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Deformations of the Hilbert scheme of of points on a del Pezzo surface Chunyi Li Department of Mathematics University of Illinois at Urbana-Champaign [email protected] July 28, 2014 Abstract Let S be a smooth del Pezzo surface over C of degree d and Hilbn S be the Hilbert scheme that parameterizes 0-dimensional subschemes of length n. In this paper, we construct a flat family of deformations of Hilbn S which can be conceptually understood as the Hilbert scheme of deformed non-commutative del Pezzo surfaces. Further we show that each deformed Hilbn S carries a generically symplectic holomorphic Poisson structure. Moreover, the generic deformation of Hilbn S has an (11 − d)-dimensional moduli space and each of the fibers is of the form that we construct.
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Introduction



Given a smooth projective surface S over C, let Hilbn S be the Hilbert scheme parameterizing 0 dimensional subschemes of S of length n. The deformations of complex structure on S induce deformations of Hilbn S . One natural question is whether all deformations of Hilbn S are formed this way. This kind of deformation problem has been studied by Bogomolov, Bottacin [4], Fantechi [5], Goto [9], Hitchin [12], Nevins, Stafford [18], etc. When the surface S is of general type, it has been shown in [5] that the deformation of Hilbn S is always induced by the deformation of S . The case that S has trivial canonical divisor (K3 surface case) has been studied by Beauville [2] and Fujiki [6] in order to construct more examples of higher-dimensional symplectic manifolds; in their case, the Hilbert scheme has a deformation which is not induced from S : the coarse moduli space for marked K3 surfaces has dimension 20, while that for the 1



Hilbert scheme has dimension 21. The most interesting case is when the surface itself is rigid, which means S has no deformation itself. In [12], Hitchin showed that in this case every deformation of the Hilbert scheme is obtained from a holomorphic Poisson structure on the Hilbert scheme that is induced from a holomorphic Poisson structure on S . Each Poisson structure induces a Kodaira-Spencer class which can be integrated to a one-parameter family of deformations. In particular, in the P2 case, where the Poisson structure is determined by its vanishing locus which is a cubic curve, Hitchin shows that the generic deformation has a two-dimensional local moduli space, which is parametrized by the modulus of the cubic curve and a degree 3 line bundle on the curve. This rephrases the results in [18] by Nevins and Stafford. In their work, the deformation is induced from the deformation of P2 as a noncommutative surface (the Hilbert scheme of points on such a noncommutative surface is commutative!). They construct the deformation as the moduli space of graded right modules (quotient by right bounded ones) with rank 1, trivial c1 and χ = 1 − n over a Skylanin algebra. We focus on the Hilbert schemes of del Pezzo surfaces. By Hitchin’s approach from Poisson deformation or general deformation theory, there is an upper bound estimate for the generic dimension which is 11 − d, i.e., 2 plus the number of blown up points. However, we cannot get more than 2 explicit parameters by this approach. That is the reason why we try the method with inspiration from non-commutative geometry to construct the deformations from non-commutative deformations. From this non-commutative style approach, the first obstacle is that in general we do not know how to make the non-commutative construction on the ring level. However, as in [1] and [21], we can talk about the bounded derived category of sheaves on a non-commutative del Pezzo surface. These categories are a deformed version of the derived category of sheaves on commutative del Pezzo surfaces, and each of them is generated by an exceptional collection and has a semiorthogonal decomposition, hence we can use the Beilinson type spectral sequence to reconstruct objects there. On the other hand Hilbn S parameterizes those stable objects with some fixed invariants, and we may construct Hilbn S via geometric invariant theory. Now since the deformation space is not constructed as a Hilbert scheme of modules over rings, we can establish few properties for the deformed spaces outside of the commutative case. However, by considering these spaces in a family MB → B (where B contains the parameter of the datum of non-commutative del Pezzo surfaces including an elliptic curve E, two degree 3 line bundles L1 and L2 and k blowing-up points on E), we show that this morphism is proper and smooth, in other words we get a deformation and each fiber shares the same good properties as the Hilbn S in commutative case. In Section 2 and 3, we introduce the derived category of sheaves on del Pezzo surfaces and non-commutative del Pezzo surfaces from [1]. In addition, we give a description of the Hilbert scheme of a commutative del Pezzo surface via geometric invariant theory. Theorem 1.1 (Proposition 3.9). Hilbn S ' MK ss (n) ∥ (G/C× ). Here we write MK ss (n) for the moduli space of framed semistable K-complexes with type (n, 2n + 1, n + 1, . . . , n + 1, n) (see Definition 3.1). G is a product of general linear groups and G/C× acts freely on MK ss (n). 2



