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Abstract We study a simple game in which two sellers supply goods whose quality cannot be assessed by consumers even after consumption, but can be verified with some probability by a public authority. Sellers may induce a perspective buyer into a bad purchase through comparative deceptive advertising. The central contribution of the paper is the characterization of a class of pooling equilibria in which low-quality sellers deceive a buyer that is Bayes-rational and makes his purchase decision on the basis of the available information. The analysis of these equilibria suggests that high-quality firms should pursue more intensive advertising campaigns than their low-quality competitors. Surprisingly, we find conditions under which sellers’ expected profit is higher in pooling equilibria than in the separating equilibrium in which quality is reflected by prices and there is no need to waste resources in advertising. Hence, we show that there are plausible cases in which firms should be ex-ante willing to tolerate some degree of deceptive advertising by low-quality competitors. In addition, although in these equilibria the buyer purchases low-quality goods with positive probability, his expected utility can be higher than in a separating equilibrium in which he purchases the high-quality good for sure. In this sense, the model also offers an argument in favor of a lenient regulatory approach to deceptive advertising.
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Introduction



Everyday people buy products whose characteristics they cannot assess even after consumption. This product category — i.e., credence goods — includes not only services provided by informed experts — e.g., medical procedures, legal and repair services, etc. — but also products whose consumption is not necessarily mediated by experts — e.g., organic food, some health-related treatments, beauty products, etc. Organic products, for example, are goods whose true quality, usually intended as correlated to healthy properties, cannot be directly assessed by customers, who must trust firms’ claims about the quality of the raw materials used to obtain their final products — e.g., vegetables, milk-derivatives, detergents and so on. Similarly, a consumer can hardly find out whether the meat or the fish he is buying actually satisfies the safety standards declared on the label. Dietary supplements and beauty products are other notable examples: most people buy these products directly — i.e., without consulting a physician — and it is hard for them to verify, even after consumption, their actual effects on health. Financial and investment products, as well as some high tech products whose performance is hardly measurable (even by experts), can often be seen in this light. In these markets, the potential discrepancy between advertised and true quality cannot be assessed by consumers individually due to an obvious lack of specific competences and resources. This is why the deterrence of deceptive advertising is typically delegated to public authorities — e.g., the US National Advertising Division (NAD) of the Council of Better Business Bureaus.1 Resources and time constraints, however, may also limit the enforcement activity of these institutions. Hence, low-quality firms may still find it profitable to falsely advertise the quality of their products. Policy makers and practitioners are well aware of the potential danger of false statements. In the US, for example, cases brought to the NAD’s attention receive thorough review by highly competent attorneys who apply relevant precedents in determining whether the advertising claims under scrutiny are truthful, non-misleading, and substantiated. In Europe, until the late 1990s, mentioning a competitor’s brand in an ad was illegal in many countries. When comparative advertising was finally legalized, the EU legislator made explicit the requirement that it not be misleading.2 Even though the legislation on misleading advertising has generally improved over time, cases of deceptive conducts are not difficult to find, and particularly so when dealing with goods whose quality is hardly ascertainable by customers. A good example is organic foods. Increasingly many consumers value organic produce relatively more than goods from standard agriculture. Yet, it is virtually impossible for almost any consumer to tell whether or not the producer of a certain vegetable has really restrained from using prohibited pesticides and/or fertilizers. Hence, there exist strong incentives to market a product as organic when it is not: the US Department of Agriculture estimates that 43% of “organic produce” 1 The NAD is a self-regulatory body that commands the respect of national advertisers, advertising attorneys, federal and state regulators, and the judiciary. 2 See, for instance, the Directive 2006/114/EC of the European Parliament and the Council of December 2006 concerning misleading and comparative advertising.
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contain prohibited pesticides.3 Another case in the food industry is that of Dannon, which agreed to a $45 million class action settlement after the judge found that the company had deliberately mislead consumers about the health properties of Activia and DanActive.4 In fact, the company advertised these yogurt products as “clinically” and “scientifically” proven to regulate digestion and boost immune systems while, in fact, these claims could not be proven. The ‘dieselgate’, currently under way, is another good example from a very different industry. Volkswagen had been selling diesel cars they claimed satisfied high pollution and efficiency standards while, in fact, they were not. Some consumers clearly value efficiency and low emissions in a car, which may explain why Volkswagen invested considerable sums in rigging the compulsory tests.5 Clearly, no single consumer would have been able to prove that something was wrong with pollution, which, in fact, was demonstrated by Daniel Carder, director of the Center for Alternative Fuels and Emissions of the University of West Virginia.6 More generally, it is possible for consumers to know the alternative levels of quality but not the true quality of a credence good, while this may be verifiable by a third party with some probability. For example, depending on the actual process and standard used in producing a good, the quality levels may vary. Consumers may know the existence of different production processes but not which one is used by a firm. A third party equipped with professional knowledge and lab facility, however, may be able to detect the actual process and standard used with a certain level of confidence.7 Surprisingly, even though advertising has been extensively studied in economics and management, little is known on false (or deceptive) comparative advertising. This is even more striking as the phenomenon is widely documented in real practice. A recent case is that of Pennzoil, which was ordered to pull ads that showed their oil performing better than their competitors after a New Jersey judge defined them “false and misleading”. Houston-based Pennzoil was claiming superiority over four different brands, including New Jersey-based Castrol. Pennzoil is no longer allowed to claim that their oil is better at protecting car engines than Castrol.8,9 Why do firms engage in deceptive comparative advertising? What are the cost-benefit trade-offs that shape this decision? When is it more likely that deceptive conducts emerge in practice? What is the impact of these practices on product market competition? What is their effect on consumer welfare? To address these issues we examine a game in which two sellers (firms) compete by setting prices to attract a representative buyer (consumer). Sellers produce goods whose quality is unknown to the buyer 3



See the USDA Agricultural Marketing Service Report. Pesticide Residue Testing of Organic Produce. Technical report, United States Department of Agriculture, 2012. 4 Gemelas v. The Dannon Co. Inc., case # 1:08-cv-00236, in the U.S. District Court for the Northern District of Ohio. 5 By installing a sophisticate electronic device that powers down the engine when it senses that the car is on testing. 6 Early warnings were given in 2011 by a report of the European Commission Joint Research Center which found that all tested diesel vehicles emit 0.93 ± 0.39 g/km and that the tested Euro 5 diesel vehicles emit 0.62 ± 0.19 g/km. This substantially exceeds the respective Euro 3-5 emission limit — see Martin Weiss, Pierre Bonnel, Rudolf Hummel, Urbano Manfredi, Rinaldo Colombo, Gaston Lanappe, Philippe Le Lijour, and Mirco Sculati. Analyzing on-road emissions of light-duty vehicles with Portable Emission Measurement Systems (PEMS). Technical report, European Commission, Joint Research Centre, Institute for Energy, 2011. 7 We thank the Associate Editor for suggesting this interpretation of the model. 8 See Castrol Inc. v. Pennzoil Company and Pennzoil Products Company, 987 F.2d 939 (3rd Cir. 1993). 9 See also Villafranco (2010) for a survey of the NAD activity and cases of false comparative advertising.
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before and after consumption. Qualities are perfectly negatively correlated — one is high, one is low — and a low-quality seller may choose to deceive the buyer through false comparative advertising.10 The buyer, in fact, is aware of the existence of both sellers’ goods, but does not know their qualities. He only knows that one of the sellers supplies a low-quality good and uses all the available information to infer the quality of the items on sale, so as to minimize the chances of a bad purchase. Although the buyer cannot assess individually the quality of these products, law enforcers can punish false claims whenever they spot them. Our analysis offers a novel rationale for false comparative advertising in a competitive setting and delivers unexpected welfare implications. The starting observation is that equilibria in which sellers advertise are incompatible with separating behavior at the pricing stage: if prices fully reveal qualities, there is no scope for (costly) advertising. Hence, deceptive advertising can only emerge in pooling equilibria, which, in our model, implies that sellers charge the same price. Building on this insight, we fully characterize ‘deceptive’ equilibria in which both types of sellers advertise and the buyer is deceived with some (endogenous) probability. We establish necessary and sufficient conditions for the existence of these equilibria. Specifically, we show that they exist if, and only if, the quality differential between high- and low-quality items is large enough and false advertising is not too costly. The pooling price charged in these equilibria is bounded below by the cost of airing deceptive ads — if this is too high relative to the price, deception is clearly unprofitable — and is bounded above by the tighter of the following two constraints: on the demand side the buyer must be willing to buy a good of uncertain quality when ads do not allow him to distinguish between sellers — hence the price must fall short of the ex-ante expected quality; on the supply side, no seller must be willing to undercut the equilibrium price by offering a discount proportional to the quality differential — and this is more tempting the higher the pooling price. We then analyze the main properties of deceptive equilibria and derive a few managerial insights. In these equilibria high-quality sellers always advertise more intensely than low-quality ones. This generates an increase in the buyer’s willingness to pay for an item of uncertain quality, which we call ‘advertising premium’. Further, we show that, the larger the equilibrium price, the higher the investment in advertising of both sellers. If the marginal cost of advertising increases at a decreasing rate — i.e., the advertising technology displays ‘learning-by-doing’11 — the advertising premium increases with the equilibrium pooling price.12 In this case, the buyer may actually prefer (in expectation) pooling equilibria with relatively high prices: the indirect beneficial effect of higher prices through the advertising premium may outperform the direct negative effect of purchasing at higher prices. From a marketing point of view, this may contribute to explaining why consumers may be happy to pay high prices for well advertised products, even if they are not sure what type of product quality they actually buy — e.g., organic food, 10



In an online Appendix we show that our results hold even in the case of imperfectly correlated qualities. Hereafter, learning-by-doing is meant in the standard fashion of negative third derivative of the cost function — i.e., concave marginal costs of advertising. 12 The opposite case in which the marginal cost of advertising is convex (decreasing returns of ads) is less interesting: the advertising premium is decreasing in the pooling price and consumers are always harmed by deception. 11
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dietary supplements, beauty products and many other overpriced products. Moreover, since advertising emerges only in deceptive equilibria, which feature a pooling price, our model also suggests the existence of a negative correlation between price dispersion and advertising intensity. Interestingly, this prediction complements previous results of the search literature that focus on existence advertising and goods whose quality can be observed before purchase — see, e.g., Baye, Morgan, and Scholten (2006). Besides providing novel managerial insights potentially useful to practitioners, taken together these predictions offer new ground to design empirical tests on the link between advertising intensity, its informativeness and market power. We also study equilibria that do not feature deceptive advertising. Comparing the buyer’s surplus across equilibria with and without deceptive advertising, we show that he may prefer to run the risk of being deceived and gather imperfect information about qualities through ads, rather than learning them perfectly through prices.13 The reason being that, in the former equilibria, sellers are more symmetric in the buyer’s eyes, which leads to intensified market competition.14 This result highlights a novel trade-off between transparency and competition: an Authority concerned with buyer protection may not support a complete shut down of the pooling equilibria involving deceptive advertising.15 Hence, contrary to standard intuition, deceptive practices may benefit consumers. Finally, we argue that focusing on deceptive equilibria is compelling since there are many plausible cases in which sellers’ expected profits are higher in such a type of equilibria than in others. This implies that firms may be ex-ante willing to tolerate some degree of deceptive advertising.
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Related Literature



