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Continuity of a Model with a Nested CES Utility Function and Bertrand Competition∗ Konstantin Kucheryavyy† Current version: January 4, 2012



Abstract In recent years models with a nested constant elasticity of substitution utility function and heterogeneous firms involved in some form of competition have become popular in the international trade literature. This paper considers one particular model of this class — with firms competing in prices — and shows continuity of the model as the elasticity of substitution between goods goes to infinity. This result contrasts with the conjecture of prior literature. Continuity of the model ensures consistency of its outcomes when the elasticity of substitution approaches infinity. Therefore, researchers who were reluctant to use this model because of the lack of proof of continuity can now rely on this paper’s result to employ the model in their research.
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Introduction



Models with a nested constant elasticity of substitution (CES) utility function, heterogeneous firms, and Bertrand competition are becoming popular in the international trade literature. This framework generates variation in markups and serves as a natural way to model the so-called “pricing-tomarket” and “incomplete pass-through”. The work by Bernard et al. (2003) is one of the examples of employing this structure. Variable markups in their work lead to the explanation of important facts about exporting firms. Another example is the paper by Atkeson and Burstein (2007) which uses this structure to reproduce many of the important aspects of international price movements. De Blas and Russ (2010) is a more recent example which relys on the nested CES preferences, heterogeneous firms, and Bertrand competition to match a rich set of stylized facts regarding firms’ pricing behavior. ∗



I am especially grateful to Jonathan Eaton for pointing out this gap in the existing literature. I also thank David Jinkins, Kala Krishna, Vijay Krishna, Gary Lyn, Tymofiy Mylovanov, Andrés Rodríguez-Clare, Stephen Yeaple, and participants of trade seminar in Pennsylvania State University for many useful comments and suggestions. † Department of Economics, The Pennsylvania State University, 303 Kern Building, University Park, PA 16802, USA (e-mail: [email protected]).
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In the papers mentioned above, goods within sectors are assumed to be perfect substitutes. One possible generalization is to consider imperfect substitutes instead. This brings more flexibility into the model and might be crucial for matching real-world data. If one wants to consider imperfect substitutes, she needs to be sure that the resulting model has a unique equilibrium and that this model is continuous as the elasticity of substitution between goods goes to infinity. More precisely, the latter property means that an equilibrium price vector of the model with imperfect substitutes converges to that of the model with perfect substitutes as the elasticity of substitution goes to infinity. Continuity of the model with imperfect substitutes is important to ensure consistency of its outcomes as the elasticity of substitution goes to infinity. As it turns out, continuity of the model with imperfect substitutes is not a trivial property. For example, Atkeson and Burstein (2008) mention1 that they have chosen Cournot competition instead of Bertrand partially because they were not sure if the model with Bertrand competition is continuous. This is a somewhat disturbing fact that one has to avoid models with Bertrand competition for that reason. Indeed, the choice of the form of competition (Cournot versus Bertrand) matters for predictions of a model. This argument goes back to the original paper by Joseph Bertrand (Bertrand, 1883). Among more recent examples is the paper by Eaton and Grossman (1986), who demonstrate that optimal trade and industrial policy under oligopoly crucially depend on market structure. The purpose of the current paper is to prove formally that the model with imperfect substitutes is continuous at infinity. This proof should provide a foundation for the future use of the model. Before diving into details, it is worth mentioning about possible reasons for discontinuity. The first reason is that an equilibrium price vector can diverge as the elasticity of substitution goes to infinity. This case cannot be ruled out right away, because, on the one hand, there is no closed-form solution for an equilibrium price vector in the case of imperfect substitutes. On the other hand, in some cases the system of equations which yields an equilibrium price vector does not have a fixed point when the elasticity of substitution is infinite. 1



See page 2013 in Atkeson and Burstein (2008).
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The second possible reason for discontinuity is that an equilibrium price vector can converge to a limit which is different from an equilibrium of the model with perfect substitutes. The model with perfect substitutes is a modification of the classical model of Bertrand competition.2 In this model firms face discontinuous demand,3 while in the model with imperfect substitutes demand is continuous. Therefore, there is no immediate reason to believe that solution of one model converges to solution of the other. The paper is organized as follows. Section 2 contains setup of the model and a proof that there exists a unique equilibrium of the model. Section 3 contains a more detailed discussion of possible issues with continuity as well as formal statement of the result about continuity. This result is then proved in Section 4.
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The Model



