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a b s t r a c t In this study, an analytical method is proposed to correlate local damage variables such as relative crack depth and crack tip opening displacement with a newly deﬁned global damage index for a concrete beam under fatigue loading. This global damage index may be used to assess the response of a degraded concrete beam under service loading. The damage is assumed to appear in the form of a major crack that propagates under constant amplitude fatigue loading. The progressive cracking phenomenon is modeled within a ﬁnite element framework using a crack beam element, which takes into account the compliance variation due to discrete cracking within the member. The ﬂexural stiffness degradation of the member is computed based on an Eigen analysis of the global stiffness matrix. It is seen that the degree of ﬂexural stiffness degradation due to discrete cracking is the same for geometrically similar specimens when the relative crack depth is used as a local damage parameter. Further, in order to improve the accuracy of the response prediction using the above global damage index, another global damage parameter is deﬁned based on the nature of applied loading. Ó 2008 Elsevier Ltd. All rights reserved.



1. Introduction Structures such as airport/highway pavements and bridge decks are subjected to repetitive loads of high stress amplitude due to moving vehicles. According to classical theory, in-plane tensile stresses are developed at the bottom of the pavement structure due to applied loads. The stress state in such structures is often simulated using three-point bending tests. Therefore, ﬂexural fatigue is a common phenomenon in case of concrete members. Plain concrete when subjected to ﬂexural loads fails due to crack propagation. In the context of present work, damage in a concrete member signiﬁes a speciﬁc degree of physical deterioration with precisely deﬁned consequence regarding the member’s capacity to resist further load. In convention, a damage index is usually deﬁned as the damage value normalized with respect to the failure level, so that it corresponds to unity at the moment of failure [1]. Numerous models have been proposed in the past to represent damage of structural members or entire structures. Most of them are based on empirical damage deﬁnitions [2]. These models disregard the mechanics of materials involved and therefore do not lend themselves to rational predictions of the response characteristics of a structure with a speciﬁed degree of damage [1]. Several investigators have introduced the concept of energy dissipation to deﬁne damage index. Darwin and Nmai [3] have deﬁned a normalized dissipated energy index as, Ei ¼ E
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Nomenclature At ; Bt ; Ac ; Bc empirical parameter of the material B width of beam C fatigue law constant D depth of beam Dt damage variable in tension Dc damage variable in compression E Elastic modulus of the beam E0 initial value of elastic modulus critical value of elastic modulus at failure Ef FðÞ function describing overload effect L ligament length As area of tension steel area of compression steel A0s Dg global damage index DL local damage index DW damage index with respect to applied loading maximum SIF during past loading history K Isup K max maximum stress intensity factor DK stress intensity factor range KI stress intensity factor K Ic critical stress intensity factor K ini crack initiation toughness Ic KR crack extension resistance fracture toughness for inﬁnitely large specimen K If K IM stress intensity factor due to bending moment N fatigue load cycle Y M ðaÞ geometry factor for a three-point bend beam work done under external loading in an undamaged beam W0 Wd work done under external loading in a damaged beam a0 initial notch length softening zone width hs l length of beam lch characteristic length ½k stiffness matrix of undamaged beam ½kcrack stiffness matrix of cracked beam ½kd stiffness matrix of damaged beam k0 initial secant stiffness kr reduced secant stiffness yield stress in steel fY g 1 ðaÞ geometry factor n power law exponent pY limit load w crack opening displacement k neutral axis depth factor lp fracture process zone length f loading frequency DY maximum displacement fdg displacement vector du ultimate deformation under monotonic loading a relative crack depth ðaC Þ critical relative crack depth m Poisson’s ratio ki eigen values of the stiffness matrix compliance coefﬁcients due to bending moment kmm kvv compliance coefﬁcients due to shear force kmin;u minimum eigen value for undamaged beam minimum eigen value for damaged beam kmin;d D0 initial damage threshold strain tp tensile strain corresponding to elastic limit tu failure tensile strain of concrete
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st R j h0 j hY



tensile strain in steel absolute sum of plastic rotations yield rotation



where E is the total dissipated energy, A0s and As are the areas of compression and tension steel, respectively; py and Dy are the limit load and corresponding maximum displacement. Lybas and Sozen [4] have deﬁned the damage ratio in terms of secant stiffness of the member as: DR ¼



k0 kr



ð2Þ



where, k0 is initial stiffness and kr is reduced secant stiffness associated with maximum displacement. Banon and Veneziano [5] have deﬁned a damage parameter based on normalized cumulative rotation, (NCR) as, NCR ¼