The main contribution of our paper to the existing literature is to frame within the same model both false and comparative advertising: two aspects that are usually examined in isolation. Comparative advertising. In a seminal contribution Anderson and Renault (2009) show why firms may want to disclose horizontally differentiated attributes (valued differently by heterogeneous consumers) when quality is perfectly verifiable.16 When comparative advertising is allowed, instead, firms with a lower market share are more likely to disclose information about their products than larger firms. The key difference between our model and Anderson and Renault (2009) is that we focus on deceptive practices while information disclosure is always truthful in their model. Barigozzi, Garella, and Peitz (2009), who study an entry game in which only the entrant’s quality is uncertain and comparative ad13 Noteworthy, this prediction is very different from the findings of Heidhues, K˝ oszegi, and Murooka (2012). Building on the “add-on” pricing approach proposed by Ellison (2005), they also analyze markets for deceptive products but in a context with naive consumers. In contrast to them, our deceptive equilibria may be pro-competitive vis-` a-vis the corresponding no-deception market outcome: in our model the possibility of deception allows low-quality sellers to stay on the market alongside high-quality ones and this generates a downward pressure on prices. 14 This, however, does not necessarily drive the equilibrium price to marginal cost due to the informational asymmetry. Rather, the competitive pressure acts via a reduction of the maximum price that can be charged in a pooling equilibrium. 15 In fact, sellers might then coordinate on the separating outcome in which the buyer is worse-off. 16 See also Anderson and Renault (2006) for a similar disclosure approach with a monopolistic firm.
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vertising empowers the incumbent to file for court intervention if she believes the comparison to be false or misleading, are closer to us. They show that comparative advertising can be a credible signal of high quality. In contrast to theirs, in our model: i) the quality of both firms is unknown, while in their setup the incumbent quality is common knowledge; ii) buyers rely (also) on prices when updating beliefs whereas prices are never used as signaling devices in their paper; iii) there is no way to credibly signal high quality because firms cannot file for court intervention. As a consequence, we can analyze the welfare implications of deceptive advertising from a more symmetric angle relative to the entry perspective taken in their paper. Deceptive advertising. The closest paper in this literature is Corts (2012).17 Differently from us, he emphasizes the normative issues of deceptive practices: his analysis explores the differences between policies prohibiting false claims about product quality and policies requiring prior testing to substitute for quality claims. In his model sellers must invest in information gathering to learn their quality: there is costly signaling, which is not the case in our model since we assume that the buyer does not observe the sellers’ advertising efforts. As a result, the most interesting outcomes of his game are the separating outcomes, whereas pooling equilibria are the focus of our work. In a companion paper, Piccolo, Tedeschi, and Ursino (2015), we analyze a similar model in which firms may advertise deceptively, but they can do so only on the extensive margin — i.e., the claim about quality reaches the buyer with certainty.18 In the present paper, advertising is treated in a more general form: it is a continuous variable, which is chosen on the intensive margin and therefore affects not only sellers’ pricing decisions, but also the consumer’s expected utility in a non-obvious way. This allows us to highlight the existence, and the main properties, of the advertising premium discussed before and, in turn, to show that the buyer may enjoy deceptive equilibria even when sellers coordinate on the maximal pooling price. In contrast, in our previous work, deception is good for the buyer only at the most competitive (minimum price) pooling equilibrium. In addition, the comparative statics of the ambiguous impact of the (pooling) equilibrium price on the buyer’s welfare hinges on the intensive margin. In a model with binary advertising the most interesting results do not hold. To the best of our knowledge ours is the first paper in which deceptive advertising is determined on the intensive margin within an imperfectly competitive market. Another contribution to the study of misleading advertising is Gardete (2013). In his study the author investigates the conditions under which credible advertising emerges in vertically differentiated markets when a monopolist’s claims about quality can be verified by consumers through costly search. Advertising acts as a matching mechanism between products of different qualities and heterogeneous buyers. Credibility arises because an ad can be attractive to a customer segment while unattractive to another one, leading the monopolist to trade-off across different messages. Among the crucial differences between our studies are that i) heterogeneity in customers’ preferences is an essential ingredient in his work, while consumers are homogeneous in our setting; ii) customers can verify quality before 17 18



See also Corts (2013, 2014a,b). This is sometimes referred to as ‘perfect advertising’ in the literature.
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consumption sustaining a search cost in his work, while it is verified with some probability by a third party only after consumption in ours; iii) there is no explicit cost of advertising in his work, while we assume that advertising has a cost, albeit it is not observed by customers as in traditional models of advertising as signaling; and iv) he studies a monopoly while we study a competitive oligopoly, which allows us to focus on comparative deceptive advertising and its effects on prices through competition. As in our paper, but for different reasons, Gardete (2013) finds that the socially optimal advertising policy allows for a limited amount of misrepresentation of quality by the monopolist. In a recent working paper, Rhodes and Wilson (2015) examine a related model with false advertising and rational buyers. As their model is mainly about monopoly, it is not about comparative advertising. A single firm faces a smooth demand function and may issue false claims about its low-quality product or advertise truthfully when providing high quality. Their novel result is that the monopolist can optimally mix between revealing and not revealing its quality. Consumers may benefit from enforcement levels that are not too strict because this increases the probability that the monopolist will not reveal information (pooling), which tends to reduce the equilibrium price and to induce more consumers to buy. This finding echoes Piccolo, Tedeschi, and Ursino (2015), which (in an extension) also considers a monopolistic industry structure and obtains similar conclusions — i.e., a too strict level of enforcement may harm consumers. Rhodes and Wilson (2015), however, document a different mechanism through which false advertising can be beneficial, that is its ability to erode monopoly power by reducing consumers’ confidence in quality claims. In our paper the result hinges on the assumption of competition between privately informed sellers.19 In this sense, the two approaches are complementary. A further important difference is that our model features an intensive margin. This allows us to show how the impact of a price change on the buyer surplus and sellers’ profits depends on the sensitivity of advertising intensities to price changes. For example, the intensive margin is key to show that, within the class of equilibria in which the buyer is deceived, Pareto efficiency may require relatively higher prices — i.e., the buyer may prefer to pay relatively higher prices because, in equilibrium, these are associated with a higher level of truthful advertising. Finally, the work on promotional chat on the internet by Mayzlin (2006) shows that firms tend to advertise more intensively inferior products. As we do, her model also deals with false comparative advertising. Online discussions are a mixture of unbiased recommendations as well as promotional activity by interested parties, where the consumer is not able to distinguish the advertising from the unbiased content. In contrast to our model, she assumes that, due to anonymity of chats, interested parties cannot be punished exogenously when they ‘air’ deceptive reviews. Similar results are obtained in the work on de-marketing by Mikl´ os-Thal and Zhang (2013), who borrow attribution theory from 19



It should be noted that their main results hold true when the monopolist faces competition by an entrant. They assume, however, that only the entrant has uncertain quality, while the incumbent’s quality is common knowledge. Hence, in contrast to us, this informational asymmetry separates the signaling and the competitive dimensions of the problem. In our model this is not the case: when a firm deviates from an equilibrium, the buyer makes an off-equilibrium conjecture not only about its quality but also about that of the rival. This creates a link between the signaling and the competitive dimensions of the problem, which is absent in their framework.
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psychology and build a model in which sellers may prefer to under-advertise their high-quality product in equilibrium. Experts and credence goods. Finally, our work is also related to the literature that studies equilibrium properties of markets for credence goods, which started with Arrow (1963)’s seminal paper — see, e.g., Wolinsky (1983, 1993, 1995), Emons (1997, 2001), among others. This literature mainly considers products that are mediated by informed experts — e.g., physicians, lawyers, repair providers, etc. We focus instead on a complementary class of products whose quality is not observable even after consumption, and whose consumption does not require an expert’s advice.
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The Model



Players. Two competing sellers (denoted by i = 1, 2) supply similar products with different qualities to a single (representative) buyer. They compete by setting prices and each offers a product of either low or high quality.20 The buyer purchases one unit of product from either seller and is uncertain about qualities, even after consumption: credence goods. His utility from consuming an item of low (resp. high) quality is θl (resp. θh ), with ∆ ≡ θh − θl > 0 being the quality differential. The buyer’s net utility from consumption is u (θi , pi ) = θi − pi , when buying an item whose quality yields utility θi at a price pi from seller i.21 No consumption entails zero utility.22 With a slight abuse of notation, seller-i’s type is θi ∈ {θl , θh }. Product Quality. To focus on comparative advertising in the simplest possible way, we assume that product qualities are perfectly negatively correlated (i.e., θ1 = θl whenever θ2 = θh and vice versa) and that this is common knowledge to all players. Hence, each seller is aware of both her own and the competitor’s product quality, while the buyer knows that there is only one good-quality product but cannot tell which. The sellers know which product is best from their insider/specialist information, while the buyer only has a prior about that. Hence, θh reflects the buyer’s willingness to pay for top-quality 20



Although in real life quality may have many dimensions, we abstract from such details and define the high-quality product as the one that (other things being equal) is preferred by the buyer, for example because it beats the other in all or the most relevant dimensions. 21 There are various reasons why consumers may value product quality although they are uncertain about it even after consumption. First, preference for quality may come from un-modeled social norms — e.g., people enjoy buying environment-friendly products. Second, people like consuming products they perceive as healthy, even if their impact on health is not easy to ascertain. Finally, quality can affect utility, as consumers may eventually learn it some time after consumption, consistently with part of the credence goods literature. For simplicity, we do not model the channels through which utility depends on quality. 22 The representative buyer assumption is made for tractability and to isolate the pure effect of deceptive advertising from those stemming from product segmentation arising with a downward sloping demand function. Our results would not change if firms could perfectly discriminate among a continuum of buyers. See, however, Grossman and Shapiro (1984) and Galeotti and Moraga-Gonz´ alez (2008) for models with advertising, differentiated products and segmentation.
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product, while θl is the maximum he is willing to pay for a low-quality product.23 Sellers are ex-ante identical from the buyer’s perspective: his prior belief about their qualities is 50-50.24 Advertising technology. Prices are observed before purchase. Quality is advertised through comparative ads — i.e., claims that explicitly (or even implicitly) compare the quality of the advertised product with that of the competing product (see, e.g., Anderson and Renault (2009)).25 Following the literature — e.g., Grossman and Shapiro (1984), Hakenes and Peitz (2010) and Mayzlin (2006) — the higher the number of ads, the larger the probability of reaching the buyer (hereafter coverage). If seller i supplies a high-quality product, the statement of her ads is truthful and her coverage will be denoted by ti ∈ [0, 1] — i.e., her ads reach the buyer with probability ti ≤ 1. If seller i supplies a product of low quality, the content of her ads is false and her coverage will be denoted by di ∈ [0, 1] — i.e., her ads reach the buyer with probability di ≤ 1. To simplify notation, assume that the buyer receives a signal si = h from seller i when her ad reaches him, while he observes si = ∅ otherwise. Accordingly, s = (s1 , s2 ) ∈ {h, ∅}2 is the vector of signals that the buyer observes. Due to a lack of competences and resources, the buyer cannot observe quality, even after consumption (credence goods). The advertising technology follows Butters (1977) and the subsequent literature.26 Specifically, advertising requires an increasing and convex penetration cost c (·), which satisfies standard Inada conditions to rule out uninteresting corner solutions — i.e., c (0) = c0 (0) = 0.27 A high-quality seller, who advertises truthfully, only sustains the penetration cost. However, deceptive advertising costs c (di ) + φdi to seller i when she supplies the low-quality item (with φ > 0). The parameter φ can be interpreted as the expected sanction (fine) of airing false (comparative) claims28 — i.e., a higher φ may reflect either more sever sanctions or more intensive monitoring by public authorities. Alternatively, it can be also viewed as the cost of fabricating false information.29 The two interpretations are not mutually exclusive. We assume that c0 (1) is large enough to rule out equilibria in which sellers cover 23 Our set-up can be interpreted as a shortcut to model situations in which sellers discretely improve the quality of their products. This innovation process takes place in discrete but small time intervals so that in each stage only one seller improves upon the previous stage best quality product. Buyers know that in each period there is a status quo quality level, which is valued θl , and that only one of the sellers innovated by selling a product of better quality, which is valued θh . 24 The effects of asymmetric beliefs can be found in an earlier version of the paper available on SSRN at: http://dx. doi.org/10.2139/ssrn.2172714 25 This is consistent with the assumption that the high-quality product is better than the low-quality one in all relevant dimensions. 26 See, e.g., also Grossman and Shapiro (1984). 27 Essentially, even though buyers are aware of the existence of both sellers, coverage costs refer to the provision of additional information about quality-related characteristics of the goods needed to attract buyers — see, e.g., Bagwell (2007). An equivalent way of proceeding would be to assume a linear cost of advertising and a concave probability of reaching the buyer. 28 In general, deceptive conducts are either spotted by law-enforcers, who are usually well-equipped to conduct the necessary tests to ascertain the quality of these items — e.g., labs. qualified scientists, etc.— or by self-financed associations of consumers who can afford these tests. It is rarely the case that a single consumer can verify the quality of a credence good. 29 The linear specification of deceptive advertising extra costs allows us to simplify the algebra: similar results would be obtained as long as such extra cost is increasing in the coverage. The idea is that, the more aggressive a firm’s campaign is, the more likely it is to end up under scrutiny by law enforcers.
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the entire market.30 The cost structure is common knowledge. Hence, the consumer knows that the low-quality seller has (other things being equal) a lower incentive to advertise — i.e., the Spence-Mirrlees condition holds. Timing. The timing of the game is as follows: (t = 0) Sellers learn their qualities; (t = 1) Sellers simultaneously and independently choose coverage and price; (t = 2) The buyer receives ads (if any) and observes the posted prices (but not coverage decisions); and (t = 3) He decides which store to patronize and trade (if any) takes place. Note that advertising is only about product quality and does not concern existence.31 The buyer is perfectly aware of the existence of both sellers even if he is not reached by their ads.32 The idea is that even if consumers know the established product brands in a market, they may be unable to observe actual investments in advertising campaigns — e.g., consumers may distinguish only whether a firm has pursued an intense or a soft advertising campaign, but not its exact scale.33 Alternatively, one can think of the coverage as marketing effort, which is usually not verifabile by consumers. Assuming that advertising and prices are set simultaneously only simplifies exposition and is without loss of generality.34 Equilibrium concept. The equilibrium concept is Perfect Bayesian Equilibrium (see, e.g., Fudenberg and Tirole (1991)). Let (ti , di , pi ) be seller i’s vector of actions where ti ∈ [0, 1] and di ∈ [0, 1] are, respectively, her truthful and deceptive ads coverage,35 and pi the posted price. The buyer’s action space is {buy 1, buy 2, not buy}. For simplicity, we focus on pure strategy equilibria in which trade occurs with certainty along the equilibrium path.36 Hence, we denote by αi (s, p) = Pr(buy i|s, p) = 1 − Pr(buy j|s, p) the buyer’s ‘consumption’ strategy. This is conditional both on the observed ads s, and on the vector of posted prices p = (pi , pj ).37 At Time 2, the buyer observes the posted prices and at most one ad from each seller. Using this in30