2.1



Environment



Since the continuity issue is the same for both closed and open versions of the model, it is without loss of generality that the current paper focuses on the closed economy version of the model. The economy is divided into a continuum of sectors indexed by j ∈ [0, 1]. Each sector has a finite number of firms, each of which produces one good. Firms are indexed by k = 1, 2, . . . , Kj , where Kj is the number of firms in industry j. Consumers There is one representative consumer in the economy whose utility is given by the nested CES function:



[∫



1



U= 0



where



]η/(η−1) (η−1)/η Qj dj



 ρ/(ρ−1) Kj ∑ (ρ−1)/ρ  Qj =  qjk .



,



(1)



(2)



k=1



Here Qj is the aggregated demand in sector j, qjk is the demand for good k from sector j, ρ is the 2



See, for example, Mas-Colell et al. (1995), Chapter 12.C, pages 388-389. If a firm sets a price which is higher than that of its competitors, then it sells nothing. Otherwise it either gets the whole market or equally shares the market with other firms. 3
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elasticity of substitution between goods from the same sector, and η is the elasticity of substitution between goods from different sectors. The following assumption is made in line with Atkeson and Burstein (2008): Assumption 1. 1 < η < ρ. The consumer faces prices pjk on goods k = 1, 2, . . . , Kj from sectors j ∈ [0, 1] and spends X on ∫1 the overall consumption. Her problem is to maximize (1) subject to budget constraint 0 Xj dj = X, ∑Kj where Xj = k=1 pjk qjk is spending on consumption of goods from sector j ∈ [0, 1]. Firms Producer of good k from sector j has constant unit cost of production cjk . Costs of production satisfy the following assumption: Assumption 2. cjk > 0 for all j and k, and producers are ordered by their unit costs so that cjk < cjl for any j and k < l. Producers of goods from each sector j are involved in Bertrand competition, i.e., they first simultaneously announce prices and then they get profits depending on the sector-level vector of prices. The profit function of the producer of good k from sector j is πjk (pjk ; pj,[−k] ) = (pjk − cjk )qjk (pjk ; pj,[−k] ),



(3)



where pj,[−k] is a vector of prices of firms from sector j different from k, and qjk (pjk ; pj,[−k] ) is firm k’s demand.



2.2



Equilibrium for the case of perfect substitutes



For the case of perfect substitutes (ρ is infinite) firm k from industry j faces the following demand:  ( ) pjk 1−η  X , if pjk = min{pjl }; l qjk (pjk ; pj,[−k] ) = pjk Pperf (4)   0, otherwise; where



[∫ Pperf = 0



)1−η ]1/(1−η) min{pjl } dj



1(



l
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is the price index in the economy. With this demand, firm k chooses price pjk so as to maximize its profit function (3) taking prices of the other firms in sector j as well as the economy-wide price index Pperf as given. It is straightforward to verify that in equilibrium the lowest cost firm (i.e., firm 1 in each sector j) gets the total market, while the other firms sell nothing. One possible set of firms’ equilibrium prices yielding this outcome is { }  η  min cj1 , cj2 , η−1 pjk =   cjk ,



if k = 1; (5) if k ̸= 1.



There are infinitely many other sets of equilibrium prices. For example, when



η cj1 > cj2 , η−1



firms with indexes k > 2 can set any price pjk > cj2 in equilibrium because they get zero profits anyway. This paper focuses on the equilibrium given by (5) because the equilibrium of the model with imperfect substitutes converges to it as the elasticity of substitution goes to infinity.