Rjh0 j hy



ð3Þ



where hy is the yield rotation and R j h0 j the absolute sum of plastic rotations. One of the widely accepted damage models under earthquake loading, is deﬁned by Park and Ang [6] as, Z dmax b De ¼ þ dE ð4Þ Q y du du where dmax is the maximum deformation experienced at a given time, du is the ultimate deformation under monotonic loading, Q y is the calculated yield strength, dE is the dissipated energy increment and b is a factor that depends on the longitudinal steel ratio, conﬁnement ratio and the shear span ratio. In 1986, Mazars [7] has described a micro-scale damage model based on thermodynamics framework and proposed a correlation between micro- and macro-scale damage in concrete. An isotropic damage model was proposed by using the coupling of two damage variables Dt (tensile) and DC (compressive). Evolution laws for those parameters were proposed as a function of equivalent strain as: Dt ð~Þ ¼ 1 



D0 ð1  At Þ At  ~ exp½Bt ð~  D0 Þ



ð5Þ



Dc ð~Þ ¼ 1 



D0 ð1  Ac Þ Ac  ~ exp½Bc ð~  D0 Þ



ð6Þ



and



where D0 is the initial damage threshold and ~ is the equivalent strain; At ; Bt ; Ac ; Bc are characteristic parameters of the material to be obtained experimentally. It should be noted here that based on the framework of thermodynamics  is considered as an observable variable and D is an internal variable. The similar concept has been borrowed in the present case study, by considering the crack tip opening displacement and the discrete crack length as observable variable at a critical point. Damage measures can also be deﬁned in terms of structural stiffness, properly quantiﬁed by some characteristic parameters. These parameters can be modal values, such as eigen frequencies [8], mode shapes [8,9] etc., that reﬂects the structural stiffness indirectly. Alternatively, structural stiffness or compliance can be directly referred to, for example, by means of the eigen values of the global stiffness matrix [10] and local stiffness or ﬂexibility [11]. A further group of damage measures is based on energy considerations, for example, on the virtual deformation energy [12] or on the total dissipated energy. For a concrete specimen subjected to fatigue loading under three-point bending condition, the ﬂexural stiffness reduction may occur either due to continuous crack propagation within the member or due to reduction in elastic modulus caused by cyclic creep within structural concrete [13]. An attempt is made in the present work to quantify this degradation of ﬂexural stiffness in terms of a global damage index deﬁned for the entire beam. The primary objective in this study is to obtain an analytical correlation between local damage parameter and the global damage index. In the present study, damage is assumed to appear in the form of discrete crack near the principal tensile zone due to fatigue loading. Although the assumption of stress-free crack hinders the application of continuum damage theory in the ﬁrst place, a modiﬁed damage parameter such as the crack length or the crack tip opening displacement has been considered which will quantify the stiffness/strength loss locally within the material. The fatigue crack propagation as a function of load cycles is predicted through a modiﬁed Paris law, which takes into account the effect of external loading frequency, specimen size, fracture toughness, grade of concrete etc., that commonly inﬂuence the crack propagation rate. Along with the relative crack length, the CTOD is also taken as a parameter which could be used as a local damage measure. Knowing the fatigue crack propagation curve or the progressive increase in local damage, a ﬁnite element formulation is used to incorporate this local effect into the global stiffness of the member. A cracked beam element originally formulated by Tharp [14] for beam-column study is used in order to model and capture the stiffness degradation due to continuous crack propagation. The minimum eigen value of the global stiffness matrix of damaged beam is compared with the undamaged minimum eigen value, to quantify the stiffness degradation index. The entire procedure is explained in detail in
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subsequent sections. The present study is restricted to plain concrete beams by considering the damage in the form of discrete cracks although in practice concrete structures are reinforced. The basic idea is to study the relationship between local and global damage indicators in concrete beams subjected to fatigue. 2. Global versus local damage indicator The characterization of damage parameter is essential to model the degraded structural response, for evaluating the residual strength of the member. In continuum mechanics approach, quantiﬁcation of damage is done with respect to a representative volume element (RVE) which is scaled with some internal material parameter. However, there are other approaches, where the damage measures are generally deﬁned in terms of structural stiffness, properly quantiﬁed by characteristic reference functions [8,10]. It is evident from the deﬁnition that the two damage measures differ from each other quantitatively as well as qualitatively. The ﬁrst one (continuum approach) describes a local loss of material strength (based on either strain or stress equivalence principle), whereas the later predicts the global behavior of the structure in terms of its stiffness loss. In the present context, during ﬂexural fatigue loading, a major crack forms in the principal tensile zone, and propagation leads to ﬁnal failure of the member. Hence, the crack length itself or other parameters such as crack tip/mouth opening displacements can capture the local damage phenomenon; whereas the characteristic property of global stiffness matrix can represent the strength loss in the whole member. If there are multiple cracks at different locations, the local damage parameter may vary depending on the position and the degree of damage. But the global damage indicator will have a single value combining all the effects of distributed damage together. In this study, the discrete crack length and the crack tip opening displacement are considered as local damage indicators ðDL Þ, which progressively increase under fatigue loading. The most simple local damage parameter could be taken as relative crack depth, but its measurement through experiment is difﬁcult. In the theory of non-linear fracture mechanics, besides effective crack length, crack tip opening displacement (CTOD) is another important parameter to characterize fracture. Since non-linear fracture theory is most suitable to apply for concrete fatigue, CTOD is considered as another local damage parameter. Following the standard approach presented in the literature [15] based on nonlocal continuum concept, the measured CTOD can easily be converted into equivalent tensile strain at the tip as  ¼ CTOD=hs ; where hs is the softening zone width usually taken as 0:5D; where D is the depth of the beam [15]. Hence, a new local damage parameter is introduced based on this tensile strain as follows:   tp ð7Þ DL ¼ tu  tp where tp and tu are the plastic and ultimate tensile strain. Since the index is deﬁned based on non-linear theory, strain below plastic limit will not introduce any damage. The main advantage of deﬁning such an index lies in ﬁnding out a similarity with the scalar damage variable used in continuum approach. For example, material damage in continuum mechanics [16] is more often deﬁned as: D¼