In a previous version of the paper we have performed an analysis of this game in which Inada conditions do not hold and a corner solution emerges with the high-quality seller covering the entire market. The paper is available on SSRN at: http://dx.doi.org/10.2139/ssrn.2172714 31 The effects of informative advertising have been widely studied in the literature — see, e.g., Christou and Vettas (2008). 32 This assumption seems compelling for an oligopolistic industry with a small number of established competitors in which buyers make consumption decisions about new types or versions of existing products — e.g., car models, electronic devices, dietary supplements etc. One might argue that consumers are aware of the existence of firms, but not necessarily of the new versions of their products. However, when search costs are small enough, knowledge about the existence of brands also implies awareness of product versions. 33 In this case, the buyer perceives seller i’s advertising campaign as intense when si = h, and soft if si = ∅. 34 If sellers do not know how many ads the buyer has received when they post prices, our game is equivalent to one in which sellers first advertise and then post prices. 35 These are, in fact, pure behavior strategies: conditional on being a high type, seller i’s strategy is ti , otherwise di . 36 In the web Appendix we show that the game may also feature pooling equilibria with market breakdown — i.e., outcomes in which the buyer purchases one of the items on sale only in some states. We find sufficient conditions under which the main conclusions of the baseline model are with no loss of insights. 37 Equilibria with market breakdown are discussed in the online Appendix.



10



formation he updates his beliefs on products’ qualities consistently (whenever possible) with equilibrium strategies. We will introduce and discuss off-equilibrium beliefs as we proceed with the analysis.
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Preliminaries



We first describe how sellers’ advertising and pricing choices affect the buyer’s behavior. For any pair of signals (si , sj ) and any vector of prices (pi , pj ), the buyer will patronize seller i (resp. j) with probability 1 if and only if his expected utility when buying from seller i is (strictly) higher than the expected utility he obtains buying from seller j — i.e., X



X



Pr (θi |s, p) θi − pi >



θi



Pr (θj |s, p) θj − pj



(resp. 


θi



αi (s, p) = 1



(resp.αi (s, p) = 0),



where Pr (θi |s, p) is the posterior (conditional both on signals and prices) induced by the sellers’ strategies — i.e., the probability that the buyer assigns to seller i being of quality θi ∈ {θl , θh } when he has observed signals s = (si , sj ) and prices p =(pi , pj ). When indifferent, the buyer randomizes and patronizes seller i with probability αi (·) ∈ (0, 1). Given the buyer’s strategy, seller i’s maximization problem when she supplies a high-quality item is



max



  X



  Pr (s|ti , di ) αi (s, p) pi − c (ti ) .  2



pi ≥0,ti ∈[0,1]  s∈{h,∅}



When, instead, she supplies a low-quality item, her maximization problem is



max



  X



pi ≥0,di ∈[0,1]  s∈{h,∅}2



Pr (s|ti , di ) αi (s, p) pi − c (di ) − φdi



 



.







The following lemma shows that there is no advertising in a separating equilibrium. Lemma 1. A separating equilibrium in which prices fully reveal qualities — i.e., such that sellers of different qualities post different prices — features no advertising. Hence, in a separating equilibrium sellers perfectly reveal their quality through prices: there is no scope for costly advertising. As a result, advertising can only emerge in a pooling equilibrium in which sellers charge the same price regardless of qualities.
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Pooling Equilibria with Deceptive Advertising



Building on Lemma 1, in this section we analyze the class of pooling equilibria in which the buyer is deceived with positive probability. Throughout the analysis we restrict attention to pure strategy, symmetric (labels-invariant) equilibria whose outcome is trade with certainty. In these equilibria: (i) both sellers post the same price (say p∗ ) regardless of their quality; (ii) high-quality sellers invest t∗ ∈ (0, 1) in truthful advertising; (iii) low-quality sellers invest d∗ ∈ [0, 1) in deceptive advertising; (iv) the buyer’s participation constraint is always met. We assume the following off-equilibrium beliefs: A1 Suppose that sellers are expected to post the same price in equilibrium, say p∗ . If the buyer observes a non-equilibrium price from just one seller — i.e., pi 6= pj = p∗ , he believes that i sells a low-quality product, for any ads he may see.38 Pessimistic beliefs in the spirit of A1 are standard when characterizing pooling equilibria in signaling games — see, e.g., Mikl´ os-Thal and Zhang (2013), Moraga-Gonz´alez (2000) and Villeneuve (2005) among many others. In our game, since advertising is stochastic, the buyer can never spot deviations by looking at ads (when both sellers are expected to advertise in equilibrium). Hence, only price deviations matter for him to determine whether the play is on or off the equilibrium path. In order to check whether these beliefs are consistent with forward induction arguments, in the Appendix we show that the equilibrium outcome characterized throughout survives to the weakest version of Divinity (D1) introduced by Banks and Sobel (1987), which is a standard refinement criterion to select among equilibria in signaling games — see, e.g., Sobel (2007).39 Next, we characterize beliefs on the equilibrium path. Using the Bayes’ rule, the buyer’s equilibrium beliefs (posterior) on firm i’s quality being high when he receives only one ad are Pr (θi = θh |h, ∅, p∗ ) =



t∗ (1 − d∗ ) , t∗ (1 − d∗ ) + (1 − t∗ ) d∗



(1)



Pr (θi = θh |∅, h, p∗ ) =



(1 − t∗ ) d∗ , t∗ (1 − d∗ ) + (1 − t∗ ) d∗



(2)



where p∗ = (p∗ , p∗ ), (si , sj ) = (h, ∅) in (1) and the reverse in (2). Notice that ∂ Pr (θi = θh |h, ∅, p∗ ) > 0, ∂t∗



∂ Pr (θi = θh |h, ∅, p∗ ) < 0, ∂d∗



38 A complete description of the buyer’s beliefs off-path must also specify what he thinks when he observes two nonequilibrium prices. Although these beliefs are irrelevant to check unilateral deviations, for completeness we assume that the buyer assigns probability 1 of selling a low-quality product to the seller posting the lower price, for any ads he may observe. 39 On top of game-theoretic reasoning, there are more intuitive arguments underpinning the proposed off-path beliefs. First, consumers tend to associate low prices to low quality implying that a downward price deviation is a signal of bad quality. The same argument reversed should imply that an upward deviation comes from a good quality seller. However, behavioral evidence collected in the marketing literature does not support this conclusion: for instance, customary pricing may induce a consumer to be suspicious about an unexpected price (even if it is higher than the expected one) and associate it with low quality — see, e.g., Monroe (1973) and Rao and Monroe (1989).
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and



∂ Pr (θi = θh |∅, h, p∗ ) > 0. ∂d∗



∂ Pr (θi = θh |∅, h, p∗ ) < 0, ∂t∗



An increase of the intensity of truthful (resp. deceptive) advertising makes the buyer more (resp. less) confident that the high-quality seller is the one from which he has received an ad. By contrast, when the buyer receives the same signal from both sellers, his posterior is equal to the prior — i.e., 1 Pr (θi = θh |h, h, p∗ ) = Pr (θj = θh |h, h, p∗ ) = , 2 1 Pr (θi = θh |∅, ∅, p∗ ) = Pr (θj = θh |∅, ∅, p∗ ) = . 2



(3) (4)



We can now characterize the buyer’s equilibrium strategy in a symmetric pooling equilibrium. Recall that, for any vector of signals s ∈ {h, ∅}2 , the buyer’s (equilibrium) strategy (when both sellers charge the same price) specifies a probability α∗i (s) of buying from seller i upon observing the pair of signals s.40 Lemma 2. In every symmetric pooling equilibrium in which trade occurs with certainty along the path of play, the buyer’s strategy must satisfy the following properties: (i) symmetry — i.e., α∗i (s, s0 ) = α∗j (s, s0 ) for every (s, s0 ); (ii) when the buyer receives one ad, he patronizes the seller who has aired that ad — i.e., α∗i (h, ∅) = 1 (resp. 0) — if and only if t∗ > d∗ (resp.  Pr (θi = θh |∅, h, p∗ )



⇔



t∗ > d∗ .



