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Abstract



We show that N = 2 and N = 4 extended supersymmetric Yang-Mills theories in four space-time dimensions could be derived as action functionals for non-commutative spaces. The coupling of N = 1 and N = 2 super Yang-Mills to N = 1 and N = 2 matter could be derived as action functionals of non-commutative spaces only for a restricted class of models where a general superpotential is not allowed.



The non-commutative geometric construction of A. Connes [ 1-5] has been successful in giving a geometrical interpretation of the standard model as well as some grand unification models. Our lack of ability to quantize the non-commutative actions forced on us to quantize the classical actions resulting from the non-commutative ones by adopting the usual rules. The symmetries that might be present in a non-commutative action are then lost since they are not respected by the quantization scheme. On the other hand, theories with space-time supersymmetry has many desirable properties which are well known [6]. It is then tempting to construct non-commutative actions whose classical part has space-time supersymmetry. Since all the particle physics models constructed using non-commutative geometric methods correspond to non-commutative spaces of a fourdimensional manifold times a discrete set of points, it is natural to think of extending this to a supermanifold times a discrete set of points. However, it proved that there are many mathematical issues that must be settled before this approach could become acceptable. An alternative way is to consider supersymmetric theories in their component form. As supersymmetry transformations relate the fermionic fields to the bosonic fields and vice versa, it is possible to start with a fermionic action to recover the bosonic one. The simplest example is provided by the N = 1 super Yang-Mills theory in four dimensions. The action is given by [7]:



I = f d 4x ( - ~ 1F ~a, F /zua + ½Aay#DtzAa), --



(1)



where Aa is a Majorana spinor in the adjoint representation of a gauge group G, F ~ is the field strength of the gauge field A~ and D• is a gauge covariant derivative. The action (1) is invariant under the supersymmetry transformations 0370-2693/94/$07.00 (~) 1994 Elsevier Science B.V. All rights reserved SSDI 0370-2693 (94) 00705-C
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6aa = - ~1y



tzv ~a



t~e,



(2)



6aa~ = gyu a a,



(3)



It is possible to derive the supersymmetric action (1) using the Noether's method by starting with the free fermionic part of (1) and the supersymmetry transformations (2) and (3). To reformulate the action ( 1) using the methods of non-commutative geometry [ 1 ], we first define the triple (.4, h, D) where h is the Hilbert space L2(M, r, v~dax) ® C" of spinors on a four-dimensional spin manifold M, .4 is the involutive algebra .4 = C°°(M) ® Mn(C) of n × n matrix valued functions, and D the Dirac operator D = ~ ® 1, on h. The free part of the fermionic action is written as



½(a,[¢,a]), where ( , ) denotes the scalar product on L2(S,r,x/~dax) given by



(01,02)



=fx/~daxr(~l(X),O2(x)),



(4)



M where ~- is a normalized trace on .,4, and (,) denotes the hermitian structure on the left module £ which in this paper will be taken to be equal to .4. Let p be a self-adjoint element in the space I11(.4) of one-forms:



p=Zaidb i



(dl =0),



(5)



i



where 11 (-4) = ®~" (.4) is the universal algebra of differential forms. An involutive representation of 11. (.4) is provided by the map zr : 1)(.4) ~ B(h) defined by



~(aodal ...dan) = ao[ D,at] [ D, a2] ... [ D, an],



(6)



where B (h) is the algebra of bounded operators on h. Then 7r(p) = ~ a [ D, b] is equal to yu A~ where A~, = aO#b. Since p is self-adjoint and y~' is antihermitian, then A~, = -A~,. The curvature of p is 0 = d p + pZ where 0 C 11z(-4). A simple calculation shows that



Ir(dp) = yuvO~,Av + Z OtZaO~b,



(7)



If ~ ( p ) ~ Ker(~-), then



~(dp) = Z



O~*aO~*b=- ~



aO~O~b'



(8)



is an independent scalar function. The choice of ~"(dp) in 0r(l~ 2 (.4)) \ ~-(dKer~r\w (.4)) is uniquely determined to be orthogonal to all auxiliary fields, with respect to the inner product on 112(-4). From this we deduce that, modulo the auxiliary field (i.e. the kernel of ~r(dp) ), ~(0) = yU~Fu~. The Yang-Mills action is



lWrw(O2O-4 ) = I / v~d4xTr(,t.g(O)2)= f v:gd4 xTr( - ¼F/~.F"~ ) ,



(9)



where Trw is the Dixmier trace [ l ]. The interacting fermionic action is



~(A,[D+p,A])=½ '



f



x/~d4xTr(Ay"[Olz+Atz, A]).



