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Consistency of trace norm minimization Francis Bach Willow project, INRIA - Ecole Normale Sup´erieure, Paris



Journal of Machine Learning Research, 2008, to appear



Trace norm minimization - Summary • Consider learning linear predictor on rectangular matrices M ∈ Rp×q • loading matrix W ∈ Rp×q , and prediction tr W ⊤M • Assumption of low rank loading matrix: – Matrix completion (Srebro et al., 2004) – collaborative filtering (Srebro et al., 2004, Abernethy et al., 2006) – Multi-task learning (Argyriou et al., 2006, Obozinsky et al., 2007) • Equivalent of the ℓ1 norm : trace norm = sums of singular values • Do we actually get low-rank solutions? – Necessary and sufficient consistency conditions – Extension of the Lasso / group Lasso results.



Trace norm - optimization problem • n observations (Mi, zi), i = 1, . . . , n, where zi ∈ R and Mi ∈ Rp×q • Optimization problem on W ∈ Rp×q : n X 1 min (zi − tr W ⊤Mi)2 + λnkW k∗ W ∈Rp×q 2n i=1



• kW k∗ = trace norm of W . – sums of the singular values – convex envelope of the rank (Fazel et al., 2001) – solutions W ∈ Rp×q are rank-deficient



Optimization algorithms • Convex non smooth optimization problem n X 1 (zi − tr W ⊤Mi)2 + λnkW k∗ min W ∈Rp×q 2n i=1



• Can be cast a semidefinite programming problem (Fazel et al., 2001; Srebro et al., 2005) • Solution expected to have low rank – Can be optimized efficiently on the space of low-rank matrices (Abernethy et al., 2006; Lu et al., 2008) • Optimization based on smoothing the trace norm using spectral functions



Special cases • Lasso: if xi ∈ Rm, define Mi = Diag(xi) ∈ Rm×m – Solution M is diagonal – Trace norm = ℓ1-norm of the diagonal – Extension of known results dj • Group Lasso: if x ∈ R for j = 1, . . . , m, i = 1, . . . , n, define ij Pm Mi ∈ R( j=1 dj )×m as the block diagonal matrix (with non square blocks) with diagonal blocks xji, j = 1, . . . , m



– Solution M is block-diagonal – Trace norm = block ℓ1-norm of the diagonal • NB: new results are extensions of results for Lasso (Yuan and Lin, 2007, Zhao and Yu, 2006, Zou, 2006) and the group Lasso (Bach, 2008)



Asymptotic analysis - Assumptions ˆ mm = • Notation: Σ



1 n



Pn



⊤ pq×pq vec(M ) vec(M ) ∈ R i i i=1



• (A1) Given Mi, i = 1, . . . , n, the n values zi are i.i.d. and there exists W ∈ Rp×q such that for all i, E(zi|M1, . . . , Mn) = tr W⊤Mi and var(zi|M1, . . . , Mn) is a strictly positive constant σ 2. W is not equal to zero and does not have full rank. • (A2) There exists an invertible matrix Σmm ∈ Rpq×pq such that ˆ mm − Σmmk2 = O(ζn2 ) where ζn tends to zero. EkΣ F −1/2



Pn



• (A3) The random variable n i=1 εi vec(Mi ) is converging in distribution to a normal distribution with mean zero and covariance matrix σ 2Σmm, with εi = zi − tr W⊤Mi



Sufficient conditions for assumptions • i.i.d. assumption – If the matrices Mi aresampled i.i.d., z and M have finite fourth order moments, and E vec(M ) vec(M )⊤ is invertible, then (A2) and (A3) are satisfied with ζn = n−1/2. • collaborative filtering – nx values x ˜1 , . . . , x ˜nx ∈ Rp sampled i.i.d – ny values y˜1, . . . , y˜ny ∈ Rq sampled i.i.d. – distributions with finite fourth order moments and invertible second order moment matrices Σxx and Σyy – random subset of size n of pairs (ik , jk ) in {1, . . . , nx}×{1, . . . , ny } sampled uniformly. Observation Mk = x ˜ik y˜j⊤k – (A2) and (A3) are satisfied with Σmm = Σyy ⊗ Σxx and ζn = −1/2 −1/2 n−1/2 + nx + ny .