2.3



Equilibrium for the case of imperfect substitutes



A closed-form solution for the equilibrium pricing strategies cannot be obtained for the case when goods within sectors are imperfect substitutes (i.e., ρ is finite). Instead one can only formulate an equation in prices and claim that it has a unique solution which constitutes the equilibrium of the model. For the case of finite ρ, demand for good k from industry j is given by: ( ) ( )1−η Pj X pjk 1−ρ qjk (pjk ; pj,[−k] ) = , pjk Pj Pimperf where



(6)



 1/(1−ρ) Kj ∑  Pj =  p1−ρ jk k=1



is the price index in sector j, and [∫ Pimperf = 0



1



]1/(1−η) Pj1−η dj



is the price index in the economy. Note that demand function (6) is continuous in contrast to demand function (4) for the case of perfect substitutes, which is discontinuous.
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Substituting (6) into the profit function (3) yields πjk (pjk ; pj,[−k] ) = (pjk − cjk )(pjk )−ρ Pj



(ρ−η)



(η−1)



Pimperf X.



(7)



In equilibrium firm k chooses pjk so as to maximize (7) taking prices of the other firms in sector j as well as the economy-wide price index Pimperf as given. Differentiating (7) with respect to pjk and collecting terms gives ( ) ∂πjk (pjk ; pj,[−k] ) ε(sjk ) (ρ−η) (η−1) = − pjk − cjk (ε(sjk ) − 1)(pjk )−ρ−1 Pj Pimperf X, ∂pjk ε(sjk ) − 1



(8)



ε(sjk ) = ηsjk + ρ(1 − sjk )



(9)



where



is interpreted as the elasticity of demand with respect to prices, and sjk



p1−ρ jk = ∑ 1−ρ pjl



(10)



l



is the market share of firm k in sector j. Profit function (7) implies that pjk ≥ cjk for all j and k. Combined with the assumption that cjk > 0, this gives that pjk > 0 for all j and k. This, in turn, implies that 0 ≤ sjk ≤ 1 for all j and k. Hence, ε(sjk ) > 1, because 1 < η < ρ. Therefore, the right-hand side of (8) can be equal to zero if and only if pjk = m(sjk )cjk ,



(11)



where m(sjk ) ≡



ε(sjk ) ε(sjk ) − 1



(12)



is the mark-up. This is the first-order condition of the firm k’s maximization problem. Note that formulas (9), (10), and (11) correspond to formulas (19), (17), and (15) reported in Atkeson and Burstein (2008). Clearly, m(sjk ) > 1 for all j and k. So, for pjk = cjk the left-hand side of (11) is less than the right-hand side of (11). Also, one can find that ∂m(sjk ) (1 − ρ)(ρ − η)sjk (1 − sjk ) = . ∂pjk (ε(sjk ) − 1)2 Since 1 < η < ρ, the right-hand side of this expression is negative. Hence, as pjk increases to ∞, the 6



right-hand side of (11) monotonically decreases to



ρ cjk . Therefore, there is exactly one point ρ−1



of intersection, p∗jk , of the left-hand side and the right-hand side of (11). Then (8) implies that the profit function (7) increases for pjk < p∗jk and decreases for pjk > p∗jk . Hence, p∗jk is the unique maximum of the profit function (7). Let bars over variables denote vectors, so that cTj ≡ (cj1 , . . . , cjKj ), pTj ≡ (pj1 , . . . , pjKj ), and T



m(sj )T ≡ (m(sj1 ), . . . , m(sjKj )), where A denotes the transpose of vector A. Then for each sector j a vector of equilibrium prices pj can be found as a fixed point of the equation pj = m(sj )T × cj .



(13)



Claim 1. There is exists at least one vector of equilibrium prices for the case of imperfect substitutes.



Proof. Substituting formula (9) for elasticity into formula (12) for markup gives m(sjk ) =



ηsjk + ρ(1 − sjk ) . ηsjk + ρ(1 − sjk ) − 1



The righ-hand side of this expression is increasing in sjk under the assumption that η < ρ. It was noted earlier that 0 ≤ sjk ≤ 1. Hence,



ρ η ≤ m(sjk ) ≤ . Therefore, since the boundaries of ρ−1 η−1



m(sjk ) do not depend on prices, the right-hand side of equation (13) is a function which maps the [ ] [ ] ρ η ρ η compact set cj1 , cj1 × · · · × cjKj , cjKj into itself. Clearly this function is ρ−1 η−1 ρ−1 η−1 continuous in prices on this compact set. Therefore, one can apply the Brouwer fixed point theorem and conclude that there exists at least one solution of equation (13).