E  E0 E0  Ef



ð8Þ



where E0 is the initial value of elastic modulus E in the non-damaged state and Ef the critical value at failure. The progressive cracking phenomenon is incorporated in the ﬁnite element framework to formulate the global stiffness matrix. The global stiffness matrix is further analyzed to determine some characteristic value (e.g. eigen values), which is used to deﬁne a global damage indicator ðDg Þ. Such a global damage indicator would fall in between two limiting values, Dg ¼ 0 in the non-damaged state up to Dg ¼ 1 at failure. In case of local damage parameters, critical values are ﬁxed depending on the material properties. For example, critical crack length ðaC Þ and crack tip opening displacements ðCTODc Þ are used as limiting value for the local damage index. It should be noted here that the local damage indicator based on continuum hypothesis is commonly described at each material point of the RVE. In the present situation presence of cracks rules out the possibility of direct application of the damage mechanics theory. Hence, a new approach is followed, wherein a local damage parameter is deﬁned only at a single point of interest and based on its evolution the global structural response is monitored. 2.1. Fatigue crack propagation in concrete beams: LEFM approach Mechanistic approaches that utilize the concepts of fracture mechanics to study crack propagation from fatigue loading and the S–N concept [17–19] have been proposed in the literature. Perdikaris et al. [20] have shown that compliance measurements provide a convenient method for estimating the traction-free crack length in concrete specimens subjected to fatigue. Since then, a few experimental investigations on fatigue crack propagation in concrete have been reported [21,22]. The fundamental fracture mechanics approach relating the crack length increment per load cycle ðDa=DNÞ to the applied stress intensity factor amplitude, as proposed by Paris and Erdogan [23] is commonly known as Paris law. This law has been extensively used for studying fatigue crack propagation in metals and ceramics. Based on linear elastic fracture mechanics principle, Slowik et al. [25] have suggested for modiﬁcations of the well known Paris law [23], to describe fatigue cracking in concrete members. The proposed law is given by, n da Km Imax DK I ¼C þ Fða; DrÞ dN ðK IC  K Isup Þp