In Section 4, we set up the construction of deformation space. To be specific, given a family datum (µA , pi ) of non-commutative del Pezzo surfaces, the family of their Hilbert scheme of n points is constructed as Mµs A ,pi (n) → SpecA. We then prove some properties of the morphism Mµs A ,pi (n) → SpecA and get our main technical result. Theorem 1.2 (Theorem 6.3). Let A be a noetherian ring such that SpecA is a smooth curve over C and (µA , pi ) be a flat family of noncommutative del Pezzo surfaces with one fiber being the commutative S (see Definition 2.12). Then Mµs A ,pi (n) → SpecA is a smooth family of deformations of Hilbn S . The main part of the proof is on the smoothness, which is contained in the section 5 and 6. To show the smoothness, we translate the problem of whether the Jacobian matrix has full rank to the exactness of global sections of a complex of sheaves on an elliptic curve. As a byproduct, when the degree of the del Pezzo surface is 8, 2 or 1, Hilbn S is described as the moduli space parameterizing some specific tuples of vectors bundles on an elliptic curve and maps between them. In Section 7, we construct the natural Poisson structure on the deformed Hilbert schemes of del Pezzo surfaces. Then by the results in [12], we may describe the Kodaira-Spencer classes tangent to each direction of the deformation of Hilbn S , and compute the generic dimension of versal deformation base space of Hilbn S showing that the base space of the family that we construct has the same dimension. Theorem 1.3 (Proposition 7.2). Suppose the degree of the del Pezzo surface is 8, 2 or 1, and s let (µC , pi ) be a data of noncommutative del Pezzo surface (see Definition 2.9). Then Mµ,p (n) i admits a natural Poisson structure which is generically symplectic. The generic deformation of Hilbn S has a (2 + k)-dimensional space of moduli and each of them is of the form Mµs A ,pi (n) depending on a smooth elliptic curve E, k blown up points on it and two degree 3 line bundles L1 , L2 (accurately speaking, the difference of them L−1 2 ⊗ L1 ). Acknowledgment. The author would like to thank his advisor Thomas Nevins for suggesting this problem, as well as his kind help and great patience during the revision of this paper.



2 2.1



Hilbert scheme of points on a del Pezzo surface Exceptional sheaves on a del Pezzo surface



Let T be the bounded derived category of coherent sheaves on a smooth projective variety (more generally, a triangulated category linear over C and for any two objects A, B ∈ T the space ⊕i Homi (A, B) is finite-dimensional). References for the following concepts are [1], [7], [14] and [17]. Definition 2.1. An object E in T is called exceptional if Homi (E, E) = 0, for i , 0; Hom0 (E, E) = C. An ordered collection of exceptional objects {E0 , . . . , Em } is called an exceptional collection if 3



