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RADICALS DEFINITION OF nth-ROOT 𝒏



√ 𝒂 = 𝒃 ↔ 𝒃𝒏 = 𝒂



The nth-root of a number “a” is another number “b” such as: b to the power of n is equal to the radicand, a.



WHAT IS THE VALUE OF √𝒂 ? 𝒏



It depends on the INDEX and the sign of the RADICAND, as you can see in the following chart:



When the RADICAND is positive, 𝒂 > 𝟎 →There are “two” nth-roots, that are opposite real numbers.



𝒏



√𝒂



6



√81 = ±9



√64 = ±2



When the RADICAND is negative, 𝒂 < 𝟎 →The nth-root does The INDEX is an not exist. 4 EVEN number. √−81 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 √100 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 When the RADICAND is equal to 0, 𝒂 = 𝟎 →The nth-root is equal to “0”. 12



√0 = 0



√0 = 0



When the RADICAND is positive, 𝒂 > 𝟎 →There is ONLY ONE nth-root, and it is POSITIVE.



𝒏



√𝒂



3



√8 = 2



5



√243 = 3



When the RADICAND is negative, 𝒂 < 𝟎 → There is ONLY The INDEX is an ONE nth-root, and it is NEGATIVE. 3 5 ODD number. √−8 = −2 √−243 = −3 When the RADICAND is equal to 0 𝒂 = 𝟎 →The nth-root is equal to “0”. 7



√0 = 0



3



√0 = 0



HOW TO TRANSFORM ROOTS AS POWERS WITH RATIONAL EXPONENTS? Any radical can be written as a power with a fractional exponent: The numerator will be the “EXPONENT” of the radicand and the denominator will be the “INDEX” of the root.



EXAMPLES: 1 2



because the radicand has an invisible exponent “1” and the square root



√3 = 3 ,



has an invisible index “2” 7



√27 = 2 2 ,



because the radicand has an exponent “7” and the square root has an



invisible index “2” 5



√73



= 7



3 5,



because the radicand has an exponent “3” and the root has an index “5”



You can also transform powers with rational (or fractional) exponents into nth-roots. Now, the radicand will be the base of the power. The denominator will be the INDEX of the root and the numerator will be the EXPONENT of the radicand.



EXAMPLES: 1 2



11 =



2



√111



3 5



= √11



4 =



5



√43



1 7



7



7



3 = √31 = √3



Two or more radicals with the same radicand are EQUIVALENT when, expressed as powers of rational exponents, the fractions of those exponents are equivalent fractions. That means that: 𝒏



𝒏·𝒑



√𝒂𝒎 = √𝒂𝒎·𝒑



EXERCISES



1) Express the following roots as powers and simplify if possible: a) 2 b) 3 c) 9



1 2 1 2 1 2



1 3



e) 7



f) 15 g) 𝑥



1



d) 25 2



h) 𝑦



i) 7 1 4



j) 𝑎



1 2 1 5



2 3 2 2 1



k) (9𝑥)2 1



l) (16𝑥 15 ) 2



2) Express the following roots as powers with rational exponent. Simplify if possible: 5 4 a) √7 e) √18 i) 𝑥 √81𝑥 5 4 5 b) √6 f) √15 j) √312 3 5 5 c) √2 g) √34 k) √20𝑥 15 4



d) √83



5



3



h) √2𝑥 3



l) 3√27𝑥 4



3) Simplify as much as possible: 3



3



a) (𝑥 4 )2



1



e) (20𝑥 6 )2



i) (9𝑥 8 )2



7



1



5



f) (64𝑥 4 )2



b) (𝑥 12 )2



j) (81𝑥 12 )4



3



1



1



g) (𝑥 8 )2



c) (72 · 36 )2



k) (216𝑥 9 )3



1



5



1



h) (27𝑥 6 )3



d) (27𝑥 8 )4



l) (100𝑥 10 )4



PROPERTIES OF THE RADICALS PRODUCT OF RADICALS: We can multiply radicals when they have the same index. In this case, the product of radicals with the same index is other radical with the same index and the radicand is the product of the radicands. 𝒏



𝒏



𝒏



√𝒂 · √𝒃 = √𝒂 · 𝒃



DIVISION OF RADICALS: We



can divide radicals when they have the same



index. In this case, the division of radicals with the same index is other radical with the same index and the radicand is the quotient of the radicands. 𝒏



√𝒂



𝒏



√𝒃



𝒏



= √



𝒂 𝒃



POWER OF A RADICAL: We can raise a radical to a power. In this case, we will keep the same index and we will raise the radicand to the power. 𝒏



𝒎



𝒏



( √𝒂) = √𝒂𝒎



RADICAL OF A RADICAL: The index of the new radical will be the product of the indexes and we will keep the same radicand. 𝒏 𝒎



√ √𝒂 =



𝒏·𝒎



√𝒂



HOW TO INTRODUCE RADICAL?