ð9Þ
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where C is a parameter which gives a measure of crack growth per load cycle, K Isup is the maximum stress intensity factor ever reached by the structure in its past loading history, K IC the fracture toughness, K Imax is the maximum stress intensity factor in a cycle, N is the number of load cycles, a is the crack length, DK is the stress intensity factor range, and m, n, p are constants. These constant coefﬁcients are determined by Slowik et al. through an optimization process using the experimental data and are 2.0, 1.1, 0.7, respectively. The function Fða; DrÞ in Eq. (9) describes the sudden increase in equivalent crack length due to an overload [25]. In the present study only normal load cycles without overloads are considered and hence the overload term Fða; DrÞ is neglected. A more detailed explanation on the effects of overload can be found in [26]. Although, the fatigue crack propagation law given in Eq. (9) is based on LEFM, the effect of the quasi-brittle nature of concrete and the presence of FPZ is accounted for, by the parameter C. This parameter basically gives a measure of crack growth per load cycle. In concrete members this parameter indicates the crack growth rate for a particular grade of concrete and is also size-dependent. Slowik et al. [25] have determined the value of C to be equal to 9:5  103 and 3:2  102 mm/cycle for small and large size specimens, respectively. It should be noted here that the stress intensity factor be expressed in MNm3=2 . These values were determined for a particular loading frequency of 3 Hz. Since the parameter C gives an estimation of crack propagation rate in fatigue analysis, it should also depend upon the frequency of loading. Further, the fatigue crack propagation takes place primarily within the fracture process zone and hence C should be related to the relative size of the fracture process zone, which itself is related to characteristic length. Therefore, C should depend on the characteristic length lch and ligament length L, where lch ¼ EGf =ft2 , and E is the elastic modulus of concrete, ft is the tensile strength of the concrete and Gf is the speciﬁc fracture energy. Slowik et al. [25] proposed a linear relationship between parameter C and the ratio of ligament length ðLÞ to characteristic length ðlch Þ, given by,   L ð10Þ  103 mm=cycle C ¼ 2 þ 25 lch This equation does not account for the frequency of fatigue loading. Hence, in an earlier study, a modiﬁed equation to include the effect of loading frequency has been proposed by the authors [26]. This is established through a regression analysis, using the experimental results of Slowik et al. [25] and Bazant and Kangming [24]. While Slowik et al. have used compact tension specimens of two different sizes with loading frequency 3 Hz and interrupted by spikes, Bazant and Xu have tested a series of geometrically similar three-point beams under fatigue with loading frequency of 0.033 Hz. The geometrical properties of these compact tension and beam specimens are shown in Table 1. The C values for the compact tension specimens are reported by Slowik et al. [25], whereas for the beam specimens used by Bazant and Kangming [24], the C values are computed by ﬁtting the experimentally obtained a  N data into Eq. (9). The resulting best ﬁt curve represents a quadratic polynomial given by,  2   L L Cf ¼ 0:0193 þ 0:0809 þ 0:0209 mm=s ð11Þ lch lch where f is the frequency of external loading. From this equation one can obtain the value of parameter C for any loading frequency, grade of concrete and size of specimen. The modiﬁed fatigue law for concrete is validated using the experimental results of Bazant and Kangming [24]. Three-point bending beams of three different sizes under fatigue loading were used by Bazant and Kangming [24]. Geometrically similar specimens, each having width of 38.1 mm have been considered. Table 1 shows the details of specimen geometry and the loads used. Young’s modulus for the grade of concrete has been considered to be as 27120 MPa, for all the three specimens. Fig. 1 shows the fatigue crack propagation curves obtained using Eqs. (9) and (11) together with the experimental results as a function of loading cycles. It is seen that the analytical predictions using the above formulation is in good agreement with the experimental ones. Therefore, using the modiﬁed fatigue law (Eqs. (9) and (11)) we can obtain the rate of crack propagation of a concrete member subjected to fatigue loads. 2.2. Global damage index for quantifying stiffness degradation It has been already mentioned that the progressive cracking in concrete member under fatigue loading results in ﬂexural stiffness degradation. The local effect of cracking can be detected in terms of changes in compliance. Once this local change in ﬂexibility is included into the global stiffness matrix of the member, the stiffness degradation can be computed by assessing certain characteristic property, such as the eigen values of the matrix. In the present study, a new global damage measure is proposed to quantify the stiffness degradation due to single/multiple cracking, based on the eigen analysis of the global stiffness matrix. It has been mentioned in an earlier literature [27] that a proper way to quantify structural damage in a global Table 1 Geometry and loading details Specimen



Depth (mm)



Width (mm)
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Initial notch (mm)



K IC ðMN=m3=2 Þ



Peak load (N)



Large Medium Small



152.4 76.2 38.1



38.1 38.1 38.1



381 190.5 95.3
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Number of Fatigue Load Cycle (N) Fig. 1. Fatigue crack propagation (LEFM law).



sense is to observe the reduction of overall structural stiffness. Through the framework of ﬁnite element it can be observed how the local damages get accumulated in the global stiffness matrix ½k. The stiffness degradation process continues due to increase in crack length, until the stiffness matrix becomes singular at the point of failure and characterized by a large deformation of the member. When the stiffness matrix becomes singular at the moment of failure, the smallest eigen value tends towards zero, which can be expressed mathematically as, det½k ! 0 () minfki ! 0;



i ¼ 1; . . . ; ng



ð12Þ



where ki ’s are the eigen values of the global stiffness matrix k and n is the number of degrees of freedom. A new global damage index, describing the ﬂexural stiffness degradation can be deﬁned in the following form, Dg ¼ 1 



kmin d kmin u



ð13Þ



where kmin u is the minimum eigen value corresponding to an uncracked beam, and kmin d is the minimum eigen value corresponding to a cracked beam. As pointed out earlier, the limiting values of Dg may be deﬁned as follows: when there is no crack, kmin u ¼ kmin d , therefore Dg ¼ 0 corresponding to no damage; when critical crack length corresponding to failure is reached, kmin d ! 0, and Dg ! 1 indicating full damage of the member. Between these two limiting condition, at various stages of crack propagation, the kmin d value decreases monotonically with increase in crack length, and the corresponding stiffness degradation factor has the range 0 6 Dg 6 1. Through this procedure the local effect of cracking is incorporated in the global behavior of the member. By this method the degraded structural response or the residual stiffness of the member can be computed observing the variation of local damage parameter. In other words local damage variables will act as a measurement of the cause of damaging event, whose result will be captured through the global damage indicator. In this study, the stiffness characteristics of a damaged concrete member is determined using a cracked beam element located at the known position of a crack. A brief description of the cracked beam element is given in the following section. 2.3. Cracked beam element A beam element of rectangular cross section with an edge crack was developed by Tharp [14] based on compliance coefﬁcients. This element allows representation of individual cracks and direct calculation of stress intensity factors. The element has zero length with two nodes and a single edge crack. The two nodes have the same coordinates, and the element includes two degrees of freedom commonly associated with regular beam elements. Hence the element can be conveniently used at locations where cracks are present together with the regular beam elements in the uncracked regions. The stiffness matrix of the cracked beam element is obtained using the compliance coefﬁcients by partial differentiation of the total strain energy equation with respect to the nodal displacements and is given by,
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b a [ 1, 2, 3 and 4 are the degrees of freedom ] Fig. 2. Cracked beam element.
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ð14Þ
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The corresponding equilibrium relation can be written as, fFg ¼ ½kfdg. As per Fig. 2, fFg and fdg are deﬁned as, fFg ¼ fV 1 M 1 V 2 M 2 gt