-



(10)
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After analytically continuing from Euclidean to Minkowski space by the change x4 ~ it, the action given by the sum of (9) and (10) changes by IE --~ --IM. The supersymmetry transformation for A takes the simple form ~A = - T r ( 0 ) e ,



(11)



while for p it is given by



6or(p) = -gEoA(Ea),



(12)



where Ea is a local orthonormal basis of Xqlo(.A) -= fll (Jr) \ (KerTr+dKerzr). In our case the basis is E a = ya. Since we still do not know how to construct in the non-commutative framework the most general supersymmetric action, we shall only address the problem of finding supersymmetric theories which also correspond to non-commutative spaces, in the same sense that the standard model has such an interpretation. In reality we will show that not all supersymmetric theories do correspond to non-commutative spaces. We next consider the N = 2 super Yang-Mills action [8]. It is given by



1 = f d4xk.{_!tzalz,~va 4" l , v -q- 1DtzSaD~Sa -k- 1D~paDupa -k- -xaT/~Dtzx a - ifabc~a(s b - i y 5 p b ) x c ' (fabcsbpc)2)



(13)



2



where Sa and pa are a scalar and pseudoscalar fields, and X" is a Dirac spinor, all in the adjoint representation of the gauge group. The action (13) is invariant under the transformations: --



~Aau = ey~,X a _



- -



- -



xaytze,



~



a



~pa = xayse _ TsX ,



t~/Y a = \{- - ~ 1Y izv "i~a tzv -- Y 5 f a b c P b g c d-



SSa = i(-x -~e - -exa),



iyU( DuS ~ - iysDupa) )e.



(14)



From our experience with the non-commutative construction of the standard model, and since in the action (13) a complex scalar field is unified with a gauge field, an obvious guess is to take the non-commutative space to be M4 × ( t w o points), with the algebra ,,4 = CC~(M4) ® m n ( C ) 0 c ~ ( m 4 )



® mn(C),



(15)



and the Dirac operator D=(



~®1,



-iy5 ® dz~



iy5®¢o) • ® 1.



(16)



'



acting on the Hilbert space of spinors of the form A=



Lx) RX



(17) '



where L = ½( 1 + Ys) and R = ½( 1 - Ys), and X is a Dirac spinor. Elements of ,A are taken to be operators of the form (~) 0) where a is a smooth function on Ma with values in M , ( C ) . The parameters ¢0 appearing in Eq. (16) are taken to be arbitrary except for the constraint



(18)



[ ¢0, ¢; ] = o. A self-adjoint element p in the space 1~l (.A) has the representation



f y'A u 7r(p) = \ _ i y 5 ¢ .



iy5¢ ) Yuau '



(19)
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where A . = ~ aO.b, 4) + 050 = ~ a05ob and 05* + 05; = ~ a05~b. We have assumed, without any loss in generality, that ~ ab = 1. The fermionic action in (13) can now be simply written as l ( a , [D + 7r(P), A]) = 7J /



v~d4xTr(A[D + cr(p), a])



(20)



We must now prove that the curvature square of p constructed with the Dirac operator (16) yields the correct bosonic part of the action (13). First we compute ~'(dp) = ~ [ D , a ] [D,b] which can be represented as a 2 × 2 matrix whose elements are



( y~O~A~ + X ¢r(dp) = _ -iyUys(3~05 * + JAzz, 05~]



iyuy5(O~05 + [A~,050] ) yu~O~tA~+ X I '



(21)



/



where



X =~



OUaOub + 05005* + 0505; - ~



X' = ~



OUaO~b + 05;05 + 05*05o- ~-~ a[05;05o, b].



a[05o05o*, bl, (22)



If p C Ker~" then ~'(dp) will be given



~(dp) I~(p)---o= Z(O~ac)u b - a[05o05;, b]) ® 12,



(22)



where we have used the constraint Eq. (18). This does not constitute any loss of generality since 050 will decouple from the final action. The curvature 0 = dp + p2, after moding out by the kernel of ~-(dp), is: 1 _ p.v



77"(0)11 = 5 7



7:,



F/.tv"}- ½[(05"÷050),(05" -1-05;)1,



7r(0) 12 = iyuy5 (0.(05 + 050) + [A~, (05 + 050) 1), * ~(o)12 =-i~,%,5(o,~(05* +05;) + [ A .,(05 * + 050)1), ~(0)22



I _ /~v



= ~×



r:,



r..