Claim 2. The vector of equilibrium prices for the case of imperfect substitutes is unique. Proof. Suppose that there are two solutions of equation (13). Then they are characterized by different vectors of market shares (s′j1 , . . . , s′jKj ) and (s′′j1 , . . . , s′′jKj ) such that s′jκ ̸= s′′jκ for some κ. Without loss of generality, assume that s′jκ > s′′jκ for some κ. This implies that m(s′jκ ) > m(s′′jκ ), because m(sjk ) is increasing in sjk . Hence, it follows from equation (11) that p′jκ > p′′jκ or, ( )−ρ p′jκ equivalently, < 1. p′′jκ 7



( For any k = 1, . . . , Kj denote rjk ≡



p′jk



)−ρ . Renumber indexes 1, . . . , Kj such that rjk is



p′′jk



weakly increasing in index k (i.e., rjk ≤ rj,k+1 ).4 It follows from the previous paragraph that rj1 < 1 (because rjk < 1 at least for some k). Denote d′jk ≡ (p′jk )−ρ + · · · + (p′jKj )−ρ and d′′jk ≡ (p′′jk )−ρ + · · · + (p′′jKj )−ρ . Let us prove by induction that d′jk /d′′jk < rj1 for all k ≥ 2. Consider k = 2. Since rj1 < 1, equation (11) implies that s′j1 > s′′j1 . This is equivalent to (p′′j1 )−ρ (p′j1 )−ρ > ′′ −ρ , (p′j1 )−ρ + d′j2 (pj1 ) + d′′j2 which implies that d′j2 /d′′j2 < rj1 . Next, suppose that d′jk /d′′jk < rj1 for k = 1, . . . , l. Let us prove that d′j,l+1 /d′′j,l+1 < rj1 . Inequality d′jl /d′′jl < rj1 is equivalent to (p′jl )−ρ + d′j,l+1 (p′′jl )−ρ + d′′j,l+1



< rj1 .



This inequality can, in turn, be rewritten as rj1



d′′j,l+1 d′j,l+1



>1+



(p′jl )−ρ d′j,l+1



( 1−



rj1 rjl



) .



Combining this inequality with rj1 ≤ rjl gives that d′j,l+1 /d′′j,l+1 < rj1 . So, by induction, d′jk /d′′jk < rj1 for all k ≥ 2. In particular, d′jKj /d′′jKj < rj1 , which is equivalent to rjKj < rj1 . But this contradicts to the choice of indexes: they were chosen such that rjk is weakly increasing in k. So, there is only one solution to equation (13).



Claims 1 and 2 establish that for each finite ρ there is a unique solution to equation (13) which gives a vector of equilibrium prices for each sector j.
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Main Result



There are two closely related issues concerning continuity of the model with imperfect substitutes. First, it is unclear whether a vector of equilibrium prices converges to some limit as ρ goes to ∞. Second, even if a vector of equilibrium prices converges, it is unclear whether its limit is the 4



Note that the order of production costs is irrelevant for the proof of this claim.
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equilibrium of the model with perfect substitutes. To understand the sources of these issues, note first that the demand function (4) in the model with perfect substitutes is discontinuous in prices, while the demand function (6) in the model with imperfect substitutes is continuous in prices. This means that the two models have different underlying structures. Therefore, it is generally conceivable that equilibrium prices of the model with imperfect substitutes may not converge to the equilibrium prices of the model with perfect substitutes. To get further intuition about the issues with continuity, note that equation (13) can be written as ] [ ρ η pj = F j (pj ; ρ). For each finite ρ, function F j is continuous on the set Ωj (ρ) ≡ cj1 , cj1 × ρ−1 η−1 [ ] ρ η ··· × cjKj , cjKj and, as was proved in Section 3, has a unique fixed point in this set. ρ−1 η−1 ] [ η cj1 × · · · × Now consider ρ → ∞. One can immediately see that lim Ωj (ρ) = cj1 , ρ→∞ η−1 [ ] η cjKj , cjK . Let p′j ∈ lim Ωj (ρ) and suppose that p′j1 < p′jk for all k ̸= 1. Then, since p′j is ρ→∞ η − 1( j ) )ρ ( ρ ′ p′j1 pj1 = 0 for all k ̸= 1. Moreover, lim ρ = 0 for all k ̸= 1.5 Then fixed, lim ′ ρ→∞ ρ→∞ p′ p jk jk (p′j1 )1−ρ lim s′j1 = lim ∑ = lim ρ→∞ ρ→∞ (p′jl )1−ρ ρ→∞ l