ð15Þ



fdg ¼ fw1 h1 w2 h2 gt



ð16Þ



The procedure for computing the compliance coefﬁcients used in the derivation of the cracked beam stiffness matrix along with the expressions for stress intensity factors, are presented in Appendix A. 3. Case studies In a concrete beam under service load conditions, the ﬂexural stiffness degradation can occur due to two reasons. Firstly, due to the cyclic nature of applied loading (which is very common in civil engineering structures), a crack can initiate and propagate near the zone of critical tensile stress. This progressive cracking phenomenon is one of the major causes of stiffness degradation. Secondly, due to adverse environmental conditions, the material properties may degrade, resulting in loss of stiffness in the member. In this study only the ﬁrst condition is considered. The analytical formulation as explained above is used to determine the degradation of the beam specimens under three-point fatigue loading. The geometry of the specimens and load details are given in Table 1. To study the effect of single and multiple cracking, on the stiffness degradation, two different case studies have been considered, one with a single crack at mid-span and the other with multiple cracks located at one quarter, one half and three quarters of span. In these studies, the cracked member has been modeled using cracked beam element as explained earlier. This element is introduced at the known locations of damage. Simple beam element with two degrees of freedom has been used for the undamaged portions of the member. The assembled global stiffness matrix is further analyzed to compute the degradation factor Dg . The algorithm that has been adopted to evaluate Dg is as follows: (1) The eigen values of the undamaged beam stiffness matrix are determined. (2) The crack propagation curve under the applied fatigue loading, using the proposed LEFM based fatigue law, as given by Eq. (9) is obtained. This curve is used for predicting the evolution of local damage parameter in terms of crack depth. The variation of local damage parameter can also be obtained in terms of strain (or CTOD) measurements using Eq. (7). (3) The crack beam element is introduced at the known crack location along with standard beam elements at other undamaged portion. (4) The global stiffness matrix for the cracked member ½kgcrack is assembled and its eigen values are computed. (5) The degree of global damage index Dg is computed by using Eq. (13) and the minimum eigen values corresponding to undamaged and damaged beams. (6) The crack length is incrementally increased and steps 2-4 repeated to determine the variation in Dg , as a function of either the relative crack depth or CTOD, depending on the type of local damage parameter DL used. Before going to the discussion of quantifying damage, a short note on mesh size dependence of the FE solutions is elaborated. 3.1. Effect of mesh size on stiffness degradation factor It is a well established fact in the arena of ﬁnite element studies, that the desired convergence of the ﬁnite element (FE) solution to the exact one depends on mesh reﬁnement. In the present study, the global stiffness matrix is formulated including the effect of progressive cracking through FE modeling. Therefore, in order to check for convergence, a numerical experiment is performed over an intact beam by varying the number of beam elements. It is seen that, for number of elements greater than 100, the difference between computed mid-span deﬂection and theoretical value is well within a tolerance
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value of the order of 103. A similar analysis is performed to compute the minimum eigen value for the small beam specimen with a crack at mid-span by considering three different mesh sizes. Fig. 3 shows the minimum eigen value variation for small specimen with 11,101 and 501 elements, respectively. It is seen that the eigen value varies substantially depending on the number of elements used. The degree of ﬂexural stiffness degradation Dg is computed for three different number of elements in the ﬁnite element mesh and plotted in Fig. 4. It is seen that the Dg values vary with number of elements used and the variation almost vanishes for elements greater than 100. Hence, to get an objective solution of the ﬂexural stiffness degradation, the number of elements used in subsequent analysis are n ¼ 100. 3.2. Discussion of results on case studies 3.2.1. Case 1: damage due to crack at mid-span A single crack is considered at the mid-span of the beam. The local damage evolution in terms of discrete crack length is computed as a function of fatigue load cycles, as described earlier and plotted in Fig. 1, for large, medium and small sized specimens, respectively. The local damage index ðDL Þ is computed in terms of equivalent strain by measuring the CTOD as shown in Fig. 5. Once the local damage evolution is known as a function of applied loading, the global damage parameter
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can be computed using the proposed FE formulation and subsequent eigen value analysis. The reduction in minimum eigen value of the global stiffness matrix ½k as a function of increasing crack length, is shown in Fig. 6. Finally the global damage index Dg is computed for all the three specimens using Eq. (13) and plotted as a function of the number of fatigue load cycles and relative crack depths in Figs. 7 and 8, respectively. It is seen from Fig. 8 that all the three plots for the three specimens merge, indicating that Dg is same for a ﬁxed relative crack depth. This is the case for all geometrically similar specimens (the characteristics dimensions of the specimens maintain the same ratio i.e. l=D ¼ constant and B ¼ constant) as explained below: Let us assume that only one beam element is used to model the entire beam. The stiffness matrix for the beams following the degrees of freedom as shown in Fig. 2 is given by, 2 3 12 6l 12 6l 2 2 7 6 6l 2l 7 4l EI 6 ½kbeam ¼ 3 6 ð17Þ 7 12 6l 5 l 4 sym 4l
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where l is the span of the beam, E is the modulus of elasticity and I is the moment of inertia. For a simply supported case, the 2 minimum eigen value for the intact beam turns out to be ðEI Þ2l . For the geometrically similar specimens with l ¼ 2:5D and l3 3 2 E B ¼ constant; results in EI=l ¼ C 1 ðBÞ; where C 1 ¼ 12ð2:5Þ3 . Hence, we obtain kmin ¼ C 1 ðBÞð2l Þ. If it is hypothetically assumed that the intact beam is replaced by a cracked beam, then the modiﬁed stiffness will be represented by matrix ½kcrack as given 2 in Eq. (14). For a simply supported condition the minimum (non-zero) eigen value is equal to ðkmm Þ. Recalling back the expression for kmm and K Im for three-point bend beam, Z 72ð1  m2 Þ a 2 C2 aY M ðaÞda ¼ FðaÞ ð18Þ kmm ¼ 2 EBD BD2 0 where, C2 ¼