-



½[(05 + 050),(05" +05;].



(23)



Notice that the potential terms in 7r(0)lt and ~'(0)22 have opposite signs as the diagonal part of 7r(0) has been moded out. By redefining 05 + 05o ~ 05 one sees that 05o drops completely from Eq. (23). The bosonic part of the non-commutative action is then given by



¼Trw(O2D-4) =



/



1



x/~d4xTr(_¼F..F.. _ I D~z05D.05 + g([05,05. ])2).



(24)



Continuing from Euclidean to Minkowski space and inserting 05 = S - iP, we exactly recover the bosonic part of the supersymmetric action ( 13). The supersymmetry transformations are now very simple: ~ a = --7'/'(0)6,



~77"(p) = ('~ei~t -- -~Eie)ei,



(25)



where Ei is a local orthonormal basis of 1~1 (A), and e has the same representation as A in Eq. (17). In this case the basis can be taken to be



Eo = Ya ® 12,



E5 = iT5 ® Tl,



E6 =



iy5 ® ~'2,



(26)



where ~'l and ~'2 are Pauli matrices. It is easy to see that the transformations in ( 1 4 ) agree completely with those in ( 2 5 ) by substituting X = LX + RX and similarly for E. The dimension of the module in this example is six, since this is the number of independent elements in the basis.
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Another non-trivial example is provided by the N = 4 super Yang-Mills action [9]. This is given by I = f



x/~d 4 x ( - x F1~ Fa



ktua



----r• - "~J" t ,,abc~,ia__ b t abc~,ia + ll_} 2 ~ I z wt.ha.l.}iz~ija t ) ~ .r q-.)(ta~/'uO.uLx to ,.Y cPij,Lx jc q- ~f X d ijb e Xjc



__ "4 l ( J¢'abc.l,b ..Lc )(facle¢ija' q~kle ))' Wij'ekl



(27)



where /~i = C"-~ T is the conjugate spinor, i = 1,. •., 4, X i transforms as a 4 and )t/i transforms as a 4 of SU(4). The scalars dPij are self-dual, d?ij = ½eijkt& kt, transforming as a 6 of SU(4). The action (27) is invariant under the supersymmetry transformations 8A ua = giyuLx,a _ --axiYu Le



S&~ = i(gjR](~ - ~iRf(~ + eijkl-Ekt)(la),



. u~'-]-~i e + iyUD~zqbiJaRgj + ± ~ ( L x i a ) = _ ~Iy #vFa 2 Jcabc,.Aikb Y" ,Ac "t"kJ~l,:J , --~ iyUD~O~iLe j _~. 71 J,cabc~)bik d)kjc Rgj. ~ ( R f ( ~ ' ) = - ~ y 1 ~zv~a r]i~t~ei-



(28)



In order to rewrite the free fermionic interactions of (27) in the form ½~[D,/l] for a generalized Dirac operator D we define



\ and we take the algebra ,,4 to be ..4 = C ~ ( M 4 ) ® M , ( C ) . D=(



~®14 -iv5 ® ¢~



/y5 ® &0(/) ¢ ® 14



The Dirac operator is (29)



'



where we have taken ¢o0 to be self-dual constant matrices. The Hilbert space is L 2 ® ~tS=l M I ( c ) , involutive representation 7r(a) is given by 7r(a) = (Tro(a) • 7to(a) ® 7r0(a) @ ¢r0(a)) ® (~o(a) ® ~o(a) @ ~o(a) • ~o(a)),



and the



(30)



so that a E ,,4 has the representation (31)



a --~ diag(a,a,a,a,-d,-d,-d,-d),



where ~ denotes the complex conjugate of a. A one-form p = ~ adb in 121 (,,4) has the representation { yUA~ ® 14 ~r(p) = \ - i y 5 ® ~)ij



(32)



iy.s ® qb0 ) yua--u @ 14 _ '



where &ij + ¢oij = ~ a¢oi/b is self dual, and &ij + ¢~ = ~ - d ¢ ~ b . In analogy with the previous case, and after moding out by the kernel of 7r(dp) which is diagonal, one finds that the curvature matrix has the components



®



+ ½[(¢ + ¢o), (¢ + ¢o)1¢,



7"r(0) 12 = i y ' y s ( 0 . ( ¢ + ¢o)ij + [A., ( ¢ + ¢o) ]ij), ~'(0)21 = - i y u Y 5 (0u(¢ + q~O)ij "~- [ Au, ( ¢ + ~)o)iJ), ~r(0)22



