij indicates whether a bid Bi is assigned to the ask Aj . The 0-1 variable indiciates whether a bid Bi is assigned to an ask Aj . Note that in this formulation the value and the weight of the items are identical. 5.2 Bin packing problem formulation The next allocation problem we present identifies the amount of demand available at the equilibrium clearing price of the auction, assuming the demand is divisible. It then solves an optimization problem whose goal is to match all this demand to the available supply. To do this, we formulate the matching problem as a bin packing problem. In the bin packing problem we are given n items, each with a weight which is a positive integer. We are also given a number of bins of some fixed capacity. We wish to find the minimum number of bins that the items can be packed into such that the total weight of items assigned to each bin does not exceed its capacity. The procedure to clear the auction using this formulation is the following: 11
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1. Identify the equilibrium clearing price p based on the cross-over of supply and demand, assuming demand is divisible. 2. Identify the available demand at this equlibrium clearing price. 3. Determine how much supply is required to satisfy the demand at the equilibrium price. In order to answer this question it is necessary to solve a bin packing problem. 4. We formulate the matching problem as a bin packing problem. 5. Take all bids Bi whose offer price is greater than or equal to p . There are M bids sorted in non-increasing order of weight, for i = 0; : : : ; M . Each bid has a weight qBi . 6. Take all asks Aj whose offer price is less than or equal to p . There are N asks, sorted in non-decreasing order of weight for j = 0; : : : ; N . Each ask has a weight qAi . 7. The binary variable zj ; j = 1; : : : ; N counts the number of asks required. The goal is to find an assignment of bids to asks such that the total quantity of supply used is minimized. For each ask j = 1; : : : ; N we select a subset Sj of bids in i = 1; : : : ; M to be assigned to the ask Aj such that:
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where the 0-1 variable x ij denotes whether a bid Bi is assigned to the ask Aj . The variable zj is 1 if the corresponding ask is used and zero otherwise. For instance, our example problem has an equilibrium price of $125/ton. At this price, there is a demand for 27 tons. The number of rolls of 5 tons required to satisify this demand is 7, i.e. we need 35 tons of supply out of which 7 tons are wasted. However, at this price only 30 tons are available. This might prompt us to examine the demand and supply at various prices to solve this problem. Once again the bin packing problem is NP-hard (Garey & Johnson, 1979). 5.3 Generalized assignment problem formulation The previous two formulations dealt with the case where the clearing price is assumed to be known. In this section we provide a formulation that does not assume an equilibrium price, but determines an allocation that maximizes the net revealed surplus. The net revealed surplus is defined as:
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That is, given the 0-1 decision variable xij whose value is 1 if bid Bi is matched to ask Aj and 0 otherwise, the net revealed surplus gives us the total profit from all the matches as a result in the difference in price between the bids and the asks. 12
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This differs fundamentally in that the equilibrium price is not determined a priori, rather the allocation problem is solved first so as to maximize the net revealed surplus. The equilibrium price would have to be derived from the allocation provided by this formulation. How to distribute the net surplus between the buyers and sellers is a question that has to be solved independently. Such a formulation leads to a generalized assignment problem which is also NP-hard (Garey & Johnson, 1979). The formulation can be written as follows:
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where the 0-1 variable x ij denotes whether a bid Bi is assigned to the ask Aj . The objective function used here does not account for loss due to waste in packing bids to asks. For instance, we could get a large assigned quantity, while the waste could also be large. In order to model the minimization of waste we will modify the above formulation slightly by adding another term to the objective function which subtracts the surplus lost by the seller due to the waste quantity. The waste in seller surplus on any ask is represented by
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The variable zj is 1 if an ask is used, and 0 otherwise. We can subtract this from the net revealed surplus in the objective function (noting that zj xij = xij ) to get a new objective function as follows:
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This new objective essentially accounts for the fact that even if a portion of an ask is allocated, the entire ask is used and the unallocated part is wasted. Such an objective provides a mechanism of absorbing this waste in the market clearing decision. Figure 6 illustrates an allocation which maximizes net surplus while explicitly accounting for waste. In this allocation, we match 25 tons of supply and demand, with 0 tons of waste. We achieve a net surplus of 485. 5.4 Indivisible demand with assignment constraints When we have assignment constraints as well as indivisible demand, the matching problem remains NP-hard8. That is, we have to solve the multiple knapsack problem (or bin packing or 8 The



decision version of the problem, with or without assignment constraints, is NP-complete.
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Figure 6: An allocation which maximizes the net revealed surplus and minimizes waste by formulating and solving the matching problem as a generalized assignment problem. This allocation takes into account the assignment and indivisibility constraints.



generalized assignment problem) with assignment constraints, instead of the pure multiple knapsack problem which assumes no assignment constraints. Although adding assignment constraints does not change the computational complexity of the matching problem, there is some empirical evidence that their presence does make such problems harder to solve, especially as the bipartite match graph becomes sparse (Salman, Kalagnanam, Murthy, & Davenport, 2000).



6. Discussion We have presented in this paper two generalizations of the continuous call double auction, where we may have: (a) assignment constraints on which bids can be matched to which asks; and (b) demand which is indivisible. We have shown that market clearing with assignment constraints can be performed in polynomial time using network flow algorithms. However, clearing markets with indivisible demand requires solving optimization problems which are NP-hard. This complexity arises due to indivisibility, and is in stark contrast to the more conventional market clearing with divisible demand and supply. We have identified the class of allocation problems that lie at the heart of market clearing. These have been studied extensively in the context of operations research. Using the formulations, we have computed the optimal allocation and net surplus for different scenarios of our paper auction example introduced in Section 2. These results are summarized in Table 3. As might be expected, the net surplus allocated decreases with each additional constraint, and the allocation changes dramatically, as illustrated in Figures 2, 5 and 6. The conventional approach of clearing markets involves identifying an equilibrium price by identifying the crossover between aggregate demand and supply. For indivisible demand and supply such an approach leads to a fundamental difficultly: typically for a demand D  a supply of 14
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Auction type divisible demand, no assignment constraints divisible demand, assignment constraints indivisible demand, assignment constraints



Matching process Simple allocation Minimum cost circulation problem Generalized assignment problem: net surplus and waste



Quantity of supply matched to demand 30 tons



Waste 0 tons



Net surplus $1000



37 tons



3 tons



$755



25 tons



0 tons



$485



Table 3: A summary of the results of different allocation algorithms for different types of supply and demand.



 D , where  > 1 is required. This waste of (



1) D



arises due to the indivisibility of demand and supply and the result is a loss of net revealed surplus for the seller of (1 ) D  P  . A policy for reallocation of this waste between buyers and sellers without perturbing the equilibrium price requires further research. An alternative to the conventional market clearing approach was presented where the optimal assignment of demand to supply that maximizes net revealed surplus was presented. However, this approach does not provide a single clearing price p and hence the distribution of the net surplus between buyers and seller still remains unresolved. Designing efficient policies for distributing the surplus requires further research.
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