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Control Point Removal Algorithm for T-Spline Surfaces Yimin Wang and Jianmin Zheng School of Computer Engineering Nanyang Technological University 50 Nanyang Avenue, Singapore 639798 {wang0066, asjmzheng}@ntu.edu.sg



Abstract. This paper discusses the problem of removing control points from a T-spline control grid while keeping the surface unchanged. An algorithm is proposed to detect whether a speciﬁed control point can be removed or not and to compute the new control points if the point is removable. The algorithm can be viewed as a reverse process of the T-spline local knot insertion algorithm. The extension of the algorithm to remove more control points is also discussed.
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Introduction



In the areas of geometric modeling and computer graphics, a popular mathematical representation for free form surfaces is B-splines (or NURBS) [1]. B-spline basis functions can be reﬁned by linear transformation and this important property enables the operation of B-spline knot insertion [2,3]. By knot insertion, the number of the knots in a B-spline surface is increased and the shape of the surface can thus be modeled at a ﬁner detail level. A reverse process of B-spline knot insertion is B-spline knot removal [4,5], which aims to eliminate redundant knots from a B-spline surface without altering its shape. While knot insertion can always be performed without introducing errors, removing a knot without changing the surface is possible only under certain circumstances. Therefore, in general, approximation algorithms will be used for B-spline knot removal [6,7]. One drawback of B-spline surface knot insertion and knot removal is that, due to the restriction on the topology of B-spline surfaces, knots can only be added or removed in a row-wise or column-wise fashion in order to make the Bspline control mesh a regular grid. To overcome this inﬂexibility, a new surface representation called T-splines [8] was recently developed, which is actually a generalization of B-splines. In a T-spline surface a row or column of control points is allowed to terminate and the ﬁnal control point of the partial row or column is called a T-junction. One important advantage of T-splines is that T-splines allow local reﬁnement. In this paper, we study the reverse process of inserting control point(s) into a T-spline surface, i.e., T-spline control point removal. Two questions are tackled: the ﬁrst one is to detect whether a speciﬁed T-spline control point is able to be removed; and the second one is to compute the updated topology and geometry M.-S. Kim and K. Shimada (Eds.): GMP 2006, LNCS 4077, pp. 385–396, 2006. c Springer-Verlag Berlin Heidelberg 2006 
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of the T-spline surface after a removable control point is removed. Compared to the B-spline knot removal in which a whole row (or column) of control points needs to be removed, our control point removal for T-splines focuses on the removal of a single control point, which usually causes only local change to the T-spline control grid. Previous work of T-spline control point removal was reported in [9] where the problem of T-spline surface simpliﬁcation was considered. The method starts with a simple B-spline surface deﬁned by a 4×4 control grid, and then adaptively reﬁnes the grid until the least squares T-spline surface deﬁned over the reﬁned grid approximates the original T-spline surface within the given tolerance. If the tolerance is chosen to be zero, then the control point removal can be achieved. The method is global in nature and is useful for eliminating as many control points as possible. In this paper, however, we seek local knot removal and try to eliminate a single point or a few points which is/are speciﬁed by a user. This is required in some applications (especially in some interactive environment). The rest of this paper is organized as follows. In Section 2, T-splines are brieﬂy overviewed. In Section 3, an algorithm for removing one control point from a Tspline surface is presented. The possible extension of the algorithm for removing more control points is given in Section 4. Section 5 draws the conclusion.



2



T-Splines



A T-spline surface is deﬁned by a control grid called T-mesh. The T-mesh is similar to a NURBS control mesh except that in a T-mesh a partial row or column of control points is permitted. The permission of existence of partial rows or columns makes it possible to add a single control point to a T-mesh without propagating an entire row or column of control points and without altering the surface. The knot information of a T-spline is expressed using knot intervals indicating the diﬀerence between two knots and assigned to the edges of the T-mesh. Fig. 1 shows an example of a T-spline. The left ﬁgure is the pre-image of the T-mesh in the parameter domain, the middle one shows the T-mesh, and the right one shows the T-spline surface. The equation for a T-spline surface in homogeneous representation is P (s, t) =



n 



Pi Bi (s, t)



(1)



i=1



where the Pi = (wi xi , wi yi , wi zi , wi ) are homogeneous control points and the wi are control point weights. The T-spline blending function corresponding to control point Pi is Bi (s, t): Bi (s, t) = N [si ](s)N [ti ](t)



(2)



where N [si ](s), N [ti ](t) are the cubic B-spline basis functions associated with the knot quintuples si = [si0 , si1 , si2 , si3 , si4 ] (3)
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and ti = [ti0 , ti1 , ti2 , ti3 , ti4 ]