72ð1  m2 Þ E



ð19Þ



is another constant, depending on E and m only. Hence, for geometrically similar specimens C 2 is constant and FðaÞ is a function given by:
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FðaÞ ¼



Z



a 0



aY 2M ðaÞda



ð20Þ



The global damage index Dg in terms of minimum eigen values turns out to be, Dg ¼ 1 



2 kmm ðC 1 BÞ2l



2



¼1



BD2



ð21Þ



2



C 2 C 1 FðaÞBl



For the set of geometrically similar beams considered here ðl ¼ 2:5DÞ, the above ratio turns out to be a constant function of FðaÞ as: Dg ¼ 1 



1 6:25C 2 C 1 FðaÞ



ð22Þ



For a given relative crack depth, FðaÞ is constant. Hence, the global damage index for geometrically similar specimens will be constant. However, when the local damage parameter as deﬁned by Eq. (7) is used, then the Dg values become different even for geometrically similar specimens as shown in Fig. 9. This is because, the computation of DL in terms of strain or CTOD, involves material parameters such as tensile stress, plastic and ultimate strains which are size-dependent. 3.2.2. Case 2: crack at mid-span, left and right quarter span In this case, the global damage index Dg has been evaluated for the set of geometrically similar specimens as considered earlier, with multiple cracks of different lengths and at different locations. Cracks are introduced at the middle, left and right quarter span of the beam. Fig. 10 represents the degradation factor for the three specimens having equal relative crack depth at the three locations. It is seen that the stiffness degradation is exactly the same for all the three specimens for a ﬁxed relative crack depth at the three locations as discussed above. Therefore, for a ﬁxed value of a, even at the multiple locations, the global damage index will remain constant for geometrically similar specimens. Further, different ratios of a have been considered at left and right quarter spans as shown in Fig. 11 in order to determine the inﬂuence of asymmetric crack length on the ﬂexural stiffness degradation. It is seen that the degree of damage increases with increase in the relative crack depths, either in the left or right quarter spans. 3.3. Response analysis using global damage indicator Dg The global damage index Dg may be used to obtain the displacement response of a beam for any given loads. For different relative crack depths the global damage index is computed and the reduced ﬂexural rigidity of the member is obtained using the relation EIeff ¼ EIð1  Dg Þ. For this reduced ﬂexural rigidity, the maximum mid-span deﬂection is obtained. Table 2 shows the maximum mid-span deﬂection for different relative crack depths and global damage index for the small beam specimen considered above and for a load of 1.815 kN. The result obtained from a ﬁnite element analysis using the cracked beam element is also shown in this table. It is seen that the percentage error increases as the local damage value (in terms of crack length) increases. Therefore, the response prediction through global damage index differs from the exact one for larger
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Fig. 9. Global damage parameter as a function of strain based DL .
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Relative crack depth at midspan (ζ) Fig. 10. Global damage parameter as function relative crack depth (multiple cracks).
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Relative crack depth at centre (a/D) Fig. 11. Global damage parameter as function relative crack depth (multiple cracks).



