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Concentration of maps and group actions



Kei Funano (Kumamoto University)



1. Introduction 







Definition (Mitchell, Granirer, mid-60’s). A top. gp. G is exteremely amenable def.



⇐⇒ ∀K : cpt. haus. sp. ∀G y K : conti. 



∃x ∈ K s.t. Gx = x.



·[Mitchell ’70] : The existence of such top. gps. ? ·[Herer-Christensen, ’75] : Construction of such top. gps. in terms of pathological measures.















Theorem (Gromov-Milman, ’83). L´ evy groups are extremely amenable. 







Remark. · (Gromov-Milman) Unif. equiconti. actions · (Glasner, ’98) Conti. actions Examples of L´ evy groups Isom(Lp(0, 1))0 (p ≥ 1), Aut((0, 1), dx),



···



Idea of Gromov-Milman Concentration of measure ⇒ G ∋ g 7→ gx ∈ K : concentration of orbit maps This talk We consider actions of L´ evy groups on a large class of metric sps. from the viewpoint of concentration of maps.



2. Concentration of 1-Lipschitz maps X = (X, dX , µX ) : an mm-space (metric measure space) def



⇐⇒ (X, dX ) : a cplt. sep. met. sp., µX : a Borel prob. meas. on X Example. (compact metric groups) G : a metrizable cpt. top. gp.



dG : a compatible dist. fct. µG : the Haar prob. meas. on G











Definition



(Concentration of 1-Lipschitz maps



(L´ evy-Milman)). {Xn}∞ n=1 : mm-sps., Y : a met. sp. Lip1



Diam(Xn −→ Y ) → 0 ⇐⇒ ∀{fn : Xn → Y }∞ n=1 :1-Lip. maps def



∃{mfn ∈ Y }∞ n=1 : points



s.t.



µXn (dY (fn, mfn ) ≥ ε) → 0 



as n → ∞ for ∀ε > 0







Example 1 (Gromov-Milman, ’83). Lip



Diam(SO(n) −→1 R) → 0 (using the L´ evy-Gromov isoperimetric ineq. and Ric SO(n) ≥ (n − 2)/8). Example 2 (B. Maurey, ’79). Sn : the n-th. symmetric gp., 1 #{i ∈ {1, 2, · · · , n}|σ(i) ̸= τ (i)} dSn (σ, τ ) := n



⇒



Lip



Diam(Sn −→1 R) → 0.











Definition (Gromov-Milman, ’83). A top. gp. G is a L´ evy group def.



⇐⇒ ∃ d : a compatible right-invariant dist. fct. on G ∃ G1 ⊆ G2 ⊆ · · · ⊆ G : cpt. subgroups s.t. ·



∪∞



n=1 Gn



⊆ G : dense Lip1







· Diam((Gn, d , µGn ) −→ R) → 0







Example 1. Isom(Lp(0, 1))0 :={T : Lp(0, 1) → Lp(0, 1) : bij. | ∥T (f )∥Lp = ∥f ∥Lp for ∀f ∈ Lp(0, 1)} with the strong op. top. is a L´ evy gp. for ∀p ≥ 1. (p = 2) : Gromov-Milman, ’83. ∪



( SO(n) ⊆ U (ℓ2)) (p ̸= 2) : Giordano-Pestov, ’07.



Example 2. Aut((0, 1), dx) :={ϕ : (0, 1) → (0, 1)| bij. and meas.-preserving} equipped with the weak top. is a L´ evy gp. (GiordanoPestov, ’02). ∪



Sn ⊆ Aut((0, 1), dx) : dense



σ ∈ Sn 0



0



1



1



We consider an action on a met. sp. X having the following property (⋆) : Lip1



(⋆) : Diam(Xn −→ X) → 0 for ∀



{Xn}∞ n=1



Lip1



: Diam(Xn −→ R) → 0.











Proposition 1. G : a L´ evy gp., X : (⋆), G y X : bounded, by uniform isomorphisms ⇒ ∀ε > 0 ∀G′ ⊆ G : cpt. subgps. 



∃x ∈ X s.t. Diam(G′x) ≤ ε.







G y X : bounded def.