Hom• (Ei , E j ) = 0, for i > j. An exceptional collection of two objects is called an exceptional pair. Definition 2.2. Let E = {E0 , . . . , En } be an exceptional collection. We call this collection E strong, if Homq (Ei , E j ) = 0, for all i, j and q , 0. This collection E is called full, if E generates T under homological shifts, cones and direct summands. Let S = D9−k be a smooth del Pezzo surface (exclude P1 × P1 and P2 ) with k (1 ≤ k ≤ 9) points in general position blown up on P2 . Let `0 be a curve on S which is the proper transform of a projective line on P2 not through any blown-up point. Let `i , 1 ≤ i ≤ k, be the other exceptional lines. Then the Picard group of S is generated by the classes [O(`0 )], [O(`1 )], . . . [O(`k )]. We may also denote `i as the generator [O(`i )] of Pic(S ) when it causes no confusion. The intersection numbers of the pairs are (`0 )2 = 1, `0 · `i = 0, `i · ` j = −δi j , for any 1 ≤ i, j ≤ 9 − n. The class of the canonical divisor K is −3`0 + `1 + · · · + `9−n . We denote π : S → P2 as the projection map, and TP2 as the tangent sheaf on P2 . Let Db (S ) be the the bounded derived category of coherent sheaves on S . Proposition 2.3 (Theorem 2.5 in [1]). Db (S ) has a full strong exceptional collection: {E0 , E1 , . . . , Ek , Ek+1 , Ek+2 } = {O(`0 ), O(`1 + `0 ), . . . , O(`k + `0 ), π∗ T , O(2`0 )}. Proof. ‘Strong exceptional’ is due to the calculation by using Riemann-Roch and Serre duality for line bundles and the short exact sequence: 0 → O → O(`0 )⊕3 → π∗ T → 0. For example, Hom(O(`1 + `0 ), O) = 0, Ext2 (O(`1 + `0 ), O) ' (Hom (O, O(−2`0 + 2`1 + · · · + `k ))∗ = 0, χ(O(−`1 − `0 )) = (−`1 − `0 ) · (−`1 − `0 + (3`0 − `1 − · · · − `k ))/2 +1 = −1 implies Ext1 (O(`1 + `0 ), O) = C. In a similar way Hom(O(`1 + `0 ), O(`0 )) = 0, Ext2 (O(`1 + `0 ), O(`0 )) ' (Hom (O(`0 ), O(−2`0 + 2`1 + · · · + `k ))∗ = 0, χ(O(−`1 )) = (−`1 ) · (−`1 + (3`0 − `1 − · · · − `k ))/2 +1 = 0 implies Ext1 (O(`1 + `0 ), O) = 0. Applying Hom(O(l0 + l1 ), −) to the short exact sequence 0 → O → O(`0 )⊕3 → π∗ T → 0, we get Exti (O(`0 + `1 ), π∗ T ) = C for i = 0, and = 0 for i , 0. The other relations can be checked in a similar way. ‘Full’ is due to Theorem 2.5 in [1].  A zero-dimensional subscheme of S is equivalently described by an ideal sheaf with finite colength, in other words, a rank 1 torsion-free sheaf with trivial first Chern class. We compute Exti (E j , −)’s of these sheaves at first. Lemma 2.4. Let F be a rank 1, torsion-free sheaf with trivial first Chern class on S . Write n = 1 − χ(F ). Then we have    n, when i = 1, j = 0, k + 2;       n + 1, when i = 1, 1 ≤ j ≤ k; dimExti (E j , F ) =    2n + 1, when i = 1, j = k + 1;      0, otherwise.
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Proof. Consider the natural map F → F ∗∗ . Since F is torsion-free and S is smooth, the map is injective and the cokernel is supported on a finite set. Since c1 (F ) is trivial and Pic0 (S ) is trivial, F ∗∗ ' OS . Apply Exti (E j , −) to the short exact sequence: 0 → F → OS → OZ → 0. Since all E j ’s are locally free and Z has dimension 0, Exti (E j , OZ ) = 0 for i = 1, 2. Ext0 (E j , OS ) = 0: when j , k + 1, E j is a line bundle and the divisor is effective. When j = k + 1, Ek+1 is the cokernel of O → O(`0 )⊕3 . Ext2 (E j , OS ) = 0: when j , k + 1, E j is a line bundle and the divisor is not greater than the anti-canonical divisor 3`0 − `1 − · · · − `k . When j = k + 1, π∗ T is the kernel of O(2`0 )⊕3 → O(3`0 ). By Serre duality, Ext2 (E j , F ) = 0. The computation on Ext1 is an application of the Riemann-Roch formula, for example: − dimExt1 (O(`1 + `0 ), F ) = χ(F (−`1 − `0 )) (−`1 − `0 )2 − n) · (1, (3`0 − `1 − · · · − `k )/2, 1) 2 =1 − 2 − n = −1 − n.