(4)



respectively. For example, ⎧ (s − si0 )3 ⎪ ⎪ , si0 < s ≤ si1 ⎪ ⎪ ⎪ (si1 − si0 )(si3 − si0 )(si2 − si0 ) ⎪ ⎪ ⎪ ⎪ (si3 − s)(s − si0 )(s − si1 ) (s − si0 )2 (si2 − s) ⎪ ⎪ ⎪ + ⎪ ⎪ (si2 − si1 )(si3 − si0 )(si2 − si0 ) (si2 − si1 )(si3 − si1 )(si3 − si0 ) ⎪ ⎪ ⎪ ⎪ ⎪ (si4 − s)(s − si1 )2 ⎪ ⎪+ , si1 < s ≤ si2 ⎪ ⎪ (si2 − si1 )(si4 − si1 )(si3 − si1 ) ⎪ ⎨ (si4 − s)(si3 − s)(s − si1 ) (s − si0 )(si3 − s)2 N [si ](s) = ⎪ + ⎪ ⎪ (si3 − si2 )(si3 − si1 )(si3 − si0 ) (si3 − si2 )(si4 − si1 )(si3 − si1 ) ⎪ ⎪ ⎪ ⎪ ⎪ (si4 − s)2 (s − si2 ) ⎪ ⎪ , si2 < s ≤ si3 + ⎪ ⎪ (si3 − si2 )(si4 − si2 )(si4 − si1 ) ⎪ ⎪ ⎪ ⎪ ⎪ (si4 − s)3 ⎪ ⎪ , si3 < s ≤ si4 ⎪ ⎪ ⎪ (si4 − si3 )(si4 − si2 )(si4 − si1 ) ⎪ ⎪ ⎩ 0, s ≤ si0 or s > si4 The knot quintuples si and ti are extracted from the T-mesh neighborhood of Pi . The details on T-splines can be found in [8,9].



Fig. 1. An example of a T-spline: the pre-image, the T-mesh and the surface



T-splines support local reﬁnement, which means adding a new control point into the T-mesh usually would not cause the insertion of too many extra points. It is essential that the geometry of a T-spline surface is not changed during the reﬁnement of the T-mesh. Therefore, the process of inserting a control point should be treated with care. T-spline local knot insertion algorithm was ﬁrst proposed in [8]. An improved algorithm was presented in [9] where the number of extra control points needed is signiﬁcantly reduced. The main idea of the improved knot insertion algorithm is to maintain the validity of the T-mesh and to make all the blending functions be properly associated with the control points. The fundamental operation there is the blending function reﬁnement which involves re-expressing a blending function by a linear combination of several new blending functions deﬁned over ﬁner knot sequences. Refer to [9] for the formulae of the blending function reﬁnement.
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Remove One Control Point from a T-Spline Surface



In this section, we will derive an algorithm for T-spline control point (knot) removal. The algorithm is based on two fundamental operations. One is the blending function reﬁnement that has already been used in T-spline control point insertion [9]. The other one is the reverse blending function transformation. In the following, the reverse blending function transformation will be given ﬁrst, and then follows the T-spline control point removal algorithm. 3.1