⇐⇒ ∀ε > 0 ∃U ⊆ G : a nbd. of eG s.t. dX (gx, x) ≤ ε for ∀x ∈ X & ∀g ∈ U . G y X : by uniform isomorphisms def.



⇐⇒ ∀g ∈ G : X ∋ x 7→ gx ∈ X : unif. conti.











Proposition 2. There are no non-trivial bounded uniformly equiconti. actions of L´ evy gps. on met. sps. having the property (⋆). 



G y X : uniformly equicontinuous def.



⇐⇒ {X ∋ x 7→ gx ∈ X}g∈G : unif. equiconti.







Outline of the proof of Proposition 2. ∪



Lip1



Gn ⊆ G : dense, Diam((Gn, d , µGn ) −→ R) → 0



x ∈ X : fixed bdd.



⇒ fx : G ∋ g 7→ gx ∈ X : unif. conti. Lip



⇒ Diam((X, dX , (fx)∗(µGn )) −→1 R) → 0 (⋆)



⇒



Lip



Diam((X, dX , (fx)∗(µGn )) −→1 X) → 0



⇒ ∃xn ∈ Gnx ∃εn > 0 : εn → 0 s.t. (fx)∗(µGn )(BX (xn, εn)) → 0



⇒ Diam(Gnx) → 0 and G1x ⊆ G2x ⊆ · · · ⇒ Gnx = x for ∀n ∈ N



3. Examples of met. sps. having the property (⋆)  Theorem . The following met.



sp.







1-5 have the



property (⋆). 1. Hadamard mfds. (cplt. simply connected Riem. mfds. of nonpositive curv.) 2. R-trees (cf. Gromov) 3. Doubling sps. 4. Metric graphs 5. (Bℓ∞ p , dℓq ), 1 ≤ p < q ≤ ∞ ∑ ∞ ∞ ∞ (Bℓp := {(xi)i=1 ∈ R | |xi|p ≤ 1})











A cplt. met. sp. X is a doubling sp. def.



⇐⇒ ∃R > 0 ∃DX : (0, R) → (0, +∞) s.t. any closed balls of radius 2r(r < R) can be covered by at most DX (r)-closed balls of radius r. · Examples of doubling sps. 1. Cpt. met. sps. 2. Cplt. Riem. mfds. of Ricci curv. ≥ K (e.g., Rm, Hm, · · · )



Remark. 1. The case of doubling sps. generalizes the fixed pt. thm. by Gromov-Milman. 2. (Bℓ∞ 2 , dℓ2 ) does not have the property (⋆).



3. (S∞ , q ) for q > 2 has the property (⋆). ℓ2 dℓ



∪ SO(∞) := ∞ evy gp. n=1 SO(n) with ∥ · ∥HS is a L´



The standard action SO(∞) y (S∞ , q ) is bounded ℓ2 dℓ and by unif. isomorphisms. This action does not have any fixed pts., even though it has approximate fixed pts.



Outline of the proof for doubling sps. We use the following well-known lemma. 







Lemma. Lip



Diam(Xn −→1 R) → 0 ⇔ ∀κ > 0 ∀An, Bn ⊆ Xn : µXn (An), µXn (Bn) ≥ κ, 



dXn (An, Bn) → 0 (n → ∞).







Proof of (⇒) of lem. fn = dXn (·, An) Xn An



Bn



R



Y : a doubling sp., {fn : Xn → Y }∞ n=1 : 1-Lip. maps 1. For ε > 0 we can find an ε-net {ξα} = J1 ∪J2 ∪· · ·∪Jk in Y s.t. each Ji is 5ε-separated. 2. Using the previous lem., we prove that ∪



(fn)∗µXn ( ξ∈Jin BY (ξin , ε)) ≥ 1/k for some in ∪



⇒ (fn)∗µXn ( ξ∈Jin BY (ξin , 2ε)) → 1 (n → ∞). 3. Again, using the previous lem., we prove that ∃ξn ∈ Jin s.t. (fn)∗µXn (BY (ξn, 2ε)) ≥ 1/4. 4. As in 2., (fn)∗µXn (BY (ξn, 3ε)) → 1 (n → ∞).
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