Meaning that, when the buyer receives only one ad, he buys from the firm that has aired this ad only if (in equilibrium) the high-quality seller invests more in advertising than the low-quality one. Note also that, in the natural case in which t∗ > d∗ , the buyer’s updating process yields E [θi |si = h, sj = ∅, p∗ ] = θl +



t∗ (1 − d∗ ) ∆ t∗ (1 − d∗ ) + (1 − t) d∗



> E [θi |si = ∅, sj = h, p∗ ] = θl +



(1 − t∗ ) d∗ ∆, t∗ (1 − d∗ ) + (1 − t∗ ) d∗



40 With a slight abuse of notation we have suppressed the dependence of the buyer’s strategy from the price since in any pooling equilibrium both sellers post the same price.
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and E [θi |h, h, p∗ ] = E [θi |∅, ∅, p∗ ] = E [θi ] = θl +



∆ . 2



Hence, the buyer’s willigness to pay for i’s product is higher when he recieves an ad from i and none from the rival. By contrast, his willingness to pay is the same when he recieves the same or no ad from both sellers. Therefore, E [θi |si = h, sj = ∅, p∗ ] > E [θi |h, h, p∗ ] = E [θi |∅, ∅, p∗ ] . This implies that, to ensure trade in all states of nature, the equilibrium price p∗ must be lower than E[θi ]. Hence, Lemma 3. Suppose that a symmetric pooling equilibrium exists in which both sellers charge the same price p∗ , the low-quality seller invests d∗ ≥ 0 in deceptive advertising, the high-quality seller invests t∗ > 0 in truthful advertising and the market never breaks down — i.e., p∗ ≤E[θi ]. Then, the following properties are satisfied: (i) p∗ ≥ 2φ. (ii) 1 > t∗ > d∗ so that t∗ and d∗ solve, respectively: p∗ = c0 (t∗ ) , 2



p∗ = c0 (d∗ ) + φ, 2



(5)



where d∗ ≥ 0 with equality only at p∗ = 2φ. (iii) t∗ and d∗ are both increasing in p∗ while d∗ is decreasing in φ ; (iv) the high-quality seller earns more than the low-quality seller; and (v) p∗ ≤E[θ] = θl +



∆ 2.



If the game features a (symmetric) pooling equilibrium in which the low-quality seller invests in deceptive advertising, it must be the case that the (equilibrium) marginal revenue p∗ /2 exceeds the marginal cost of deception φ, so that the equilibrium price must be strictly above 2φ. Moreover, since truthful advertising is less costly than deceptive advertising, it must be the case that the intensity of truthful advertising is larger than the intensity of deceptive advertising. This, in turn, implies that high-quality sellers earn higher profits than low-quality sellers. Finally, notice that, while at p∗ = 2φ the low-quality seller does not invest in advertising (i.e., d∗ = 0), for easiness of exposition we will include price 2φ in the set of pooling equilibria with deception. Building on Lemmas 2 and 3 we now characterize the sellers’ incentive compatibility and participation constraints that must be satisfied in equilibrium. Recall that, by Lemma 3, the expected equilibrium profit of the high-quality seller is always larger than that of the low-quality seller. Hence, sellers’ equilibrium profits are non-negative as long as the participation constraint of the low-quality seller is met — i.e., π ∗l ≡ p∗



1 − t∗ + d∗ − c (d∗ ) − φd∗ ≥ 0. 2



Next, consider the sellers’ no deviation constraints. Recall that advertising choices are not observable by the buyer and, by assumption A1, a seller who deviates is deemed as a low-quality one. Hence, she will rationally choose not to advertise when charging a deviation price p0 6= p∗ .
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Consider a seller i of either quality: she will never deviate to a price p0 larger than p∗ . In that case, the buyer would certainly buy from the rival because, under A1, the deviating firm is perceived as selling a low-quality item at a higher price. Hence, any feasible deviation must be such that p0 < p∗ . Specifically, a deviating seller must price below p∗ − ∆ to compensate the buyer for the lower (perceived) quality. Regardless of her quality, the most profitable deviation of seller i is to set advertising to zero (unobserved) and charge p0 = p∗ − ∆ (observed). Such a deviation yields a profit p0 − ∆. Hence, pooling prices p∗ < ∆ can never be undercut since successful deviations yield negative profits. It thus remains to be verified whether pooling prices strictly larger than ∆ are also immune to deviations. We have just argued that deviation profits are equal across sellers’ types, and we know by Lemma 3 that the equilibrium profits of the high-quality seller always exceed those of the low-quality seller. Hence, a pooling price that prevents a deviation by the low-quality seller, a fortiori prevents the deviation of a high-quality seller. As a consequence, we can restrict the analysis to the incentive compatibility constraint of the low-quality seller. This, together with her participation constraint, reads π ∗l ≥ max {0, p∗ − ∆}. Proposition 1. A (symmetric) PBE with the properties described in Lemma 2 and Lemma 3 exists if and only if   ∆ ≥ ∆ (φ, θl ) ≡ max φ 1 + c0−1 (φ) , 2 (2φ − θl ) ,



(6)



where ∆∗ (φ, θl ) is strictly increasing in φ and weakly decreasing in θl . The maximal price that sellers can charge in this class of equilibria is p∗ = min {p (φ, ∆) , E [θ]}, where p (φ, ∆) is the unique solution to



p∗ [1 − t∗ + d∗ ] − c (d∗ ) − φd∗ = p∗ − ∆. 2 This result echoes Martimort and Moreira (2010) showing that common agency games with informed



principals may feature pooling equilibria: what they call uninformative equilibria. Condition (6) implies that a pooling equilibrium in which the low-quality seller deceives the buyer exists if, and only if, the quality differential is not too small. The reason is that, if ∆ is too small, the low-quality seller always gains from revealing herself to the buyer by undercutting the equilibrium price  and not advertising at all. To prevent this, it must be ∆ > φ 1 + c0−1 (φ) . Moreover, to induce the buyer to purchase even when he receives two identical ads, the expected quality E[θ] must be larger than the minimum price. The latter is the price at which deceptive advertising is positive (2φ). Hence, to guarantee E[θ] > 2φ, it must be that ∆ > 2 (2φ − θl ). Finally, the threshold ∆ (φ, θl ) is increasing in φ: when the expected sanction of engaging in deceptive advertising increases, the region of parameters in which a pooling equilibrium exists shrinks. The next corollary shows how the maximal pooling price p∗ varies with ∆, φ and E[θ]. Corollary 1. p∗ is weakly increasing in E[θ], strictly increasing in ∆, and weakly decreasing in φ. Clearly, when the maximal price is constrained by the buyer’s participation constraint — i.e., p∗ =E[θ] — the higher the expected quality, the softer the constraint and therefore the higher the price that can be sustained in equilibrium. As for the effect of φ, notice that ∂π ∗l /∂φ = −d∗ , so the equilibrium profit of 15



the low-quality seller is decreasing in φ. The deviation profit, however, is not affected by φ. This implies that the participation and the incentive compatibility constraints of the sellers become tighter and, for relatively high prices, the incentives to deviate become too strong so that they cannot be sustained in equilibrium. Finally, when ∆ increases, while equilibrium profits are unchanged, deviation profits decrease because the quality discount required by the buyer off-equilibrium is larger. Hence, deviations become harder, so that higher prices can be sustained in equilibrium when ∆ grows large. As a robustness check, in the Appendix we also show that the equilibrium chartacterized above survives the weakest version of Divinity (D1) introduced by Banks and Sobel (1987) — see, e.g., Fudenberg and Tirole (1991).41



5.1



Equilibrium Properties



In this section we study how the buyer’s expected utility and the sellers’ profits vary with the equilibrium price p∗ . The objective is twofold. First, we show that, within the class of pooling equilibria with deceptive advertising, the buyer may be better-off when sellers coordinate on equilibrium prices strictly larger than 2φ — i.e., the buyer may benefit from being deceived with positive probability. Second, we find sufficient conditions for establishing a ranking between sellers’ profits, and provide their economic interpretation. Buyer’s expected utility. As in our model the buyer consumes only one unit of product, his (expected) utility, conditional on observing the same message from both sellers, is v (h, h) = v (∅, ∅) = E [θ] − p∗ .



(7)



In this case, the buyer perceives both sellers as equally likely to supply the high-quality item. Hence, his willingness to pay is the (unconditional) expected quality E[θ]. By contrast, when the buyer observes a single message, he purchases from the seller whose ad he has observed. In this case, his beliefs are updated through Bayes’ rule, so that v (h, ∅) = v (∅, h) = E [θ|∅, h] − p∗ .



(8)



Putting (7) and (8) together42 , the (unconditional) expected utility of the buyer as a function of the equilibrium price p∗ is V ∗ (p∗ ) ≡ E[v (si , sj )] = E [θ] − p∗ +



∆ ∗ (t − d∗ ) 2 | {z }



Advertising premium (+) 41 42



Of course, if our equilibria satisfy D1 they also satisfy the Cho and Kreps (1987) Intuitive Criterion. Recall that t∗ (1 − d∗ ) (1 − t∗ ) d∗ E [θ|∅, h] = ∗ θh + ∗ θl . ∗ ∗ ∗ t (1 − d ) + (1 − t ) d t (1 − d∗ ) + (1 − t∗ ) d∗
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(9)



where V ∗ (p∗ ) > 0 since p∗ ≤E[θ] and t∗ > d∗ . Hence, in a pooling equilibrium in which the low-quality seller invests in deceptive advertising, the buyer enjoys an ‘advertising premium’ that increases both with the quality differential ∆ and the intensity of truthful advertising t∗ , while it decreases with the intensity of deceptive advertising d∗ . This is because, other things being equal, the probability of receiving a truthful ad is higher than that of being deceived — i.e., t∗ > d∗ for any p∗ — and the value of avoiding a bad purchase equals the quality differential ∆. In the next proposition we show that the impact of the equilibrium price on the buyer’s expected utility is generally ambiguous, and depends on the sensitivity of the advertising strategies to the equilibrium price. Recalling that t∗ and d∗ vary with p∗ according to Lemma 3, define ∂t∗ c0 (t∗ ) = , ∂p∗ c00 (t∗ ) c0 (d∗ ) + φ ∂d∗ . ˜εd (p∗ ) ≡ p∗ ∗ = ∂p c00 (d∗ ) ˜εt (p∗ ) ≡ p∗



(10) (11)



These expressions denote the quasi-elasticity of advertising intensities to price — i.e., a measure of the point change in the advertising coverage due to a 1% increase of p∗ . Lemma 4. For any p∗ ∈ [2φ, p∗ ], the buyer’s expected utility features the following properties: ∂V ∗ (p∗ ) ≤0 ∂p∗



⇔



˜εt (p∗ ) − ˜εd (p∗ ) ≤



2p∗ . ∆



This result shows that the impact of an increase of the pooling price p∗ on the buyer’s expected utility is ambiguous. The key trade-off is the following. First, a higher price p∗ makes the buyer worseoff because, other things being equal, he pays more to get the item. Second, and most interestingly, an increase of p∗ affects the advertising premium and changes the relative likelihood of receiving a truthful ad. If the intensity of truthful advertising is always less responsive to the equilibrium price than the intensity of deceptive advertising, the buyer’s expected utility decreases with p∗ . However, the opposite result is obtained when the intensity of truthful advertising is sufficiently more responsive to the equilibrium price than the intensity of deceptive advertising: in this case, a higher price p∗ increases the buyer’s ex-ante utility because it spurs the advertising premium, and this effect is strong enough to compensate the direct (negative) effect of a larger price on the buyer’s expected utility. Lemma 4 provides a local condition that, while easy to interpret, depends on the equilibrium price in a potentially complex manner. In the next proposition we provide sufficient conditions on the shape of the penetration cost c (·) under which V (p∗ ) is either always decreasing, so that it is maximized at 2φ — i.e., the buyer always prefers that the low-quality seller does not invest in deceptive advertising — or it is maximized at a price (strictly) larger than 2φ: in this case the buyer prefers some deceptive advertising.
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Proposition 2. If c000 (·) ≥ 0, then V ∗ (p∗ ) is decreasing in p∗ and it is maximized at p∗ = 2φ. If b > 0 such that V ∗ (p∗ ) is maximized at a price (strictly) larger than c000 (·) < 0, there exists a threshold ∆ b where 2φ as long as ∆ > ∆,