1+



∑ l̸=1



1 (



p′j1 p′jl



)ρ−1 = 1,



)ρ−1 ′ p j1 (p′jl )1−ρ ρ p′jl   ) ( l̸ = 1 l̸=1   ′ lim ρ 1 − sj1 = lim ρ  ∑  = lim ( )ρ−1 = 0. ρ→∞  ρ→∞ ∑ p′j1 (p′jl )1−ρ  ρ→∞ 1+ l p′jl ∑







∑



(



l̸=1



lim s′ ρ→∞ jk



= ∞ for all k ̸= 1. Combining formulas (9), (11), and ( )T η cj1 , cj2 , . . . , cjKj . (12) with the limits above, one can obtain lim F j (p′j ; ρ) = ρ→∞ η−1 η cj1 > cj2 and consider another price vector p′′j ∈ lim Ωj (ρ) such that Next, suppose that ρ→∞ η−1 η ′′ ′′ ′′ ′′ pj1 = pj2 and pj1 < pjk for all k ̸= 1, 2. Since cj1 > cj2 , such price vector exists in lim Ωj (ρ). ρ→∞ η−1



Similarly,



= 0 and lim ρ(1 −



s′jk )



ρ→∞



Repeating calculations from the previous paragraph, one can get that lim s′′j1 = lim s′′j2 = 1/2 and ρ→∞



lim s′′ ρ→∞ jk



= 0 for all k ̸= 1, 2. Also, lim ρ(1 − ρ→∞ ( )T cj1 , cj2 , . . . , cjKj . 5



s′′jk )



= ∞ for all k. Therefore, lim F j (p′′j ; ρ) =



This is a standard result from real analysis: lim xax = 0 for any real number 0 < a < 1. x→∞
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ρ→∞



ρ→∞



Since lim F j (p′j ; ρ) ̸= lim F j (p′′j ; ρ) and lim F j (p′j ; ρ), lim F j (p′′j ; ρ) remain constant as p′j and ρ→∞



p′′j



ρ→∞



ρ→∞



ρ→∞



are marginally varied, lim F j (·; ρ) is discontinuous. So, we cannot use the Brouwer fixed point ρ→∞



theorem — as we did in the proof of Claim 1 — to infer that lim F j (·; ρ) has a fixed point. Moreover, ρ→∞



it is actually possible to see that lim F j (·; ρ) does not have a fixed point when ρ→∞



η cj1 > cj2 . η−1



Indeed, one the one hand, a price vector like p′j cannot be a fixed point of lim F j (·; ρ) because ρ→∞



lim F j1 (p′j ; ρ) ρ→∞



η = cj1 > cj2 = lim F j2 (p′j ; ρ) while p′j1 < p′j2 . One the other hand, a price ρ→∞ η−1



vector like p′′j also cannot be a fixed point of lim F j (·; ρ) because lim F j1 (p′′j ; ρ) = cj1 < cj2 = ρ→∞



lim F j2 (p′′j ; ρ) ρ→∞



while



p′′j1



=



p′′j2 .