Reverse Blending Function Transformation



While the blending function reﬁnement is used to split a basis function into two new ones with ﬁner knot quintuples, the reverse blending function transformation presented here works in an opposite way. Let s = [s0 , s1 , s2 , s3 , s4 ] denote a knot vector (quintuple) in which s2 is the center knot. N [s](s) = N [s0 , s1 , s2 , s3 , s4 ](s) is the associated B-spline basis function deﬁned on s. Now suppose that a new knot quintuple s is constructed from s by eliminating a knot si (i = 0, 1, 3 ,or 4) that is other than the center knot in s , inserting another knot sadd which satisﬁes sadd ≤ s0 or sadd ≥ s4 , and meanwhile keeping the center knot of s still to be s2 . Let the B-spline basis function corresponding to s be denoted as N [s ](s). N [s](s) can be re-expressed in the form of N [s ](s) plus another term. Since the knot span of s is larger than that of s, such an operation is called the reverse basis function transformation which is essentially derived from the equation of the basis function reﬁnement. There are four diﬀerent types of reverse basis function transformation, depending on which knot in s is replaced. If sadd ≤ s0 and s = [sadd , s1 , s2 , s3 , s4 ], then N [s0 , s1 , s2 , s3 , s4 ](s) = c0 N [sadd , s1 , s2 , s3 , s4 ](s) + d0 N [sadd , s0 , s1 , s2 , s3 ](s) (5) −s0 . where c0 = 1 and d0 = ssadd −s 3 add If sadd ≤ s0 and s = [sadd , s0 , s2 , s3 , s4 ], then N [s0 , s1 , s2 , s3 , s4 ](s) = c1 N [sadd , s0 , s2 , s3 , s4 ](s) + d1 N [sadd , s0 , s1 , s2 , s3 ](s) (6) (sadd −s1 )(s4 −s1 ) s4 −s1 where c1 = s4 −s0 and d1 = (s3 −sadd )(s4 −s0 ) . If sadd ≥ s4 and s = [s0 , s1 , s2 , s4 , sadd ], then N [s0 , s1 , s2 , s3 , s4 ](s) = c2 N [s0 , s1 , s2 , s4 , sadd ](s) + d2 N [s1 , s2 , s3 , s4 , sadd ](s) (7) (sadd −s3 )(s4 −s0 ) 0 and d = . where c2 = ss43 −s 2 −s0 (s1 −sadd )(s3 −s0 ) If sadd ≥ s4 and s = [s0 , s1 , s2 , s3 , sadd ], then N [s0 , s1 , s2 , s3 , s4 ](s) = c3 N [s0 , s1 , s2 , s3 , sadd ](s) + d3 N [s1 , s2 , s3 , s4 , sadd ](s) (8) −s4 where c3 = 1 and d3 = ssadd . 1 −sadd
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The reverse blending function transformation for a T-spline surface blending function B(s, t) can be easily derived from the above four equations. In general, if both N [s](s) and N [t](t) are decomposed, we can rewrite B(s, t) by B(s, t) = N [s](s)N [t](t) =







ci N [si ](s) ·



i



 j



cj N [tj ](t) =







rk Bk (s, t), (9)



k



where Bk (s, t) stand for the reﬁned T-spline surface blending functions that are the product of the two univariate B-spline basis functions. 3.2



T-Spline Control Point Removal



Now let us look at how to eliminate a speciﬁed control point from the T-mesh without altering the geometry of the surface. This process can also be called T-spline knot removal due to the fact that removing a control point causes the corresponding knot to be removed from the T-spline pre-image in the parameter domain as well. An immediate result of removing a control point is the change of the topology of the T-mesh. Such change includes the disappearance of the control point, and possible removing or adding of some edge(s) due to the removal of that point. Fig. 2 shows three examples of the topology change. Fig. 2 (d), (e), (f) are the results of removing Pr from an T-mesh shown in Fig. 2 (a), (b), (c), respectively. Sometimes the topology for the new T-mesh is not unique. Refer to Fig. 3 for a more complicated example, where (b) and (c) are two possible topological structures when the control point Pr is removed from a T-mesh shown in Fig. 3(a). In such a case, both situations could be checked or user’s recommendation may be needed. Another important component of the T-spline control point removal algorithm is to update the geometry of the control points so as to keep the shape of the T-spline surface unchanged. Assume we want to eliminate the control point Pr which is associated with knot (sr , tr ). Our approach begins n with the given T-spline surface. The T-spline surface equation P (s, t) = i=1 Pi Bi (s, t) is split into two parts: i=r Pi Bi (s, t) and Pr Br (s, t). We call the second part a residue. The ﬁrst part deﬁnes a new T-spline surface whose control points oneto-one correspond to thoseof the new T-mesh. However, the knot quintuples for the blending functions in i=r Pi Bi (s, t) do not necessarily match those derived from the new T-mesh. It is important to keep in mind that the blending functions and the T-mesh are tightly coupled in a valid T-spline surface [8,9]. Therefore the main process of our algorithm is to use the reverse blending  function transformation and the blending function reﬁnement to update both i=r Pi Bi (s, t) and Pr Br (s, t) such that their blending functions gradually match the new Tmesh except that Br (s, t) has (sr , tr ) as its center knots in the knot quintuples. During this process, local knot insertion  may also be required (see a discussion in the end of this section). As a result, ni=1 Pi Bi (s, t) will eventually be decomposed into a T-spline surface deﬁned over the new T-mesh and a residue term whose blending function has knot quintuples centered at (sr , tr ). If the residue
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Pr Pr



(a)



(b)



(c)



(d)



(e)



(f)