00 (d∗ ) c00 (t∗ ) c b ≡4 ∆ . c00 (d∗ ) − c00 (t∗ ) p∗ =2φ



To gain insights about this result notice that  00 ∗  ∂˜εt (p∗ ) 1 0 ∗ 000 ∗ c (t ) − c (t ) c (t ) . = ∂t c00 (t∗ )2 This condition implies that the quasi-elasticity of advertising increases with the advertising intensity when c000 (·) < 0. In this case, the buyer may actually be better-off when sellers coordinate on equilibrium prices larger than 2φ provided that ∆ is large enough (so that the advertising premium is high enough). This scenario seems plausible when the sellers’ penetration technology is shaped by learning-by-doing effects — i.e., by a concave marginal cost of advertising. Essentially, as the market price increases, the intensity of advertising of the sellers who invest more in advertising (the high-quality sellers) is more responsive than that of the sellers who advertise less (the low-quality ones). Clearly, the opposite result obtains when c000 (·) is positive or if ∆ is negligible.43 b It is relatively easy to find analytic examples satisfying both c000 (·) < 0 and ∆ > ∆. Example. Consider the cost function c (x) = xa with a ∈ (1, 2). Then c00 (x) > 0 and c000 (x) < 0 for all x ∈ [0, 1], while some algebra44 yields a−2



1



b ≡ 4a a−1 (a − 1) φ a−1 . ∆ Figure 1 illustrates V ∗ (p∗ ) and the advertising premium (labeled AP (p∗ )) as a function of the equilibrium price given the common parameters θl = 7 and φ = 1.3. As for the remaining parameters, (∆, a), they are (10, 1.5), (10, 1.68) and (3, 1.68) in panels (a), (b) and (c) respectively. Notice first that, as one can infer by the fact that V ∗ (p∗ ) > AP (p∗ ) at all prices in all panels, the maximum price in these examples is always pinned down by the incentive compatibility constraint of the low-quality seller (see Proposition 1). Consider now panels (a) and (b), which differ in the cost function parameter a only. In these panels b implying that the price maximizing V ∗ (p∗ ) is greater than 2φ (=2.6). In fact, in panel (a) ∆ > ∆, Clearly, the same argument applies to ˜εd (p∗ ). Note that c00 (x) = a (a − 1) xa−2 tends to infinity as x tends to zero. Thus c00 (d∗ ) diverges as p∗ approaches 2φ — i.e. ∗ b as d approaches zero. Rearranging terms, we can express ∆ 43 44



00 ∗ b = lim 4 c (t00 )∗ ∆ ∗ p →2φ 1 − c (t ) c00 (d∗ )



 ∗ 1 h  ∗ i 1 a−1 a−1 which, substituting t∗ = p2a and d∗ = a1 p2 − φ , yields the result. Thus, all the conditions necessary for the application of Proposition 2 are met.
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Figure 1: Expected utility and Advertising Premium when c(x) = xa with a ∈ (1, 2). the curvature of the cost function is smaller, leading to a constant increase in the advertising premium which more than compensates the negative effect of price increase on the buyer’s willingness to pay. As a result the buyer’s preferred price is the maximum price achievable in the pooling equilibrium, p¯∗ ≈ 5.48. In panel (b) the curvature is stronger, which implies that the advertising premium grows with p∗ at a decreasing rate. Hence, the buyer’s expected utility is concave in p∗ , implying that the best buyer’s price is strictly between 2φ and p¯∗ . Next, consider panels (b) and (c), which differ only by the value of ∆. The latter is, in panel (c), b Hence, as stated in Proposition 2, the optimal pooling price from the buyer’s perspective lower than ∆. among those entailing deception is the minimum price p∗ = 2φ. In fact, even though the advertising premium is still increasing in p∗ as expected, this is not enough to raise the buyer’s willingness to pay, which declines all over the range of pooling prices. Sellers’ expected profits. Next, consider the impact of the equilibrium price p∗ on the sellers’ expected (ex-ante) profit π ∗ (p∗ ) =



π ∗h (p∗ ) + π ∗l (p∗ ) p∗ − c (t∗ ) − c (d∗ ) − φd∗ = . 2 2



(12)



In the next lemma we show that this expression may not be monotone with respect to p∗ . Lemma 5. For any p∗ ∈ [2φ, p∗ ], the sellers’ expected profit features the following property: ∂π ∗ (p∗ ) ≥0 ∂p∗



⇔



˜εt (p∗ ) + ˜εd (p∗ ) ≤ 2.



(13)



There are two effects at play. First, when p∗ increases, sellers obtain higher sales revenues in equilibrium, which raises profits. Second, when the equilibrium price increases, each seller advertises more 19



regardless of her quality, but this tends to dissipate profits because advertising is costly. Equation (13) gives a local condition under which the positive sales effect prevails on the negative dissipation effect. As intuition suggests, this happens when the advertising intensities are not too sensitive to price. In the next proposition we provide sufficient conditions under which sellers’ profits are globally increasing or decreasing with respect to the price. For any x ∈ [0, 1], let ρ (x) ≡ c0 (x) /c00 (x). Proposition 3. There exist two thresholds r and R, with 0 < r < R, such that π ∗ (p∗ ) is increasing in p∗ if ρ (x) < r for every x ∈ [0, 1] and π ∗ (p∗ ) is decreasing in p∗ if ρ (x) > R for every x ∈ [0, 1]. The ratio ρ (x) is an inverse measure of the convexity of the penetration costs. The larger the index, the less convex the cost function c (·) is, and the more the seller’s advertising responds to changes in the equilibrium price. Hence, the larger ρ (x), the stronger the profit dissipation effect of advertising. As a consequence, if ρ (x) is large enough, the seller’s profits are always decreasing in p∗ because the dissipation effect prevails. Vice versa, the revenue effect dominates when ρ (x) is small enough and profits are always increasing in price. Propositions 2 and 3 together imply that it might be possible to find cases in which both the sellers and the buyer are better-off at prices strictly greater than the minimum price 2φ. b and ρ (x) < r for every x ∈ [0, 1], then any (ex-ante) Corollary 2. Assume that c000 (·) < 0, ∆ > ∆ Pareto efficient pooling (equilibrium) price is (strictly) larger than 2φ. Hence, within the class of pooling equilibria with deceptive advertising, the interests of the customer and the sellers may be aligned towards prices larger than 2φ. As a result, allowing for comparative deceptive advertising may be Pareto improving. Using the example developed above, it is not difficult to find conditions under which the requirements of Corollary 2 are met. Example (continued). When c (x) = xa with a ∈ (1, 2), the condition ρ (x) < r for every x ∈ [0, 1] is satisfied if a is close enough to 2.45



6



Equilibria without Deceptive Advertising



This section characterizes ‘non-deceptive’ equilibria that entail either a separating outcome, in which sellers with different qualities set different prices and do not advertise, or a different type of pooling outcome in which only the high-quality sellers advertise. We do not analyze pooling equilibria in which neither seller advertises because these can only be sustained by beliefs that violate forward induction, as argued at the end of the section. We start with separating equilibria. 45



Indeed, using results from the proof of Proposition 3, it can be checked that ρ (x) < r for all x ∈ [0, 1] if ρ (t∗ ) =



t∗ 2 < min = r.  0≤d∗ 


This condition is certainly met for a sufficiently large because, for a approaching 2 from below, it becomes t∗ < 1.
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Separating equilibria. In a separating equilibrium, prices perfectly signal qualities and sellers have no incentives to advertise. Standard undercutting arguments imply that, if a separating equilibrium exists, the buyer is served only by the high-quality seller who charges the price p (h) = ∆, while the low-quality seller charges the most competitive price p (l) = 0. To be supported in equilibrium, these prices must not be vulnerable to unilateral deviations. Before discussing the incentives to deviate, we specify the out-of-equilibrium beliefs. Note that deviations from this equilibrium are spotted not only when the buyer observes unexpected prices, but also when he observes unexpected ads. Since our objective is to characterize the largest possible region of parameters in which a separating outcome can emerge, we choose the off-equilibrium beliefs that make price deviations by the low-quality seller the least attractive: A2 Whenever the buyer observes an equilibrium price by one seller (either 0 or ∆) and a nonequilibrium price by the other (any price different from 0 or ∆), his beliefs about the sellers’ qualities remain the equilibrium ones for any ad(s) he may receive from either or both sellers. If the sellers charge the same price, he believes that sellers have equal probability of supplying a high-quality item, for any ad(s) he may observe. Clearly, the low-quality seller can only deviate to the price p (h) = ∆, otherwise the buyer would still recognize qualities and buy from the high-quality seller. Instead, if the low-quality seller mimics the rival by charging exactly ∆, the buyer is unable to assess qualities based only upon the observation of prices. In this case, according to A2, he purchases from either seller with equal probability. Hence: Proposition 4. A necessary and sufficient condition for the existence of a separating equilibrium is E [θ] < ∆



⇔



θl 



∆ . 2



(14)



To sustain a separating equilibrium in the easiest possible way, it is enough to impose A2. Such a belief trivially makes deviations involving advertising unprofitable. Condition (14) is in fact directly implied by the buyer’s participation constraint. That is, if the low-quality seller mimics the rival and charges ∆, the buyer’s out-of-equilibrium belief implies that his willingness to pay for the item is equal to the unconditional expected quality E[θ], which is lower than the prevailing price ∆ in the region of parameters under consideration. Hence, the buyer does not purchase out of the equilibrium path. Any other type of off-equilibrium beliefs makes price deviations by the low-quality seller more appealing, making the condition for the existence of a separating equilibrium tighter than (14). In this equilibrium the low-quality seller makes no profits, while the profit of the high-quality seller is equal to the difference between the buyer’s relative willingness to pay for the two goods: π sh = ∆. Clearly, the buyer’s utility is equal to that of consuming the low-quality item — i.e., V s = θh − ∆ = θl . Finally, note that the result stated in Proposition 4 highlights an important feature of the model: in 21



the region of parameters in which (14) does not hold, but (6) is met, only pooling equilibria exist — i.e., when ∆ > max {2θl , ∆ (φ, θl )} .