Table 2 Maximum deﬂection under concentrated load (using Dg ) Relative crack depth ðaÞ



Displ. (mm) (FE analysis)



Dg



Displ. (mm) (using EIeff )



% Error



0.2 0.3 0.4 0.5 0.6



0.01 0.015 0.02 0.035 0.06



0.242 0.45 0.62 0.76 0.86



0.009 0.012 0.018 0.03 0.048



10 15 17 18 18



degree of damage. This problem can be sorted out by the use of a load-based damage indicator, which will be discussed in the following section. 4. Damage assessment in terms of ﬂexural stiffness: type of loads Although, a global damage indicator is an important characteristics of the structural state itself, damage may be relevant or irrelevant depending on the type of loads. In reality, it may so happen, that the damaged portion of the member may not
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take part in the load distribution for a particular point of application. In such cases, even though a particular portion is damaged, it will not affect the global structural performance, under that speciﬁc loading case. Therefore the existing damage has to be assessed with respect to the loading type that the structure is being subjected to. For example, a transverse crack in a column is not relevant for vertical loading that causes its closure, but perhaps vital for bending load. Thus, existing damage not activated by actual loading may generally be considered as irrelevant [27]. Petryna and Kratzig [27] has assessed the relationship between damage and loading by the use of energy assumptions. For a given load set Pa , the vector of structural displacements at measurement points can be determined in a linear case as: fd0 g ¼ ½k1 fPa g



ð23Þ



where ½k is the stiffness matrix of the undamaged member. The work done by the external loads in moving through the small displacements d0 in the uncracked state, namely the energy of linear structural deformation is, W 0 ¼ fP a gT fd0 g ¼ fP a gT ½k1 fP a g



ð24Þ



whereas in the cracked state, W d ¼ fP a gT fdd g ¼ fP a gT ½kd 1 fPa g



ð25Þ



where ½kd  is the stiffness matrix of the member in the damaged state. Since structural stiffness becomes singular at the point of failure, displacements fdd g and energy W d shall obviously increase at least by a few orders of magnitude. A new damage measure with respect to a given load set P a can be deﬁned as [27], DW ¼ 1 



W0 Wd



ð26Þ



From its deﬁnition, DW turns out to be a global damage indicator, since its computation involves work done (or in other words energy) by the system. However, DW is essentially a different quantity from Dg as deﬁned earlier, which can be shown in a loose way as follows: Let the uncracked global stiffness matrix be ½kg nn and the assembled stiffness matrix for cracked beam to be ½kcrack nn . Hence, determinant of these two can be expressed as, jkg j ¼ kmin;u ku2 ku3 ; . . . ; kun ¼ kmin;u Lun |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}



ð27Þ



jkcrack j ¼ kmin;d kd2 ; kd3 . . . ; kdn ¼ kmin;d Ld |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}



ð28Þ



Lu n



and



Ld



where kij are the respective eigen values. Hence, ½kg 1 and ½kcrack 1 can be written as; ½kg 1 ¼



adj½kg  adj½kg  ¼ jkg j kmin;u Lun



ð29Þ



and ½kcrack 1 ¼



adj½kcrack  adj½kcrack  ¼ jkcrack j kmin;d Ld



ð30Þ



where adj½A is the adjoint of matrix A. Applying Eqs. (29) and (30) into (26), we obtain, DW ¼ 1 



kmin;d fPa gT Ld ðadj½kg ÞfPa g kmin;u fP a gT Lun ðadj½kcrack ÞfP a g



ð31Þ



For two different matrices ½kg  and ½kcrack  their adjoint are also different. Therefore Ld ðadj½kg Þ 6¼ Lun ðadj½kcrack Þ makes the above equation for DW as,   C 1 kmin;d DW ¼ Dg þ 1  C 2 kmin;u



ð32Þ



ð33Þ



where C 1 and C 2 are two different constants. Hence, we see that the indices Dg and DW are different from each other. According to its deﬁnition, DW quantiﬁes the relative decrease in stiffness or increase in deﬂection associated with the given load Pa , due to damage. The focus of the present analysis is to determine, how the damage inﬂuences the performance of the structure depending on the type of external loading. Initially one example problem of a cantilever beam under a point load at three quarter span from the ﬁxed support is considered, as shown in Fig. 12. The crack location is assumed to be at a distance greater than the loading point measured from the ﬁxed support, i.e in the zone where the bending moment due to applied load is zero. The degree of damage DW is computed using Eq. (26) for different crack lengths and plotted in Fig. 13.
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x=3L/4



L Fig. 12. Cantilever beam under point load (crack at x > 3L=4).



1 0.8



Degree of damage D



W



0.6 0.4 0.2 0 -0.2 -0.4 -0.6 -0.8 -1



0.2



0.25



0.3



0.35



0.4



0.45



0.5



Relative crack depth (a/D) Fig. 13. Degree of damage (based on applied loading) as function relative crack depth (Cantilever beam).