Asymptotic analysis • Two types of consistency ˆ − Wk > ε) tends to zero as n tends to 1. regular consistency: P(kW infinity, for all ε > 0 ˆ ) 6= rank(W)) tends to zero as n 2. rank consistency: P(rank(W tends to infinity. • Note difference with the Lasso (no notion of “pattern”) • Consistency depends on the decay of the regularization parameter and consistency condition.



Summary of main results ˆ is not a) if λn does not tend to zero, then the trace norm estimate W consistent; b) if λn tends to zero faster than n−1/2, then the estimate is consistent and its error is Op(n−1/2) while it is not rank-consistent with probability tending to one c) if λn tends to zero exactly at rate n−1/2, then the estimator is consistent with error Op(n−1/2) but the probability of estimating the correct rank is converging to a limit in (0, 1) d) if λn tends to zero more slowly than n−1/2, then the estimate is consistent with error Op(λn) and its rank consistency depends on specific consistency conditions



λn tends to zero more slowly than n−1/2 • Notations – W = U Diag(s)V⊤ singular value decomposition, with U ∈ Rp×r, V ∈ Rq×r, and r ∈ (0, min{p, q}) denotes the rank of W – U⊥ ∈ Rp×(p−r) and V⊥ ∈ Rq×(q−r) any orthogonal complements of U and V – Λ ∈ R(p−r)×(q−r) defined as vec(Λ) = ⊤



(V⊥ ⊗ U⊥)



Σ−1 mm(V⊥



 −1 ⊤ −1 ⊗ U⊥ ) (V⊥ ⊗ U⊥) Σmm(V ⊗ U) vec(I)



• Necessary condition for consistency: kΛk2 6 1 • Sufficient condition for consistency: kΛk2 < 1



Adaptive version - I • Adaptive version to provide a consistent algorithm with no consistency conditions ˆ M z) ˆ LS ) = Σ ˆ −1 vec(Σ • Least-square estimate vec(W mm ˆ ˆ −1 vec( Σ – n1/2(Σ M z ) − vec(W)) is converging in distribution to a mm normal distribution with zero mean and covariance matrix σ 2Σ−1 mm ˆ LS = ULS Diag(sLS )V ⊤ • singular value decomposition of W LS • For γ ∈ (0, 1], define ⊤ ⊤ ∈ Rq×q , ∈ Rp×p and B = VLS Diag(sLS )−γ VLS A = ULS Diag(sLS )−γ ULS



two positive definite symmetric matrices



Adaptive version - II • Corresponds to the adaptive Lasso of Zou (2006). • Consistency theorem: If γ ∈ (0, 1], n1/2λn tends to 0 and ˆ A of λnn1/2+γ/2 tends to infinity, then any global minimizer W n X 1 (zi − tr W ⊤Mi)2 + λnkAW Bk∗ 2n i=1



ˆ A − W) is is consistent and rank consistent. Moreover, n1/2 vec(W converging in distribution to a normal distribution with mean zero and covariance matrix  −1 ⊤ σ (V ⊗ U) (V ⊗ U) Σmm(V ⊗ U) (V ⊗ U)⊤. 2



Simulations - consistent condition satisfied consistent − non adaptive
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Simulations - consistent condition not satisfied inconsistent − non adaptive
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Trace norm - optimization problem. â€¢ n observations (Mi,zi), i = 1,...,n, where zi âˆˆ R and Mi âˆˆ R pÃ—q. â€¢ Optimization problem on W âˆˆ R pÃ—q. : min. WâˆˆR pÃ—q. 1. 
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