Fig. 2. T-mesh topology change after removing control point Pr



Pr



(a) Original T-mesh (b) Removing vertical edges (c) Removing horizontal edges Fig. 3. Another T-mesh topology change example



term becomes zero, a valid new T-spline surface without the control point Pr has been found. Otherwise, the point Pr cannot be removed. The T-spline control point removal algorithm is thus given as follows. 1) Remove a control point Pr with a knot (sr , tr ) from the T-mesh and update the topology of the T-mesh.  2) Set the current T-spline surface to be i=r Pi Bi (s, t) and the residue to be Pr Br (s, t). 3) for each blending function from the current T-spline surface 3.1) if the blending function has the same knot quintuples as the residue’s blending function, move it to the residue. 3.2) else if the blending function contains the knot (sr , tr ) such that at least one of sr and tr is not the center in the respective knot quintuple, perform a proper reverse blending function transformation.
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3.3) else if the blending function is missing a knot inferred from the current T-mesh, perform a proper blending function reﬁnement. 3.4) else if the blending function has a knot other than (sr , tr ), which is not indicated in the current T-mesh, add an appropriate control point into the T-mesh. 4) if the blending function of the residue is missing a knot inferred from the current T-mesh, perform a proper blending function reﬁnement and move the new generated term whose corresponding knot quintuples are not centered at (sr , tr ) to the current T-spline surface. 5) Goto step 3) until there is no new operation in steps 3.2)-3.4) and step 4). Now all the blending functions are properly associated with the control points in the T-mesh. 6) If the ﬁnal residue equals zero, the control point Pr is successfully removed; else, the control point Pr cannot be removed. Note that this algorithm is in the similar fashion of the T-spline knot insertion algorithm proposed in [9]. The main diﬀerent step is step 3.2) which invokes the operation of reverse blending function transformation. Here we use an example to illustrate this step topologically. Fig. 4(a) shows a T-mesh from which we want to remove the point Pr . After removing Pr , the T-mesh becomes Fig. 4(b). However, the blending function corresponding to (s2 , t2 ) is N [s0 , s1 , s2 , s3 , s4 ](s)N [t0 , t1 , t2 , t3 , t4 ](t). It has a knot (s3 , t2 ) that corresponds to the removed control point Pr . Therefore, according to step 3.2), a reverse blending function transformation is performed and we obtain two new blending functions: N [s0 , s1 , s2 , s4 , s5 ](s)N [t0 , t1 , t2 , t3 , t4 ](t) and N [s1 , s2 , s3 , s4 , s5 ](s) N [t0 , t1 , t2 , t3 , t4 ](t). The former conforms with the current T-mesh, and the latter has the same knot quintuple as the residue (see Fig. 4(c)) and thus is moved to the residue. Validity of the Algorithm. For an algorithm described in a recursive manner, it is important that the algorithm terminates after a ﬁnite number of steps. We examine the two basic operations in this T-spline control point removal algorithm. Since the knot values involved in this procedure are those that initially exist in the T-mesh, the blending function reﬁnement would be called for only a limited number of times if such a process is needed [9]. For the reverse blending t4
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(b) Fig. 4. Control point removal example
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function transformation, it can be seen that each of those four reverse blending function transformations replaces a blending function by two new functions. One of the new blending functions corresponds to a knot quintuple which does not contain the removed knot, and the other one corresponds to a knot quintuple which is closer to the quintuple of the removed control point. Once the center knot of the quintuple becomes the knot to be removed, the reverse blending function transformation is completed. In this way, after a ﬁnite number of steps of performing reverse blending function transformation and blending function reﬁnement, the T-spline surface is decomposed into a new T-spline surface which is deﬁned by the new T-mesh without the removed control point plus a residue term whose blending function has knot quintuples centered at (sr , tr ). If the coeﬃcient of the residue term is zero, then the removal algorithm succeeds and the new T-spline surface is the result. Otherwise, the algorithm returns that the speciﬁed point cannot be removed. Therefore, the algorithm for T-spline control point removal is always guaranteed to terminate. Discussion. In the process of removing a control point, sometimes the algorithm will introduce a few new control points into the T-mesh. The insertion of these control points is to make the blending functions be properly associated with the control points. Fig. 5 illustrates such a situation. If the point P1 in a T-mesh shown in Fig. 5(a) is removed, then a new control point P4 will automatically be added into the T-mesh by our algorithm (see Fig. 5(b)), which ensures that the blending function corresponding to P3 is compatible with the T-mesh. It should be pointed out that in the situation where removing a control point causes the insertion of extra point(s), the total number of the control points will not be reduced, and thus the user may choose not to remove that point for applications such as surface simpliﬁcation. However, if the user’s concern is whether a speciﬁed point is removable and how to remove it, our algorithm is attractive because the topology of the new T-mesh is automatically determined by the algorithm. Some other possible approaches for control point removal such as setting up a system of linear equation describing the relationship between the blending functions (or control points) before the removal and after the removal need to know the topology of the new T-mesh in advance.
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Fig. 5. Extra control point insertion in the removal process
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Remove More Control Points