It is seen that DW remains zero for all crack lengths, for this particular type of loading. Hence, it is necessary for deﬁning the ﬂexural stiffness degradation factor depending on the nature of loading in order to assess the structural performance. In another example, the degree of damage DW is computed for two different loading conditions, namely, uniformly distributed
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Relative crack depth (α=a/D) Fig. 14. Degree of damage (based on applied loading) (small specimen).
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Table 3 Maximum deﬂection under concentrated load (using DW ) Relative crack depth ðaÞ



Displ. (mm) (FE analysis)



DW



Displ. (mm) (using EIeff )



% Error



0.2 0.3 0.4 0.5 0.6



0.01 0.015 0.02 0.035 0.06



0.304 0.52 0.68 0.8 0.88



0.01 0.014 0.021 0.034 0.057



3.3 3.4 3.6 3.7 3.8



load of magnitude 38.1 kN/m over the entire span of the beam and a concentrated load of 1.815 kN applied at the mid-span of the small beam specimen. Fig. 14 shows the DW values plotted as a function of increasing crack length, for these two sets of loading conditions. It is observed that for a speciﬁc relative crack depth value, DW is higher in case of point load, compared to Dg value that is computed analyzing the global stiffness matrix (irrespective of the applied loading). With the obtained DW values, the mid-span displacements are calculated once again and compared with the FE results in Table 3. It is observed that with the use of DW the percentage difference comes down to as low as 3%. Therefore, it may be concluded that the degree of damage could be assessed correctly by considering the nature of applied loading. Therefore, even though the measurement of damaging effect (i.e. local damage parameter) remains the same, global damage index which characterizes the global stiffness degradation of the member essentially depends on the nature of external loading. 5. Conclusions In the present study, the main cause for damage to appear and progress in a concrete beam subjected to cyclic loading, is identiﬁed as the formation of a discrete crack near the principal tensile zone. The discrete crack propagation under fatigue results into geometric alteration of the critical section, eventually leading to structural failure due to excessive reduction in ﬂexural stiffness. An analytical method is proposed to correlate the local damage parameter ðDL Þ with the global reduction of ﬂexural stiffness. The relative crack depth at the critical section and the crack tip opening displacement (CTOD) or equivalent tensile strain are considered as local damage variables. A new global damage index ðDg Þ based on Eigen analysis of the global stiffness matrix, is proposed to compute the stiffness degradation of the member as a whole. Case studies are performed on three-point bending beams of different sizes with single as well as multiple cracks. It is seen that the degree of ﬂexural stiffness degradation due to discrete cracking turns out to be exactly the same for geometrically similar specimens. In addition, the global damage index is used to compute the structural response of the degraded member. Furthermore, the damage index is modiﬁed in terms of work done under the external loading and shown that essentially the magnitude of damage (based on work done) is different from the one obtained with the analysis of stiffness matrix alone. The reﬁned global damage index DW with respect to external loading results in more accurate response prediction of the damaged member. Appendix A. FE formulation of cracked beam element A crack in a beam introduces a local ﬂexibility that affects deﬂection and stability. The compliance for bending and shear are deﬁned by, kmm ¼ h=M and kvv ¼ w=V, respectively, where h is rotation, M is moment, w is vertical deﬂection and V is shear force. Compliances are related to energy release rate G and stress intensity factor K by [28], 1  m2 2 M 2 dkmm K Im ¼ E 2 dA 1  m2 2 V 2 dkvv Gv ¼ K IIv ¼ E 2 dA



Gm ¼



ðA:1Þ ðA:2Þ



where K Im is the mode I stress intensity factor due to bending moment M and K IIv is the mode II stress intensity factor caused by shear force V; E is elastic modulus, m the Poisson’s ratio, and dA is an inﬁnitesimal increment of crack area equal to Bda, where B is the width of the beam-section and a is the crack length. Hence the compliances can be obtained from the above equations as, 2 Z  2Bð1  m2 Þ a K Im kmm ¼ da ðA:3Þ E M 0 2 Z  2Bð1  m2 Þ a K IIv da ðA:4Þ kvv ¼ E V 0 The mode I stress intensity factor for pure tensile case is given by [29], K Im BD2 1=2



6Ma



¼ YM



a D



where, B; D are the width and depth of the beam, respectively, and the geometry factor Y M ða=DÞ is given by,



ðA:5Þ
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YM



a D



a  a 2  a 3  a 4 ¼ 1:99  2:47 þ 12:97  23:17 þ 24:8 D D D D



The mode II SIF is given by, a 1 K IIv ¼ VðD  aÞ2 Y F D where, Y F ða=DÞ is given by, a a  a 2  a 3  a 4 ¼ 1:993 þ 4:513  9:516 þ 4:482 YF D D D D D
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ðA:6Þ



ðA:7Þ



ðA:8Þ



The strain energy U is given by, U ¼ ð1=2ÞhM þ ð1=2ÞwV



ðA:9Þ



The force–displacement relations for a cracked beam are, h ¼ kmm M and w ¼ kvv V. Hence, in terms of compliances U can be rewritten as, U¼



1 h2 1 w2 þ 2 kmm 2 kvv



ðA:10Þ



Finally, in terms of nodal displacements, U¼



1 ðh2  h1 Þ2 1 ðw2  w1 Þ2 þ 2 2 kmm kvv



ðA:11Þ
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