(15)



This suggests that our focus on pooling equilibria in which the low-quality sellers deceive the buyer is particularly relevant in industries in which the quality differential between the items on sale is sufficiently large (i.e., ∆ large), customers are particularly reluctant to buy items of low quality (i.e., θl low) and the cost of deceptive advertising is not too high (φ small). Pooling equilibria without deceptive advertising. Consider now pooling equilibria in which the low-quality seller does not advertise while the high-quality seller advertises but does not fully cover the market.46 Following a logic similar to that developed in Proposition 1 and imposing the same off-equilibrium beliefs, we can state the following result: Proposition 5. There always exists a class of (symmetric) pooling equilibria in which trade occurs with certainty and only the high-quality seller advertises. These equilibria have the following features. The intensity of truthful advertising (t∗∗ ) chosen by the high-quality seller satisfies c0 (t∗∗ ) = p∗∗ /2, with t∗∗ < 1, for any equilibrium price p∗∗ . Both sellers charge a price p∗∗ ∈ [0, p∗∗ ], with p∗∗ = min {2φ, p (∆) , E [θ]} , where p (∆) solves the incentive compatibility constraint of the low-quality seller as an equality — i.e., p∗∗



1 − t∗∗ = p∗∗ − ∆. 2



The buyer’s equilibrium strategy is the same as that stated in Lemma 2. Hence, when the game features pooling equilibria in which the buyer is deceived, it also features pooling equilibria in which the buyer is not deceived. This multiplicity opens a selection issue that we address in the next section, where we argue that there are plausible cases in which sellers are likely to coordinate on the ‘deceptive’ equilibria. Notice that p∗ = 2φ is a pooling equilibrium belonging to the equilibrium class characterized here: at such a price, low-quality sellers do not advertise and the buyer is never deceived.47 Finally, in these equilibria the sellers’ expected profit and the buyer’s expected utility are π ∗∗ (p∗∗ ) =



1 ∗∗ [p − c (t∗∗ )] , 2



46



(16)



Notice that, because of the Inada conditions, the high-quality seller has no incentive to fully cover the market — i.e., for c0 (1) sufficiently large, t < 1 for every p ≤E[θ]. 47 As noted earlier, we have included this particular price in both classes of pooling equilibria for easiness of exposition.
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while the buyer’s expected utility is V ∗∗ (p∗∗ ) = E [θ] − p∗∗ +



∆ ∗∗ t . 2



(17)



Using the same techniques as in the proof of Lemma 5, it can be verified that the sellers’ expected profit π ∗∗ is increasing (resp. decreasing) in p∗∗ if ˜εt (p∗∗ ) < 2 (resp. >) for every p∗∗ ∈ [0, 2φ]. The buyer expected utility is increasing in p∗∗ if ∆ is large enough, and decreasing otherwise. In fact, if ∆ is large enough, the impact of a higher price on the advertising premium dominates the negative direct price effect, and vice versa. Noteworthy, while in deceptive equilibria the advertising premium can be either decreasing or increasing with respect to the equilibrium price (as stated in Proposition 2), in this case it is unambiguously increasing. Pooling equilibria without advertising. One may wonder whether pooling equilibria in which neither seller advertises exist. Such equilibria would feature t? = d? = 0 and an equilibrium price p? ≤



θl +θh 2



to satisfy the buyer’s participation constraint. It can be easily verified that such equilibria



exist only if they are sustained by off-equilibrium beliefs of the type of A1 — i.e., a seller charging a non-equilibrium price has to be deemed a low-quality one, regardless of any ad. Now, it turns out that these off-equilibrium beliefs are consistent with forward induction reasoning by the buyer only for equilibria entailing some advertising (like those we analyzed so far), while they violate the common refinement of Divinity 1 (D1) when the equilibrium entails no advertising at all. For this reason we deem such equilibria unappealing and we will not consider them in the analysis that follows. Nonetheless, we provide a more technical discussion in an web appendix to the paper.
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Selection and Buyer’s Welfare



We now provide conditions under which sellers prefer to coordinate on deceptive equilibria. Moreover, we study the implications of this selection analysis on the buyer’s expected utility.



7.1



Equilibrium Selection



Recall that within every class of pooling outcomes discussed above, there is a continuum of prices that can be supported in equilibrium. To address the multiplicity issue, we first define a selection criterion. One reasonable hypothesis is that sellers select the equilibrium they will coordinate upon before knowing their types. Accordingly, an intuitive selection criterion is that sellers coordinate on the equilibrium that yields the highest expected (ex-ante) profit.48 Pooling with vs. pooling without deceptive advertising. In the previous section we have shown that there exists a non-empty region of parameters in which separating equilibria do not exist (see 48



This hypothesis can be rationalized with a standard repeated-game type of argument.
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condition (15)). However, pooling equilibria with and without deceptive advertising always coexist. Which pooling equilibrium is selected between those with and without deception? Comparing the expression of π ∗ (p∗ ) in (12) with that of π ∗∗ (p∗∗ ) in (16) is hard in general. The reason is twofold. On the one hand, the class of pooling equilibria with positive deception features higher prices relative to those with truthful advertising only. On the other hand, in these equilibria there is a higher investment in advertising, which tends to dissipate profits. It is generally impossible to determine which of these contrasting effects dominates, unless more structure is imposed on the penetration cost c (·). Clearly, if the sellers’ expected profit increases in price for both types of pooling equilibria — i.e., if ˜εt (p) + ˜εd (p) ≤ 2



∀p ∈ (0, p∗ ] ,



(18)



then sellers want to engage in deceptive advertising and select the highest equilibrium price.49 That is max



p∗ ∈[2φ,p∗ ]



π ∗ (p∗ ) >



max



p∗∗ ∈(0,2φ]



π ∗∗ (p∗∗ ) .



(19)



This is because π ∗ (p∗ ) = π ∗∗ (p∗∗ ) at p∗ = p∗∗ = 2φ.50 According to Proposition 3 this happens when the penetration cost is (globally) not too convex. This requirement is, however, too demanding in applications as it forces ρ (x) to be small enough for all x ∈ [0, 1]. In the next proposition we provide milder conditions under which (19) is always met. Proposition 6. If c000 (·) has a constant sign and (18) holds at p = 2φ, then (19) is always met. Noteworthy, Proposition 6 applies to the standard quadratic case — e.g., when c (x) = kx2 /2 (see the Appendix). Hence, in this case (which is often considered in applications) sellers unambiguously prefer to coordinate on deceptive equilibria. Pooling vs. separating equilibria. Consider now the region of parameters in which the game features also separating equilibria. For simplicity, let us focus on the most interesting case in which sellers prefer the pooling equilibrium with deception, and consider the ‘regular’ case in which π ∗ (p∗ ) increases with p∗ . The sellers’ ex-ante expected profits in a separating equilibrium are πs =



∆ . 2



Therefore, sellers prefer the pooling to the separating outcome if the following sufficient condition holds π ∗ (2φ) ≥ π s . This leads to the next result. 49



Recall that ˜εd (p) = 0 for every p < 2φ. Notice that equilibrium profits are continuous yet not differentiable at p∗ = 2φ, as right and left derivatives at p∗ = 2φ are defined but different. 50
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Proposition 7. Sellers prefer to coordinate on the pooling equilibrium with positive deception rather than on the separating equilibrium if  ∆ (φ, θl ) < ∆ ≤ 2φ − c c0−1 (φ) .



(20)



The economic intuition behind this result is as follows: pooling equilibria in which the buyer is deceived exist only if the quality differential ∆ is large enough as previously explained. Hence, the lower bound. However, when this differential becomes too large, the profit that a seller enjoys in a separating equilibrium when she is of high-quality type becomes so large that, for higher ∆’s, sellers prefer to coordinate on the separating outcome.51



7.2



The Buyer’s Welfare



We now study what type of equilibrium maximizes the buyer’s expected utility (provided that sellers selected the outcome that yields the highest expected profit). Again, we first compare the buyer’s expected utility in the pooling equilibria with and without deception, and then discuss the separating equilibrium. The comparison between the buyer’s expected utility in (9) and in (17) is not easy in general. The reason is that p∗ > p∗∗ and t∗∗ < t∗ : the pooling price is certainly lower when only the high-quality seller advertises in equilibrium, but this also implies that the advertising premium that the buyer enjoys might be larger when the selected equilibrium features deceptive advertising. To get clear-cut predictions, we focus on the quadratic example. In this case, regardless of the type of pooling equilibrium, the sellers’ expected profit is increasing in the price. Moreover, Proposition 2 implies that in the quadratic case — i.e., for c000 (·) = 0 — the buyer’s expected utility V ∗ (p∗ ) is always decreasing in p∗ , so that: V ∗ (p∗ ) < V ∗ (2φ) = V ∗∗ (2φ) . This inequality suggests that the buyer’s and the sellers’ objectives are not aligned: the buyer prefers not to be deceived, while sellers prefer to coordinate on the equilibrium with deceptive advertising. As a consequence, a regulatory agency concerned with buyer protection, may want to ban deceptive advertising and implement policies that raise the additional (marginal) cost φ of airing a misleading ad. This would force sellers to switch from the equilibrium with deceptive advertising to the one with truthful advertising only. Formally, this happens when φ is so high to break condition (6) — i.e., k φ> 2



"r



# 4∆ −1 . 1+ k



In this case, the unique solution of the game is a pooling outcome with no deceptive advertising.52 51



It can be shown that there are parametric restrictions on the cost function under which condition (20) defines a non-empty set. See the online Appendix.
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Clearly, this policy implication is valid only in the region of parameters in which the game does not feature separating equilibria. Indeed, if the separating equilibrium exists, destroying pooling equilibria with deceptive advertising may not benefit the buyer. This is so, in particular, if the sellers coordinate on the separating equilibrium (rather than on the pooling equilibrium without deception), and if the buyer’s expected utility is lower at the separating than at the deceptive pooling equilibrium. In the online Appendix we show that there are cases where this can happen.
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Concluding Remarks



When consumers cannot verify the quality of the products they buy, low quality firms may use marketing channels to induce them into bad purchases. Although legislations on misleading advertising have improved over time, cases of deceptive conduct are still ongoing — e.g., the ‘dieselgate’, Pennzoil vs Castrol, Dannon, etc. Hence, surprisingly, despite a general improvement of enforcement efforts to limit deception, some firms still find it profitable to falsely advertise their products, and even compare their products to rival ones. Why? What are the drivers of such a conduct? Should consumers be really worried about it? The model we have studied in this paper tries to address these issues and provides new insights to the logic of deceptive advertising, its managerial implications and welfare implications. The core contribution of the paper is the characterization of a class of pooling equilibria in which low-quality sellers deceive a buyer that is Bayes-rational and makes his purchase decision on the basis of the available information. The analysis of these equilibria suggests that high-quality firms should advertise more intensively than their low-quality competitors, which may still find it profitable to advertise. Surprisingly, these outcomes may be ex-ante more desirable than separating equilibria in which quality is reflected by prices and there is no need to waste resources in advertising. Hence, firms may be ex-ante willing to tolerate some degree of deceptive advertising by low-quality competitors. From a quality management perspective, this implies that policies stimulating self-regulation of quality, through standards imposed by firms syndicates, might not necessarily improve quality when deceptive advertising is an issue — see, e.g., van Plaggenhoef (2007) for a discussion on quality and safety regulation of agri-food products. Moreover, since in our model advertising emerges only in deceptive equilibria, which feature a pooling price, the analysis suggests the existence of a negative correlation between price dispersion and advertising intensity: a novel testable prediction. Finally, although in our deceptive equilibria low-quality goods are purchased with positive probability, the buyer’s expected utility can be higher than in a separating equilibrium in which he purchases with certainty the high-quality good. From a marketing point of view, this may explain why some consumers are happy to pay high prices for well-advertised products and offers an argument in favor of a lenient regulatory approach to deceptive advertising. Noteworthy, these results do not apply only to credence goods, but they extend to the case of newly introduced experience goods. As in Milgrom and Roberts (1986) and Kihlstrom and Riordan (1984), 52



Of course, within the class of symmetric equilibria where trade occurs with certainty.
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in fact, our set-up too can be interpreted as the sellers supplying new products whose quality can be ascertained only after consumption. The cost of misleading advertising would then not only arise from the expected sanction following a lawsuit, but would also arise from the likely damage to the firm’s reputation. In this sense, our analysis and its implications have a broader scope.
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Appendix Proof of Lemma 1. Assume an equilibrium exists in which sellers separate on the price dimension. Note that in a separating equilibrium of our game the information about quality is conveyed by prices, so ads have no informative content. Hence, sellers optimally set zero coverage at a separating equilibrium because ads are costly and the advertising strategies t and d are not directly observable. Suppose indeed a separating equilibrium exists in which a seller advertises with some coverage (lower than one, because of the Inada conditions). Then, if she reduces the coverage, she saves on costs while leaving unaltered the buyer’s perception about her quality, which is solely based on prices.  Proof of Lemma 2. Point (i) follows directly from the fact that the equilibrium is symmetric and sellers are ex-ante identical in the buyer’s eyes. Point (ii) follows straight from observing that Pr (θi = θh |si = h, sj = ∅, p) > Pr (θi = θh |si = ∅, sj = h, p) 



1 2 1 2



> Pr (θj = θh |si = h, sj = ∅, p)



)



< Pr (θj = θh |si = ∅, sj = h, p)



⇔



t∗ > d∗ .