= !,~,#~/7



2-



" ~ " ® 6 i -J½ [ ( ¢ + ¢ ° ) ' ( ¢ + ¢ o



)]j"



(33)



After redefining ¢ -t- ¢0 ~ & the bosonic action becomes: ~u~, - - lr~ th..l)l.t,,.AiJ l b = ITr(0eD-4 ) = [ x/~d4xTr(_L~7 4"/z'u2~u'~,1~ v- + ~ ( [ ¢ , & ] [ ¢ , ¢--] )ii)J



(34)
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Analytically continuing to Minkowski space and using the identity Tr( [05, qS] [~b, ~b] ) = Tr( [~b, ~b] [qS, &] ), valid for a self-dual field ~b, we find that the action (34) agrees completely with the bosonic part of (27). The fermionic action is expressed, as before, in the form !(~,2 [D + ~ ( p ) , A]) ,



(35)



and this reproduces the fermionic part of (27). The supersymmetry transformations are also simplified to the form 8A = - T r ( O ) e ,



(36)



t ~ r ( p ) = (gEAA)EA,



where e has the same representation as A and EA is an orthonormal basis of I ~ I ( . A ) . In this case it is given by Ea = Ya ® 1s,



Eij = iT5 @



(



)



0 Pij



p,l 0



(37)



'



1 where (piJ)kt = 8i~8Jl -- 8j8.~ and (Pij)kl = ei.ikl = ~eijmn(pm")kl. The dimension of the module is ten. It is a well known fact that N = 2 and N = 4 super Yang-Mills theory in four dimensions can be obtained by dimensional reduction of N = 1 super Yang-Mills theory in six and ten dimensions respectively [9]. For these higher dimensional theories, the fermionic action is of the form -~[FMDM, A] where F M are Dirac matrices in the respective dimension. It is remarkable that one can interpret the four dimensional theories as corresponding to non-commutative spaces, and where the non-commutative construction yields the same answers as the known higher dimensional theories. It is important to determine which of the N = 1 supersymmetric theories correspond to actions of noncommutative spaces. A general globally N = 1 super Yang-Mills theory coupled to N = 1 supersymmetric matter is [7,6]"



1=



/



d 4 X V / - d ( - ~1F ~aF /x~,a - ½-xay~D~A a + D ~ z i * D l Z z i -



- - (21z i



*



(-~i~P.Op.,¥i



--



2ixiLAa(Taz)iq-b.c.)



( r a z) i +~" ) 2) ,



(38)



where • a



a j



j



"



'



• a



a j



j



DIxZ i = cg~zZi + t A g ( T )iZ , D g X ' = OgX' + tA~z(T ) i X , [ T a, T b ] = t•y~bc-.c t , T r ( T a T b) = rR8 ab



_.cabcab~c tlltA



D ~ Aa = 31z A a - - g J



,



(39)



and T a are the generators of the gauge group G with structure constants fabc and sca are constants associated with the abelian generators of G. The chiral multiplet (z i, X [ ) is in some representation, usually reducible, of the gauge group. This action is invariant under the supersymmetry transformations: 6Aa~ = ~y~A °,



8A a



=



__



1 / ~ ~y r ~ e + t• ( z * T a z + ~:a)ys~,



6 / g ~ = ( T g e R ) O ~ z i.



6Z i = 2-gXiL,



(40)



In addition to the action (38), it is possible to add terms depending only on a holomorphic function of z', the superpotential g. These are 1



--c



-'~(g,ijXiX"



j



+ h . c . ) -tg,it 2.



(41)



The difficulty of generating these terms in the non-commutative construction is that in order to reproduce the fermionic term in (41) one must introduce the term g,q in the Dirac operator. The bosonic part will then
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contain terms of the form ]Dug,ij[ 2 = {Duzkg,ijk{ 2 and {g,ijg*,Jkl2 which in general do not coincide with the bosonic part of (38). We deduce that the terms in an N = 1 supersymmetric theory proportional to a general superpotential do not correspond to a non-commutative action. It would be very interesting to find out which special forms of the superpotential do correspond to a non-commutative construction. To find out whether it is possible to derive the action (38) from non-commutative geometry we first define a matrix representation for the spinors Aa and xi:



q~=



a~i



xT j .