ρ→∞



Therefore, it is conceivable that an equilibrium price vector of the



model with imperfect substitutes might diverge. Fortunately, it is possible to prove convergence. The following theorem states this result formally. Theorem 1. The equilibrium price vector for the case of imperfect substitutes obtained from equation (13) converges to the equilibrium price vector for the case of perfect substitutes given by (5) as ρ goes to ∞. To understand why there is convergence of one solution to the other, imagine that one is able to find a fixed point of function Fj (·; ρ) for each ρ. Let pj (ρ) be this fixed point. Substitute it into formula (10) for the first firm’s market share and consider expression ρ(1 − sjk (ρ)) as ρ goes to ∞. Suppose that one is also able to prove that ρ(1 − sjk (ρ)) converges to some limit as ρ goes to ∞, and she now wants to figure out what this limit is. In the examples above we had that ( ) ( ) η cj1 > cj2 , lim ρ 1 − s′′j1 = ∞. In contrast to that, as it lim ρ 1 − s′j1 = 0 and, when ρ→∞ ρ→∞ η−1 η turns out, lim ρ (1 − sj1 (ρ)) is a positive constant when cj1 > cj2 . Furthermore, this positive ρ→∞ η−1 cj2 constant is such that lim m(sj1 (ρ)) = , so that lim pj1 (ρ) = cj2 . This, in turn, means that ρ→∞ ρ→∞ cj1 { } η η pj1 (ρ) = min cj1 , cj2 when cj1 > cj2 . Establishing this fact is the final goal in the η−1 η−1 proof of convergence. The key steps of the proof of convergence are the following. First, boundness of ρ(1 − sj1 ) as ρ goes to ∞ is established. This immediately implies that there exists a sequence {ρn }n∈N such that ρn → ∞ and ρn (1 − sj1,n ) converges to some limit, where sj1,n is an equilibrium market share corresponding to ρn . Second, it is proved that any convergent sequence ρn (1 − sj1,n ) converges 10



to the same limit. This implies that ρ(1 − sj1 ) itself converges. The expression for the limit of ρ(1 − sj1 ) then will follow from the previous steps — it will give a solution of the model with perfect substitutes.
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Proof of Continuity



Consider a particular sector j. To economize on notation, skip index j for all variables for that sector. Lemma 1. ρ(1 − s1 ) is bounded, i.e., there exists a real number B such that ρ(1 − s1 ) < B for all ρ. Proof. Suppose ρ(1 − s1 ) is not bounded as ρ goes to ∞. This means that one can find a sequence {ρn }n∈N such that ρn → ∞ and ρn (1 − s1,n ) → ∞ as n → ∞, where s1,n



n p1−ρ 1,n ∑ = 1−ρn pl,n



l



is firm 1’s market share corresponding to ρn , and pk,n for k = 1, 2, . . . , K are firms’ equilibrium prices corresponding to ρn . Then [ ] ηs1,n + ρn (1 − s1,n ) p1,n = c1 → c1 as n → ∞. ηs1,n + ρn (1 − s1,n ) − 1 Since c1 < c2 , this implies that there exists a number N for which p1,n < c2 for all n ≥ N . Therefore, since pk ≥ ck for any ρ, there exists a real number 0 < A < 1 such that l ̸= 1. Then for all n ≥ N :



∑ ( p1,n )ρn −1 l̸=1



and ρn



pl,n



∑



Aρn −1 → 0 as n → ∞,



l̸=1



∑ ( p1,n )ρn −1 l̸=1



But then:



pl,n







p1,n < A for all n ≥ N and pl,n



< ρn



∑



Aρn −1 → 0 as n → ∞.



l̸=1



∑



n p1−ρ l,n







   l̸=1  lim ρn (1 − s1,n ) = lim ρn  ∑ 1−ρ  = lim n n→∞ n→∞ n→∞  p l,n



l



ρn



∑ ( p1,n )ρn −1



pl,n = 0. ∑ ( p1,n )ρn −1 1+ pl,n l̸=1



l̸=1
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This contradicts lim ρn (1 − s1,n ) = ∞. Thus, ρ(1 − s1 ) is bounded. n→∞



Lemma 2. The following limits hold for market shares and prices: (i) lim s1 = 1, lim sk = 0 for k ̸= 1; and ρ→∞



ρ→∞



(ii) lim pk = ck for k ̸= 1. ρ→∞



Proof. Lemma 1 immediately implies that 1 − s1 =



ρ(1 − s1 ) B < → 0 as ρ → ∞. ρ ρ



So, lim s1 = 1. This, in turn, implies that lim sk = 0 for all k ̸= 1. Hence, lim ρ(1 − sk ) = ∞. ρ→∞