Point (iii). To organize the proof it is convenient to let the buyer make the conjecture that t∗ > d∗ in equilibrium: being aware of the extra cost of deception φ, a rational buyer anticipates that a low-quality seller will optimally choose a lower ads coverage than her high-quality rival. Such a conjecture, which we will verify ex-post, allows us to derive straightforwardly sellers’ expected demands. The conjecture above is not necessary for the proof, as we will argue below, yet it permits a lighter treatment. Given a pooling equilibrium price p with ti ∈ (0, 1) and di ∈ (0, 1) for i ∈ {1, 2}, and denoted by α (·) = (α1 (s1 , s2 ) , α2 (s2 , s1 )) with α1 (s1 , s2 ) + α2 (s2 , s1 ) = 1 the purchasing strategy of the buyer, expected demands for the high-quality seller, say seller 1, and the low-quality seller, 2, are D1 (t1 , t2 , d1 , d2 , α (·)) = α1 (h, h) t1 d2 + t1 (1 − d2 ) + α1 (∅, ∅) (1 − t1 ) (1 − d2 ) , D2 (t1 , t2 , d1 , d2 , α (·)) = (1 − α1 (h, h)) t1 d2 + (1 − t1 ) d2 + (1 − α1 (∅, ∅)) (1 − t1 ) (1 − d2 ) , where α1 (h, h) (resp. α1 (∅, ∅)) is the probability that the buyer purchases from seller 1 when he observes two ads (resp. no ads); we have used point (ii) and the buyer’s equilibrium conjecture t∗ > d∗ to set α1 (h, ∅) = 1 and α1 (∅, h) = 0. Expected profits are π 1 (t1 , t2 , d1 , d2 , α (·)) = D1 (t1 , t2 , d1 , d2 , α (·)) p − c (t1 ) , π 2 (t1 , t2 , d1 , d2 , α (·)) = D2 (t1 , t2 , d1 , d2 , α (·)) p − c (d2 ) − φd2 , and the system of first-order conditions is c0 (t1 ) = [α1 (h, h) d2 + (1 − d2 ) (1 − α1 (∅, ∅))] p, c0 (d2 ) = [(1 − α1 (h, h)) t1 + α1 (∅, ∅) (1 − t1 )] p − φ, where, for ease of exposition, we omit the argument p from t1 (p) and d2 (p). To pin down the buyer’s equilibrium strategies, α1 (h, h) and α1 (∅, ∅), take the alternative event that seller 1 has low quality and seller 2 has high quality. In this case, expected demands are defined similarly and the first-order
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conditions are c0 (t2 ) = [(1 − α1 (h, h)) d1 + (1 − d1 ) α1 (∅, ∅)] p, c0 (d1 ) = [α1 (h, h) t2 + (1 − α1 (∅, ∅)) (1 − t2 )] p − φ. Because of symmetry, in equilibrium it must hold t1 = t2 = t and d1 = d2 = d, which implies c0 (t1 ) = c0 (t2 ) = c0 (t) and c0 (d1 ) = c0 (d2 ) = c0 (d), yielding, respectively ( c0 (t) =



[(1 − α1 (h, h)) d + α1 (∅, ∅) (1 − d)] p (



c0 (d) =



[α1 (h, h) d + (1 − α1 (∅, ∅)) (1 − d)] p



,



[(1 − α1 (h, h)) t + α1 (∅, ∅) (1 − t)] p − φ [α1 (h, h) t + (1 − α1 (∅, ∅)) (1 − t)] p − φ



(A1) .



(A2)



Notice first that t > d follows from (A1) and (A2) and the fact that c (·) is increasing. Which is consistent with the conjecture made earlier. Further, a slight manipulation of (A1) and (A2), yields, respectively d (1 − 2α1 (h, h)) = (1 − d) (1 − 2α1 (∅, ∅)) , t (1 − 2α1 (h, h)) = (1 − t) (1 − 2α1 (∅, ∅)) . This system of equations is verified for generic α1 (h, h) and α1 (∅, ∅) only if t = d, which violates (A1) and (A2). Hence, it must be α1 (h, h) = α1 (∅, ∅) = 21 , which solves the system for any t and d. This establishes that α∗i (s, s) = 1/2 for every i ∈ {1, 2}. Going back to the conjecture t∗ > d∗ , it is clear from the above arguments that the opposite conjecture, t∗ < d∗ , would lead to a contradiction at the seller’s optimization stage making the system of first-order conditions impossible to solve. For brevity, we omit the formal proof of the last statement. Concluding, we have shown that, for φ > 0, the only possible equilibrium outcome is such that t∗ > d∗ and α∗i (s, s) = 1/2. Which concludes the proof of Lemma 2.  Proof of Lemma 3. Using the results of Lemma 2, the first-order conditions of a high- and a low-quality seller at a symmetric pooling equilibrium become, respectively c0 (t∗ ) =



p∗ 2



and



c0 (d∗ ) =



p∗ − φ, 2



which, because c (·) is increasing and satisfies Inada conditions, clearly proves points (i), (ii) and (iii) of the lemma. As to point (iv) — which states that the profits of a high-quality seller, π ∗h , are higher than those of a low-quality seller, π ∗l — notice that, if a symmetric pooling equilibrium with price p∗ > 2φ exists, the following chain of inequalities holds π ∗h =



p∗ p∗ p∗ p∗ (1 + t∗ − d∗ ) − c (t∗ ) > − c (d∗ ) ≥ − c (d∗ ) − φd∗ > (1 − t∗ + d∗ ) − c (d∗ ) − φd∗ = π ∗l , 2 2 2 2



where the first inequality follows from setting t∗ = d∗ and considering that this violates the optimality condition on the high-quality seller’s profits, the second from the fact that d∗ ≥ 0 (because p∗ ≥ 2φ) and the third follows from observing that t∗ > d∗ . Thus π ∗h > π ∗l .
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Finally, to prove point (v), note that the buyer’s expected utility from purchasing is minimal whenever he observes two identical ads or no ads at all. In such cases it equals the unconditional expectation E[θ]. Thus, if the customer buys under these circumstances, as implied by condition p∗ ≤E[θ], then he will always purchase in a pooling equilibrium with price equal to p∗ and the market does not break down. This concludes the proof of Lemma 3.  Proof of Proposition 1. Consider a symmetric pooling equilibrium in which sellers post the same price p∗ and the market never breaks down. By Lemmas 2 and 3, if it exists, a pooling equilibrium with 1 ∗ ∗ ∗ ∗ deceptive advertising features  = 2 , αi (h, ∅) = 1 and αi (∅, h) = 0, advertising i (∅, ∅)   αi (h, h) = α ∗



∗



strategies are t∗ = c0−1 p2 and d∗ = c0−1 p2 − φ , and the price satisfies p∗ ≥ 2φ. To prove existence we still have to prove that the buyer is willing to purchase at price p∗ (buyer’s participation constraint) and that sellers make non negative profits (sellers’ participation constraints) and are willing to charge the equilibrium price p∗ rather than a different price (sellers’ incentive compatibility constraints). As proved in Lemma 3, the buyer’s participation constraint requires that, when he observes signals (si , sj ) ∈ {(h, h) , (∅, ∅)} and his posteriors are 50-50, his expected utility from buying seller i’s product exceeds the price. The buyer’s participation constraint is then satisfied as long as p∗ ≤ E [θ]



⇔



∆ ≥ 2 (p∗ − θl ) ,



which, because p∗ ≥ 2φ, yields the necessary condition ∆ ≥ 2 (2φ − θl ) .



(A3)



Next, we analyze the seller’s constraints. We have argued in the text that deviation profits do not depend on the type of the deviating firm. Notice first that a deviation must involve a change in price because advertising intensities are not directly observable and are chosen optimally. Hence, a seller’s deviation that entails a change of the advertising intensity without altering the price would only reduce profits. As a consequence, a deviation must involve a price change to pd 6= p∗ . Under A1, a buyer observing the off-equilibrium price pd perceives the seller’s good as low-quality and is thus ready to buy from her at a price no larger than p∗ − ∆ — i.e. the pooling price at which he believes he can purchase a high-quality good discounted by the quality differential ∆. Hence, a seller willing to deviate must price at pd ≤ p∗ − ∆. Notice further that, under A1, advertising does not affect expected demand out of the equilibrium path and the best deviation a seller can choose is to charge a price pd = p∗ − ∆ and stop advertising altogether. Thus, the highest profit guaranteed by a deviation is π d (p∗ ) = p∗ − ∆, which, as argued above, do not depend on the type of deviating seller. We should now notice that Lemma 3 implies that the expected profit of a high-quality seller is always higher than that of a lowquality seller at a symmetric pooling equilibrium. Thus, whenever a low-quality seller does not want to deviate, the high-quality seller does not deviate either. This implies, in turn, that the incentive compatibility constraint that is harder to meet is always that of the low-quality seller. Analogously, whenever the profit of the low-quality seller is non-negative, the profit of the high-quality seller is strictly positive, so we can focus on the participation constraint of the low-quality seller. Summarizing, an equilibrium pooling price p∗ must satisfy the incentive and the participation con32



straints of the low-quality seller — i.e., π ∗l ≡



p∗ [1 − t∗ + d∗ ] − c (d∗ ) − φd∗ ≥ max {0, p∗ − ∆} . 2



We start by proving that the participation constraint is satisfied for any p∗ and, a fortiori, for p∗ ≥ 2φ. By optimality, this follows from p∗ [1 − t∗ ] > 0, (A4) π ∗l ≥ 2 ∗



where p2 [1 − t∗ ] is the profit of a low-quality seller at the pooling price p∗ when she sets deception level d = 0 and the strict inequality follows from 0 < t∗ < 1 by the Inada condition — i.e., c0 (1) large enough. Clearly, choosing optimally the advertising level, she can improve on the minimum profit of (A4). Thus, the only relevant constraint is the incentive compatibility one — i.e., π ∗l ≡



p∗ [1 − t∗ + d∗ ] − c (d∗ ) − φd∗ ≥ p∗ − ∆. 2



(A5)



We can immediately argue that, if 2φ < ∆, any price p∗ ∈ [2φ, ∆] trivially satisfies this inequality: indeed deviation profits are negative — i.e. p∗ − ∆ ≤ 0. Hence, the maximal pooling price that satisfies (A5), p (φ, ∆), must be greater than ∆. Let’s thus focus on the most interesting case in which 2φ ≥ ∆ and prove that, in this region of parameters, the incentive compatibility constraint is satisfied for p∗ ∈ [2φ, p (φ, ∆)] and that p (φ, ∆) is unique. To this purpose, we will show that (A5) defines a non-empty set if these conditions are satisfied: 1. π ∗l |p∗ =2φ > 2φ − ∆; 2.



∂π ∗l ∂p∗



< 1 for any p∗ .



Essentially, point 1 implies that (A5) is satisfied at the minimum price p∗ = 2φ, while point 2 implies that (A5) is satisfied as an equality by a unique price p (φ, ∆). We proceed point by point. 1. When p∗ = 2φ, (A5) is satisfied if  π ∗l |p∗ =2φ = φ 1 − c0−1 (φ) ≥ 2φ − ∆. which yields the necessary condition for (A5) to be satisfied at the minimum price , i.e.  ∆ ≥ φ 1 + c0−1 (φ) .