\ )(iT



(42)



o/



where Xi = C-~ r is the right-handed Weyl spinor conjugate to the left handed X i, and a~ = CA--Tir, A} = iaa(Ta)} • The reason we have to take such a complicated representation for the spinors is due to the fact that we are working with chiral multiplets which distinguishes between left-handed and right-handed spinors. The action of the Dirac operator on the Hilbert space of these spinors is



D = | rsZoi O0



r,z



o



¢~



0



0



-r5 ziT o



o ) 0 , z. r



,



(43)



¢



and where the algebra is .A = C ° ° ( M 4 ) ® (Mn(C) 0 C). The representation mr(a) is given by mr(a) = diag(a, a', ~, # ) where a is an n x n matrix and a' is a function and the overline denotes complex conjugation. A one-form p has the representation



( A~( ¢r( p ) =



y5Z i



0



0



Y5 zi* 0



B 0



0 A--{



0 Y5 zi*r



0



0



ysz 'T



'



(44)



where Z / = S ( a f ~ b ) j, B = E a'¢b', zi + z~ = Y~(azo)ib '. We shall impose the restrictions



A~ = iAa(T") j',



B = 0,



(45)



which reduces the gauge group from U ( N ) x U( 1 ) to G. Next we calculate rr(dp), and this can be found in complete analogy with eq (21 ) :



zr(dp)lj = Ta'Ou(A,) ~ + zj* iZo@ ZojZ* i + Z O U a O u b , ~.(dp)22=yg~O~B~ + Z A i i • 7r(dp) 12 = 3/~?/5 (Ouz i + ( u ) j z 0 ) , w(dp)21 = 7r(dp) 12,



OUa,Oub,, (46)



and similarly for mr(dp)p,q where p, q = 3, 4 with the main difference that z and z* are exchanged. The other components of w ( d p ) vanish. For p E Kermr, w ( d p ) is of the form -----:T



7r(dp) = diag(X~, YX[ ).



(47)



Since we have restricted the gauge field (Au)} to the form (45) one would expect that a similar constraint must be imposed on X{. However, it turns out that the only constraint that would result in the correct bosonic part is



T r ( T " X ) = O.



(47)
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After moding out by the kernel of 7r(dp) and redefining z + z0 --~ z, we find that 7r(0) is: ~ ,"



YIX3/5D~z i



0



Y ix 75Duzj •



~" I z p / j 4- Vi



0



0



0



0



0



1_ ixuz r:,.* x j ~7/ t r i x u l i 4-U ifI"



~,/ixy5Dixzi *T



0



0



yixysDixz 'r



0



"ll'(O) =



0



(48)



where UJi -~ (z



z zd*) ±,



z; -



( z i z ; ) j- = l ( T a ) j ( z * T a z ) .



(49)



"gR



The choice of z0 must be such that *



(/



-- ~¢1



(Zo T zo) =



(for abelian generators)



=0



(50)



(otherwise).



The bosonic part of the non-commutative action becomes: IWrw(O2D-4)



f



=/v/~d4xl



/



\



1



r,a E,IX.a +



*D ~



zi +



I



. (7"a z) i +



),



(51)



while the fermionic action is now simply given by 1 ( * , [D + r r ( p ) , ~ ] ) .



(52)



After the rescaling the full action by I ---* 17"RI ~ and the fields z i and ) ( i by z i - - ' + x / ~ z i and X i - " 4 ' x / ~ X i, one finds out that the non-commutative action functional which is the sum of (51) and (52), completely coincides with (38). The supersymmetry transformations, again take a very simple form 6q t =



--~r(O)e,



where



0)



6-rr(p)



=



(53)



('~EAqt)Ea,



ER



(54)



The EA in (53) is an orthonormal basis of f ~ ( . A ) , which is now given by Ea = ya ®



,



Ei = iys ®



eT



,



(55)



and ei is an orthonormal frame in C n satisfying (ei, e j ) = S~.



It is possible to repeat this exercise for the coupling of the N = 2 theory, and one finds again that only in some cases a non-commutative description is possible. We shall not report on this here, but leave it for a future publication where a detailed account will be given. To conclude, we have discovered that extended globally supersymmetric theories as well as N = 1 supersymmetric theories without superpotentials could be derived from the non-commutative construction. This could be taken as a reinterpretation of the geometry of supersymmetric theories in the same sense as the standard model. We have not dealt yet with the question of whether theories where supersymmetry is spontaneously broken could be also derived from a non-commutative action functional. We can immediately say that only very special
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models may have this property since we are not allowed to use an arbitrary superpotential. Another interesting problem is to study whether theories with local supersymmetry (i.e. including supergravity) could be linked to non-commutative spaces. All these problems are now under study. I would like to thank Jtirg Fr6hlich for stimulating discussions, and Daniel Kastler for his continuing support and interest.
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