ρ→∞



And, finally, for all k ̸= 1:



[ lim pk = lim



ρ→∞



ρ→∞



ρ→∞



] ηsk + ρ(1 − sk ) ck = ck . ηsk + ρ(1 − sk ) − 1



Lemma 3. Consider any sequence {ρn }n∈N such that ρn → ∞ and ρn (1 − s1,n ) → b as n → ∞, where b > 0. Then lim



n→∞



p1,n = 1. p2,n



Proof. Note first that the result of Lemma 1 guarantees the existence of a sequence {ρn }n∈N such that ρn → ∞ and ρn (1 − s1,n ) → b as n → ∞, where b is a real number.6 Consider any such sequence and suppose that b > 0. Then lim p1,n = lim



n→∞



n→∞



ηs1,n + ρn (1 − s1,n ) η+b c1 = c1 , ηs1,n + ρn (1 − s1,n ) − 1 η+b−1



where lim s1,n = 1 by Lemma 2. Also, by Lemma 2 lim p2,n = c2 . Therefore n→∞



n→∞



lim



n→∞



p1,n (η + b)c1 = . p2,n (η + b − 1)c2



p1,n ≤ 1, otherwise lim s1,n = 0, which is not possible by Lemma 2. Suppose n→∞ p2,n p1,n < 1. Then there exist such real number 0 < A < 1 and integer N that < A for p2,n



It is clear that lim



n→∞



that lim



n→∞



p1,n p2,n



all n > N . Then lim ρn (1−s1,n ) = 0 (the proof is analogous to that of Lemma 1). This contradicts n→∞



with what was supposed in the beginning: lim ρn (1 − s1,n ) = b > 0. Hence, lim n→∞



n→∞



p1,n = 1. p2,n



6 This is also a standard result from real analysis: every bounded sequence has a subsequence converging to a finite limit.
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Proof of Theorem 1. Consider a sequence {ρn }n∈N such that ρn → ∞ and ρn (1 − s1,n ) → b as n → ∞, where b ≥ 0. Consider the case when



η η c1 > c2 . If b = 0, then lim p1,n = c1 > lim p2,n = c2 . This n→∞ n→∞ η−1 η−1



implies that lim s1,n = 0, a contradiction to Lemma 2. Hence, b > 0. Lemma 3 then implies that n→∞



p1,n ηc1 − (η − 1)c2 lim = 1 and, thus, b = . n→∞ p2,n c2 − c1 η Now consider the case when c1 ≤ c2 . Suppose that b > 0. Then Lemma 3 implies that η−1 lim p1,n = lim p2,n . By Lemma 2 lim p2,n = c2 . Therefore, lim p1,n = c2 . On the other hand,



n→∞



n→∞



n→∞



n→∞



η+b ηc1 − (η − 1)c2 ≤ 0, lim p1,n = c1 . Combining these two equalities, one can get that b = n→∞ η+b−1 c2 − c1 η which contradicts b > 0. Hence, in this case b = 0 and lim p1,n = c1 . n→∞ η−1 The conclusions of the two previous paragraphs can be summarized as follows. For the case η c1 > c2 every converging sequence ρn (1 − s1,n ) converges to the same limit equal to η−1 ηc1 − (η − 1)c2 η (with lim p1,n = c2 ); for the case when c1 ≤ c2 every converging sequence n→∞ c2 − c1 η−1



when



ρn (1 − s1,n ) converges to the same limit equal to 0. This means that7  ηc1 − (η − 1)c2 η   , if c1 > c2 ;  c2 − c1 η−1 lim ρ(1 − s1 ) = η ρ→∞   0, c1 ≤ c2 ; if η−1 which yields



{ }  η  min c1 , c2 , η−1 lim pk = ρ→∞   ck ,



if k = 1; if k ̸= 1.



This is a solution of the model with perfect substitutes. So, the continuity of the model with imperfect substitutes is established.



References Atkeson, A. and Burstein, A. (2007). Pricing-to-market in a ricardian model of international trade. The American Economic Review, 97 (2), 362–367. 7



This is one more standard result from real analysis: a sequence converges to a if and only if any convergent subsequence of this sequence converges to a.
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