(A6)



2. For any p∗ , the derivative of the low-quality seller’s profit is ∂π ∗l 1 p∗ 1 ∗ ∗ = (1 − t + d ) − ∂p∗ 2 4 c00 (t∗ ) which is clearly lower than 1 because 0 < d∗ < t∗ < 1 and c00 (·) > 0. Finally, define p∗ = min {p (φ, ∆) , E [θ]}, where p (φ, ∆) is the unique solution to π ∗l = p∗ − ∆. Then, equation (A4), point 1 and point 2 taken together imply that the pooling prices of deceptive 33



equilibria are p∗ ∈ [2φ, p∗ ]. In particular, equilibrium deceptive advertising d∗ is strictly positive as long as p∗ > 2φ. Vice versa, it is apparent that, if (A3) and (A6) are satisfied with strict inequality, any price equal to 2φ +  is a pooling equilibrium featuring positive deception provided  > 0 is small enough. This concludes the proof.  Proof of Corollary 1. Clearly, when p∗ =E [θ], the maximal price increases with E [θ] and, because ∗ ∗ E [θ] = θl + ∆ 2 , with ∆. When, instead, p = p (φ, ∆), the result that p increases with ∆ and decreases with φ follows immediately by a straightforward application of the Implicit Function Theorem.  Equilibrium refinement: Divinity 1. We argue that the equilibrium outcomes sustained by the off-equilibrium beliefs specified in A1 and characterized in Proposition 1 survive to the weakest version of Divinity (D1). In words, D1 states that if the set of the buyer’s strategies that make seller i of type θ willing to deviate to a given price pd 6= p∗ is strictly contained in the set of the buyer’s strategy that makes seller i of type θ0 willing to deviate, then the buyer should believe that seller i is infinitely more likely to deviate to pd when she is of type θ0 than when she is of type θ. To verify whether the pooling equilibria characterized survive to D1, consider a price deviation pd 6= p∗ , and assume that the buyer’s off-equilibrium strategy is to buy from the deviating seller with some probability α.53 The equilibrium price p∗ satisfies D1 if and only if αl < αh , where αh is the buyer’s off-equilibrium strategy that makes a seller indifferent to deviating and sticking to the equilibrium price when she is of high quality — i.e., αh pd = p∗



1 + t∗ − d∗ − c (t∗ ) . 2



By the same token, αl is the buyer’s strategy that makes a seller indifferent to deviating and sticking to the equilibrium price when she is of low quality — i.e., αl pd = p∗



1 − t∗ + d∗ − c (d∗ ) − φd∗ . 2



By Lemma 3 it follows that αh > αl regardless of p∗ so that, whenever a high-quality seller gains from deviation, the low-quality one does so too. Hence, all pooling equilibria characterized above meet D1. Proof of Lemma 4. Notice that, for p∗ ∈ [2φ, p∗ ], it holds ∂V ∗ (p∗ ) ∆ = −1 + ∗ ∂p 2 which can be rewritten as







∂t∗ ∂d∗ − ∂p∗ ∂p∗



 ,



∆ ∂V ∗ (p∗ ) = −1 + ∗ [˜εt (p∗ ) − ˜εd (p∗ )] , ∗ ∂p 2p



from which the result follows immediately.  Proof of Proposition 2. Notice first that ∂V ∗ (p∗ ) ∆ = −1 + ∗ ∂p 4







1 1 − 00 ∗ 00 ∗ c (t ) c (d )



 ,



(A7)



53 For simplicity, we assumed that the buyer’s off-equilibrium strategy is unconditioned to the realized ads. It can be verified that D1 holds even if one considers a buyer’s strategy that is contingent on the ads he obverses off-equilibrium.
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which is clearly negative whenever c000 (·) ≥ 0 because c00 (t∗ ) ≥ c00 (d∗ ). Hence, because we focus on pooling equilibria with p∗ ≥ 2φ, it follows that V ∗ (p∗ ) is maximized at p∗ = 2φ. Suppose instead that c000 (·) < 0. Then, to show that the price maximizing V ∗ (p∗ ) is above 2φ it ∗ ∗) > 0 at p∗ = 2φ — i.e., rearranging (A7), suffices to show that ∂V∂p(p ∗ ∂V ∗ (p∗ ) >0 ∂p∗ p∗ =2φ



⇔



4c00 (d∗ ) c00 (t∗ ) ∆ > 00 ∗ . c (d ) − c00 (t∗ ) p∗ =2φ



This completes the proof.  Proof of Lemma 5. Notice that, for p∗ ∈ [2φ, p∗ ], it holds    1 1 c0 (t∗ ) ∂π ∗ (p∗ ) c0 (d∗ ) + φ = 1− , + ∂p∗ 2 2 c00 (t∗ ) c00 (d∗ ) which can be rewritten as



  ∂π ∗ (p∗ ) 1 1 ∗ ∗ = 1 − (˜ ε (p ) + ˜ ε (p )) , t d ∂p∗ 2 2



from which the result follows immediately.  Proof of Proposition 3. Using (10) and (11), it holds ∂π ∗ >0 ∂p∗



⇔



ρ (t∗ ) < 2



c00 (d∗ ) . c00 (t∗ ) + c00 (d∗ )



Now define r≡



min ∗ ∗



0≤d 


2



c00 (d∗ ) c00 (t∗ ) + c00 (d∗ )



and



R≡



max ∗ ∗



0≤d 


2



c00 (d∗ ) , c00 (t∗ ) + c00 (d∗ )



and notice that, because c00 (x) > 0 for all x ∈ [0, 1], r and R are well defined. Then, clearly, a sufficient condition for π ∗h and π ∗l to be increasing (resp. decreasing) in p∗ is that ρ (x) < r (resp. ρ (x) > R) for all 0 ≤ x < 1.  Proof of Corollary 2. Consider pooling equilibria. By Proposition 2, c000 (·) < 0 implies that the buyer’s surplus is maximized at a price larger than 2φ, while seller’s preferred price is the highest possible price because ρ (x) < r for every x ∈ [0, 1]. Thus, any price p < 2φ cannot be Pareto efficient.  Proof of Proposition 4. Clearly, given A2, the high-quality seller does not want to deviate: charging a price above ∆ makes the buyer prefer purchasing from the low-quality seller at price 0, while pricing below simply reduces profits. Likewise, advertising has no effect other than increasing costs. As to the low-quality seller, as argued in the text, the only meaningful deviation given A2 is to price at ∆ and optimally set ads given that the high-quality seller, sticking to the equilibrium strategy, will set no ads. In particular, again by A2, it is optimal not to advertise off-equilibrium. In this case, deviation profits of the low-quality seller are ( ∆ ⇔ E [θ] ≥ ∆ 2 π dl = . 0 ⇔ E [θ] < ∆ where the first raw (resp. second) applies when the buyer’s participation constraint off-equilibrium does 35



not (resp. does) bind. Clearly, a separating equilibrium exists if and only if condition (14) is met.  Proof of Proposition 5. The proof follows exactly the same lines of that of Proposition 1 with the only difference that, because p∗∗ ≤ 2φ, the optimal coverage chosen by a low-quality seller is d∗∗ = 0 and thus the message (si , sj ) = (h, h) is never received in equilibrium.  Proof of Proposition 6. Focus first on prices p∗∗ ∈ [0, 2φ]. Then π ∗∗ (p∗∗ ) is increasing for all p∗∗ if and only if ˜εt (p∗∗ ) < 2 ∀p∗∗ ∈ [0, 2φ] which is true if



c0 (t∗∗ ) < 2. t∗∗ ∈[0,c0−1 (φ)] c00 (t∗∗ ) max



Notice that, because c00 (t∗∗ ) > 0 for all t∗∗ , c000 (·) has a constant sign, and c0 (t∗∗ ) = φ when t∗∗ = c0−1 (φ), the above condition can be rewritten as   φ < 2 min c00 (0) , c00 c0−1 (φ) .



(A8)



Let’s now focus on p∗ ≥ 2φ and study the marginal increase of π ∗ (p∗ ) in a right-neighborhood of p∗ = 2φ. We will show that, if profits are increasing locally at p∗ = 2φ — i.e. ˜εt (2φ) + ˜εd (2φ) < 2 — then profits are also increasing for prices below 2φ — i.e. (A8) holds. Profits are increasing at p∗ = 2φ if  ˜εt (2φ) + ˜εd (2φ) = φ



1



1 + c00 (c0−1 (φ)) c00 (0)



 


⇔



 c00 c0−1 (φ) c00 (0) φ < 2 00 0−1 . c (c (φ)) + c00 (0)



(A9)



Finally notice that (A9) implies (A8). In fact (A9) can be rewritten as 



00



00



φ < 2 min c (0) , c



0−1



c



   max c00 (0) , c00 c0−1 (φ)   (φ) < 2 min c00 (0) , c00 c0−1 (φ) , 00 00 0−1 c (0) + c (c (φ))



where the latter inequality proves the claim.  Proof of Proposition 7. First, notice that sellers can coordinate on a pooling equilibrium only if ∆ (φ, θl ) < ∆ (see Proposition 1). Second, a sufficient condition for sellers to be willing to coordinate on a pooling equilibrium with deception rather than on a separating equilibrium is π ∗ (2φ) > π s — i.e.,  2φ − c c0−1 (φ) ∆ > , 2 2 which, together with the former condition, completes the proof. Of course, condition (20) may define an empty set. To show that there are cases in which this condition is not vacuous, consider the case in which the penetration cost is quadratic, c (x) = kx2 /2. Under this specification one can show (see the ‘Quadratic cost function’ paragraph at the end of the Appendix) that φ ∆ φ (4k − φ) − >0 ⇔ ∆< (4k − φ) . (A10) π ∗ (2φ) − π s = 2k 2 2k This inequality is compatible with condition (6) that guarantees the existence of pooling equilibria with
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deceptive advertising. For example, in the region of parameters in which θl is such that ∆ (φ, θl ) =



φ (k + φ) , k



then (6) and (A10) are jointly satisfied as long as φ φ (k + φ) < ∆ < (4k − φ) , k 2k



(A11)



which is always non-empty if φ ≤ 23 k.  2



Quadratic cost function. Suppose the cost function is c (x) = k x2 with k > 0. Notice first that c00 (x) = k and c000 (x) = 0. Then t∗ =



p∗ 2k



and



d∗ =



p∗ φ − , 2k k



∗



and notice that 1 > t∗ > d∗ > 0 requires k > p2 > φ so that a necessary condition for the existence of pooling equilibria with deceptive advertising is k > φ. Note that, in a pooling equilibrium with deception it holds εt (p∗ ) + εt (p∗ ) = t∗ + d∗ < 2, which, evaluated at p∗ = 2φ, becomes φ/k < 2, which is always true given k > φ. Thus Proposition 6 applies to the quadratic case. It is immediate to check that equilibrium profits are increasing in the pooling price also for p∗∗ < 2φ. The condition under which ex-ante profits in separating are lower that ex-ante profits in pooling is that π ∗ (2φ) > π s . Profits are ∆ π = 2 s



and



    1 ∗ p∗ φ2 π (p ) = p 1− + 2 4k 2k ∗



∗



so that π ∗ (2φ) > π s



⇔



∆



φ (4k − φ) , 2k



which is condition (A10). The existence condition of pooling equilibria, condition (6), provided the participation constraint is  satisfied so that ∆ (φ, θl ) = φ 1 + c0−1 (φ) , boils down to: ∆ > ∆ (φ, θl ) if, and only if, ∆ > φk (k + φ). Thus, condition (20) defines a non empty set as long as φ φ (4k − φ) > (k + φ) 2k k
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⇔



2 φ < k. 3



Notice finally that, as noted in the text, (6) is not satisfied if φ ∆ < (k + φ) k



⇐=



k φ> 2
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