FACTORS



INTO



A



To introduce factors into a radical: 1st: Write the prime factorization of the coefficient and the radicand. 2nd: Multiply the exponent of each factor by the index of the root. 3rd: Apply the properties of the powers when you have powers with the same base.



2 · 5√2𝑥 = √22 · 52 · 2 · 𝑥 = √23 · 52 · 𝑥



4



4



15 4√3𝑦 = 3 · 5 4√3𝑦 = √34 · 54 · 3𝑦 = √35 · 54 𝑦



HOW TO RADICAL?



EXTRACT



FACTORS



FROM



A



When we want to extract factors from a radical: 1st: Calculate the prime factorization of the radicand. 2nd: Divide the exponent of each factor by the index. The quotient will be the exponent of the factor outside the radical symbol and the remainder will be the exponent of the factor inside the radical symbol (when the remainder is zero, the factor only will appear outside the radical symbol). NOTICE: When a factor has an exponent less than the index, it will stay inside. Examples: Extract all the factors you can from the radicals:



HOW TO REDUCE RADICALS TO COMMON INDEX? We can do it in two different ways 1st WAY: First, we express the radicals as powers with rational exponents. In this way, we only have to reduce the rational exponents to least common denominator. After that, change again to radical form and apply the properties of powers in the radicand.



2nd WAY: Find out the least common multiple of the indexes. It will be the NEW INDEX of all the radicals. Later, divide the new index by the old index and raise the radicand to the number you got.



HOW TO ADD AND SUBTRACT RADICALS? To add/subtract radicals, they must be LIKE RADICALS. LIKE RADICALS are radicals with the SAME INDEX and the SAME RADICAND. In this case, we will add/subtract the coefficients and keep the same radical. Examples: 3



3



3



3



√5 + 4 √5 = (1 + 4) √5 = 5 √5 =



3√7 − 5√7 = (3 − 5)√7 = −2√7



HOW TO RATIONALIZE RADICALS? Rationalize is rewrite the expression that contains radicals in the denominator as an equivalent fraction without radicals in the denominator. 1st CASE: A simple square root. To rationalize, we have to multiply the numerator and the denominator by the same simple square root. Examples:



2



=



√7



√3 √5 2√5 √6



=



2 √7 √7 · √7



=



=



√3√7 √5 · √5



2√5√6 √6 · √6



=



2 · √7 7



=



√21 5



2√30 √30 = 6 3



2nd CASE: A simple nth-root. To rationalize, we have to multiply the numerator and the denominator by the nth-root with the same index and the radicand with the same base and the exponent will be the number we would need inside to get the index. Examples: In this case, the exponent of the radicand, in the denominator, is 1. So, we need an exponent equal to 2 to get the index, which is 3. That is, we are going to multiply and 3



divide by √72



2 3



√7



3



=



2√72 3



3



√7 √72



3



=



2√72 3



√7 · 72



3



=



2√72 3



√73



3



2√72 = 7



In this case, the exponent of the radicand, in the denominator, is 2. So, we need an exponent equal to 3 to get the index, which is 5. That is, we are going to multiply and 5



divide by √23



2√5 5



√22



5



=



5



2√5 √3 5



=



5



√22 √23



2√5 √3 5



√25



5



2√5 √3 5 = = √5√3 2



3rd CASE: We have a binomial with radicals. In this case, we have to multiply and divide by the CONJUGATE of the denominator. Examples:



3 √3 − 2



=



√3 √5 + 2√7



3 · (√3 + 2) (√3 − 2)(√3 + 2)



=



=



3 · (√3 + 2)



√3 · (√5 − 2√72) (√5 + 2√7)(√5 − 2√7)



=−



√15 − 2√21 23



2



(√3) − 22



=



=



3 · (√3 + 2) = −3 · (√3 + 2) 3−4



√3 · (√5 − 2√7) 2



2



(√5) − (2√7)



=



√3 · √5 − 2√3 · √7 = 5−4·7
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