This section extends the algorithm developed in Section 3 to remove more control points. If a user speciﬁes n control points in a T-mesh, we may extend the algorithm to detect whether these n control points can be removed simultaneously and to compute the new T-mesh if they are removable. The possible modiﬁcations include: 1) n control points should be removed in updating the topology of the new T-mesh; and 2) the residue should consist of n terms. However, the topology of the resulting T-mesh after removing several control points could generally have many possibilities. This increases the complexity of the algorithm. In addition, it is unlikely that arbitrarily speciﬁed n control points can be removed simultaneously. Therefore, if we want to remove many control points (especially those generated by knot insertion), it is not practical to identify them ﬁrst and then to apply the extended algorithm. An alternative approach could be based on the single control point removal algorithm. An unsophisticated attempt is described as follows: for every control point in the current T-mesh, check its removability; if it is removable, remove it. This method is quite simple. However, the following example shows that this method may fail to remove some control points although they are generated by knot insertion. Consider a T-mesh shown in Fig.6(b), which is the result of inserting a point P1 into a T-mesh shown in Fig.6(a). Point P2 is a control point automatically introduced by the knot insertion algorithm [9]. Suppose no further geometrical change is made to these control points. Obviously, P1 and P2 are two redundant control points in the T-mesh and should be removable. However, if we apply the single control point removal algorithm to point P2 , it is surprising to ﬁnd that P2 cannot be removed from the T-mesh in Fig.6(b) by carefully checking the removal algorithm! Fortunately, in the above situation, point P1 can be removed by the single control point removal algorithm, and furthermore after that, point P2 becomes removable for the single control point removal algorithm (see Fig.6(c)).
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Fig. 6. Example for identifying the removable control points
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The above example indicates that one control point may not be removed until some other control points are removed. This observation motivates the following removal strategy for removing as many control points in a T-mesh as possible: 1) Check each control point in the T-mesh. If it is removable, remove it and update the T-mesh. 2) If at least one control point has been removed, execute step 1) again. 4.1



An Example



An example of removing many control points from a T-spline surface is provided here. Fig. 7(a) shows an T-spline surface, and its associated T-mesh and preimage are displayed in Fig. 7(b) and (c), respectively. (Fig. 7(b) is uniformly



(a) T-spline surface



(b) Initial T-mesh



(c) Initial T-mesh pre-image



(d) First iteration



(e) Second iteration



(f) Third iteration



(g) Final T-mesh pre-image



(h) Final T-mesh



Fig. 7. An example of removing many control points
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scaled down in order to be properly ﬁt into the page.) The T-mesh contains 94 control points and the algorithm is then invoked to eliminate the removable control points among them. Fig. 7(d) is the pre-image of the resulting T-mesh after we apply the single control point removal algorithm to all the points of the T-mesh once. We call this process one iteration. 11 control points are eliminated during the ﬁrst iteration. As indicated by the algorithm, more control points might now become removable and we should continue this process to the new T-mesh. Fig. 7(e) and (f) are the pre-images of the T-mesh after the second and third iterations. It can be seen that the number of control points in the T-spline surface is gradually reduced. The ﬁnal result is displayed in Fig. 7(g) and (h). According to the algorithm, no more control point can be removed at this stage and the whole process is then terminated. During this removal process, there are totally 37 control points that are removed. Thus the T-mesh is simpliﬁed while the T-spline surface remains the same.



5



Conclusion



This paper investigates the problem of removing control points from a T-spline surface. The T-spline control point removal is found to be much more complicated than the B-spline knot removal, since the T-spline control point removal could lead to diﬀerent result and sometimes the control point removal could cause the insertion of extra control points. A single control point removal algorithm is developed, which is in the style of the T-spline knot insertion algorithm [9]. The algorithm can be used to detect whether a user-speciﬁed control point can be removed or not. If the control point is found to be removable, the algorithm returns the new T-mesh with the control point removed. The algorithm may have applications in interactive design. The extension of the algorithm to remove more control points is also proposed. In many situations, the control points that are added by knot insertion can be completely removed by this extended algorithm. However, there still exist some situations, in which some inserted control points cannot be removed. Therefore developing algorithms that are able to remove all those control points added by knot insertion warrants further investigation. Besides, a method of checking the removability of a control point directly from the topological structure of the Tmesh in its neighborhood would also be an enhancement to the current algorithm.
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