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Definitions 



Let Fq be the finite field of size q







The projective space Pq (n) is the set of all subspaces of Fqn







Pq (n) is a metric space with the distance function d s (U ,W ) = dim (U ) + dim (V ) − 2 dim (U ∩ W ), ∀U ,W ∈Pq (n).







C ⊆ Pq (n) is an (n, M , d ) q code in projective space if | C |= M



and d s (U , V ) ≥ d for all U , V ∈ C
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Definitions 



Grassmannian, Gq (n, k ), is the set of all subspaces of Fqn with dimension k , k ≤ n.







C ⊆ Gq (n, k ) is an (n, M , d , k ) q constant dimension code if



| C |= M and d s (U ,V ) ≥ d for all U , V ∈ C 



Constant dimension codes are analogous to constant weight codes in the Hamming space
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Motivation







Kotter and Kschischang (2007) showed that codes in Pq (n) are useful for correcting errors and erasures in random network coding
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Representation of subspaces Let X ∈ Pq (n) be a subspace with dim( X ) = k







We represent X by a k × n generator matrix in reduced row echelon form and denote it by E ( X )











Example. Let X ∈ P2 (6) with dim( X ) = 3



X = {( 000000 ), (101100 ), (100110 ), (101001 ), ( 001010 ), ( 000101 ), ( 001111 ), (100011 )} Then



1 00011   E(X ) = 001 01 0 000101   5



Identifying vectors 











Each subspace X ∈ Pq (n) with dim( X ) = k has an identifying vector v( X )



v( X ) is a binary vector of length n and weight k , where the ones in v(X ) are in the positions where E (X ) has the leading ones. Example. Let then



100011   E(X ) = 0 01 01 0 000101   v ( X ) = 1 0 1 1 00







Lemma. d s ( X , Y ) ≥ d H (v( X ), v(Y )); X , Y ∈ Pq (n) 6



Echelon Ferrers form  







Let v be a binary vector of length n and weight k The echelon Ferrers form of v, EF (v), is the k × n matrix in reduced row echelon form such that  The leading entries in the columns indexed by ones of v  There are "•" (dots) in the all “arbitrary ” entries The dots of EF (v) form a Ferrers diagram Example.



v = 1 0 1 1 00 1 • 0 0••   then EF (v ) =  0 0 1 0 • •  with the diagram • 0 0 01••  



Let



• •



• •



•



•



• If we substitute elements of Fq in the dots of EF (v) we obtain a subspace X with dim( X ) = k 7



Construction of Constant Dimension Code (n, M ,2δ , k ) 



q



Step 1. Choose a binary constant weight code C of length n , weight k and minimum distance 2δ Example. Let q = 2, n = 5, k = 2, 2δ = 4 and C = {c1 = 11000, c2 = 00110} The next steps are performed for each c ∈ C :







Step 2. Construct the echelon Ferrers form EF (c) Example.



 1 0 •••  0 0 1 0•  EF (c2 ) =   EF (c1 ) =   0 1 •••  0 0 0 1 • 8



Rank-metric codes 







For two matrices A, B ∈ Fqm×η the rank distance is defined by d R ( A, B ) = rank( A − B ) A code C ⊆ Fq m×η is an [ m ×η , κ , δ ] rank-metric code if 



it is a subspace of Fq m×η of dimension κ







for each distinct



A, B ∈ C , d R ( A, B) ≥ δ
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Ferrers diagram rank-metric code 







Let F be a Ferrers (dots) diagram which embedded in an m ×η matrix A code CF is an [ F , κ , δ ] Ferrers diagram rank-metric code if  All codewords are m ×η matrices in which all entries not in F 



are zeroes It forms a rank-metric code with dimension κ and minimum rank distance δ



Example. Let F =



• • •



then an [F ,1,2] code CF is equal to



 0 0   1 1 ,   CF =   0 0   0 1 10



Lifted Ferrers diagram rank-metric code    







Let v be a vector of length n and weight k Let EF (v) be its echelon Ferrers form Let F be its Ferrers diagram Let C F be a Ferrers diagram rank-metric code



CF is lifted to a constant dimension code C v by substituting each codeword A ∈ CF in the dots of EF (v) Example.



v = 010101



 0 1 0• 0 0• 0   0 1 1• 0 1• 0  0 1 • 0 • 0    0 0   1 1 C =  0 0 0 1 0• 0 ,  0 0 0 1 1• 0  EF (v) =  0 0 0 1 • 0  CF =  v  0 0 ,  0 1  0 0 0 0 0 1   0 0 0 0 0 1  0 0 0 0 01          



Lemma. The minimum distance of C v is 2δ , where δ is the minimum distance of CF 11



Construction (cont.) 



 



 



Step 1. Choose a binary constant weight code C of length n weight k and minimum distance 2δ The next steps are performed for each c ∈ C: Step 2. Construct the echelon Ferrers form EF (c) Step 3. Construct the largest [ F , κ , δ ] Ferrers diagram rank metric code CF for the Ferrers diagram F of EF (c) Step 4. Lift CF to a constant dimension code C c Finally C = U C c c∈C







C is an (n, M ,2δ , k ) q constant dimension code 12



Example of construction 



Let q = 2, n = 6, k = 3, 2δ = 4



C = {c1 = 111000, c2 = 100110, c3 = 010101, c4 = 001011} 1 0 0•••   EF ( c1 ) =  0 1 0 • • •  | CF1 |= 64 001•••  



01 •0• 0   | C |= 2 F3 EF ( c 3 ) =  0 0 0 1 • 0  000001  



1 • • 0 0•   EF ( c 2 ) =  0 0 0 1 0 •  | CF2 |= 4 0 0 001•  



001 • 00   EF ( c 4 ) =  0 0 0 0 1 0  | CF4 |= 1 000001  



| C |=| C c1 ∪ C c2 ∪ C c3 ∪ C c4 |= 64 + 4 + 2 + 1 = 71 Note. A code of the size 74 was obtained via a computer search by Kohnert and Kurz (2008) 13



Sizes of some of our codes compared to previous known codes q 2 2 2 2 3 3 4 4



d 4 4 6 6 4 4 4 4



n 8 9 10 13 7 8 7 8



k 4 4 5 4 3 4 3 4



Code size * 212 215 215 218 38 312 48 412



Size of our code 212 +477 215+4177 215+73 218+4357 38+124 312+8137 48+345 412+72529



* Codes obtained by Silva, Koetter and Kschischang, (2008)
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Punctured codes 



We construct the codes in Pq (n) which are not constant dimension codes







Let C be a code in Gq (n, k ) n Q ⊆ F Let q such that dim(Q ) = n − 1 n Let v ∈ Fq such that v ∉ Q







Define the punctured code



C 'Q ,v = C Q ∪ C Q ,v , where 



C Q = { X ∈ C : X ⊆ Q} , C Q ,v = { X ∩ Q : X ∈ C, v ∈ X }



The punctured code C 'Q ,v of an (n, M , d , k ) qcode C is an (n − 1, M ' , d − 1) q code 15



Example of punctured construction 



Let C be the (8,4573,4,4) 2 code obtained by previous construction







Let Q with dim(Q) = 7 and generator matrix



 







1 0 L 0 0 0 0 Q =  0M 1M L O M M  0 0 L 1 0 Let v = 10000001 | C Q |= 289 and | C Q ,v |= 284 | C 'Q ,v |= 573 By adding to C 'Q ,v the null space {0} and F27 we obtained a (7,575,3) 2 code in P2 (7) Note. By using the multilevel construction we obtain a (7,394,3) 2 code in P2 (7)
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Thank you!
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