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Partial actions of groups ‘∃x · g ’: ‘the action of g ∈ G on x ∈ X is defined’. Definition (KL 2004) A group G acts partially on a set X (on the right) if there is a partial mapping X × G → X , written (x, g ) 7→ x · g , and such that (1) ∃x · 1 and x · 1 = x, for all x ∈ X ; (2) ∃x · g and ∃(x · g ) · h ⇒ ∃x · gh, in which case, (x · g ) · h = x · gh; (3) ∃x · g ⇒ ∃(x · g ) · g −1 and (x · g ) · g −1 = x.
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Group premorphisms



Proposition (KL 2004) The partial action of a group G on a set X is equivalent to a group premorphism: a function θ : G → IX such that (1) 1θ = 1; (2) (g θ)(hθ) ≤ (gh)θ; (3) g −1 θ = (g θ)−1 , with ∃x · g ⇐⇒ x ∈ dom g θ,
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and x(g θ) = x · g .
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Globalisation of partial group actions Definition (KL 2004) Let G be a group and let θ : G → IX be a group premorphism. A globalisation of θ is a pair (ι, ϕ) consisting of: an injection ι : X → Y , for some Y ⊇ X , and a morphism ϕ : G → SY such that g θ = ι(g ϕ)ι−1 , for each g ∈ G. The partial action of G on X , as defined by θ, is said to be a restriction of the action of G on Y , as defined by ϕ. Christopher Hollings Constructing incomplete actions
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Partial actions of monoids



Definition (MS 2004) A monoid M acts partially on a set X (on the right) if there is a partial mapping X × M → X , given by (x, s) 7→ x · s, and such that (1) ∃x · 1 and x · 1 = x, for all x ∈ X ; (2) ∃x · s ⇒ [∃(x · s) · t ⇔ ∃x · st], in which case, x · st = (x · s) · t.
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Monoid premorphisms Proposition (H 2007) The partial action of a monoid M on a set X is equivalent to a monoid premorphism: a function θ : M → PT X such that (1) 1θ = 1; (2) (sθ)(tθ) = (sθ)+ (st)θ, where PT X is the partial transformation monoid on X and (sθ)+ = Idom sθ .
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Globalisation of partial monoid actions Definition (MS 2004) Let M be a monoid and let θ : M → PT X be a monoid premorphism. A globalisation of θ is a pair (ι, ϕ) consisting of: an injection ι : X → Y , for some Y ⊇ X , and a morphism ϕ : M → TY such that sθ = ι(sϕ)ι−1 , for each s ∈ M. The partial action of M on X , as defined by θ, is said to be a restriction of the action of M on Y , as defined by ϕ. Christopher Hollings Constructing incomplete actions



University of York, UK



Weakly left E -ample semigroups Definition Let S be a semigroup with subsemilattice E ⊆ E (S). We define the following (equivalence) relation on S: e E b ⇐⇒ ∀e ∈ E [ea = a ⇔ eb = b]. aR We call S weakly left E -ample if e E -related to a (necessarily unique) (1) every element a is R idempotent, denoted a+ ; e E is a left congruence; (2) R (3) ae = (ae)+ a, for all a ∈ S and all e ∈ E .
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Partial actions of weakly left E -ample semigroups



Definition (GH) A weakly left E -ample semigroup S acts partially on a set X (on the right) if there is a partial mapping X × S → X , given by (x, s) 7→ x · s, and such that (1) ∃x · s ⇒ [∃(x · s) · t ⇔ ∃x · st], in which case, x · st = (x · s) · t; (2) ∃x · s ⇒ ∃x · s + and x · s + = x.



Christopher Hollings Constructing incomplete actions



University of York, UK



Incomplete actions of weakly left E -ample semigroups Definition (GH) The incomplete action of a weakly left E -ample semigroup S on a set X (on the right) is a partial mapping X × S → X , given by (x, s) 7→ x · s, and such that (1) ∃x · s and ∃(x · s) · t ⇔ ∃x · st, in which case, x · st = (x · s) · t; (2) ∃x · s ⇔ ∃x · s + and x · s + = x. Such an action is equivalent to a (2,1)-morphism ϕ : S → PT X . Christopher Hollings Constructing incomplete actions
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Premorphisms between weakly left E -ample semigroups



Proposition (GH) The partial action of a weakly left E -ample semigroup S on a set X is equivalent to a premorphism: a function θ : S → PT X such that (1) (sθ)(tθ) = (sθ)+ (st)θ; (2) (sθ)+ ≤ s + θ.
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Augmented actions Definition (GH) Let S be a weakly left E -ample semigroup and let θ : S → PT X be a premorphism. An augmented action for θ is a pair (ι, ϕ) consisting of: an injection ι : X → Y , for some Y ⊇ X , and a morphism ϕ : S → PT Y such that sθ = ι(sϕ)ι−1 , for each s ∈ S. The partial action of S on X , as defined by θ, is said to be a restriction of the incomplete action of S on Y , as defined by ϕ. Christopher Hollings Constructing incomplete actions
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Partial actions of inverse semigroups Definition (LMS 2006) An inverse semigroup S acts partially on a set X if there is an order-preserving mapping θ : S → IX with (sθ)(tθ) ≤ (st)θ and (sθ)−1 = s −1 θ. Lemma (GH) Let θ : S → T be a function between inverse semigroups. Then θ is a premorphism if, and only if, θ is order-preserving, (sθ)(tθ) ≤ (st)θ and (sθ)−1 = s −1 θ. Lemma (GH) Let S be an inverse semigroup and let θ : S → PT X be a premorphism. Then im θ ⊆ IX . Christopher Hollings Constructing incomplete actions
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Partial actions of inverse semigroups



Theorem (GH) Let S be an inverse semigroup and let θ : S → IX be a premorphism. Then there exists a set Y ⊇ X and a morphism ϕ : S → IX such that sθ = ι(sϕ)ι−1 , for all s ∈ S.
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