=(1, −`1 − `0 ,



In the case of π∗ T , the computation is done by using O → O(`0 )⊕3 → π∗ T and the additive property of χ.  Definition 2.5. The left transformation LE F of an exceptional pair (E, F) is defined as the object that fits into the distinguished triangle: LE F → R· Hom(E, F) ⊗ E → F → LE F[1]. The cocollection of {E0 , . . . , Ek+2 } is defined to be ∨ {E0∨ , . . . , Ek+2 } := {E0 , LE0 E1 , LE0 LE1 E2 , . . . , LE0 LE1 . . . LEk+1 Ek+2 }.



The following definition is from [14]. Definition 2.6. An infinite sequence {Ei }i∈Z of objects of the derived category Db (S ) is called a helix of period n if {Ei+1 , . . . , Ei+n } is an exceptional collection for all i ∈ Z and in addition, Ei = Ei+n ⊗ OS (K)[3 − n].



∨ Lemma 2.7. Let {E0∨ , . . . , Ek+2 } be the exceptional collection in Lemma 2.3. The collection ∨ ∨ {E0 , . . . , Ek+2 } is



{O(`0 ), O`1 (−1)[−1], . . . , O`k (−1)[−k], O(`1 + · · · + `k )[−k], O(`1 + · · · + `k − `0 )[−k]}.
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Proof. E0∨ = O(`0 ) by definition. When 1 ≤ i ≤ k, since Hom(O(`i +`0 ), O(` j +`0 )[t]) = 0 for any t and i , j, Ei∨ = O`i (−1)[−i]. As the exceptional collection generates the category, the sequence of objects {Ei } s∈Z , which is extended from {E0 , . . . , En } by setting E−i = LE−i+1 . . . LEn−i−1 En−i , is a helix of period n + 1 by Proposition 1.12 in [14]. By the property of helix, ∨ Ek+2 = E−1 = Ek+2 ⊗ ωS [−k] = O(`1 + · · · + `k − `0 )[−k]. ∨ ∨ (E ∨ Also we know that LEk+2 k+1 ) = LEk+2 (LE0 . . . LEk E k+1 ) = E k+1 ⊗ ωS [−k]. By writing down each ∨ step of the left mutations, we know that Ek+1 is concentrated in degree −k. In addition, it fits into the short exact sequence ∨ ∨ 0 → E−1 → E−2 ⊗ Hom(E−2 , Ek+1 ) → Ek+1 → 0,



in other words, 0 → π∗ T ⊗ O(−3`0 + `1 + · · · + `k ) → O(`1 + · · · + `k − `0 ) ⊗ Hom(O(`1 + · · · + ∨ ∨ ∨ `k − `0 ), Ek+1 [k]) → Ek+1 [k] → 0. Thus, Ek+1 = RE−1 E−2 = O(`1 + · · · + `k )[−k].  Proposition 2.8 (Formula 2.24 in [8], Proposition on page 82 in [7]). Write sk+2 = k, sk+1 = k and si = i for 0 ≤ i ≤ k. Given a torsion-free sheaf F with invariants (r, c1 , χ) = (1, 0, 1 − n) on ∨ S , there is a spectral sequence with E1p,q = Extq−s−p (E−p , F ) ⊗ E−p [s−p ] that converges to F on p = −q diagonal and 0 on the other part. 



2.2



Non-commutative version of del Pezzo surface



We recollect some concepts and notations of non-commutative deformation of del Pezzo surfaces from [1]. The bounded derived category of coherent sheaves on S has a full strong exceptional collection {OS (`0 ), OS (`1 + `0 ), . . . , π∗ TP2 , OS (2`0 )}. Denote the C-linear morphism spaces between those sheaves by: U := Hom(OS (`0 ), π∗ T ); V := Hom(π∗ T , OS (2`0 )); W := Hom(OS (`0 ), OS (2`0 )); Ei := Hom(OS (`0 ), OS (`i + `0 )); Fi := Hom(OS (`i + `0 ), π∗ T ); Gi := Hom(OS (`i + `0 ), OS (2`0 )), and the main composition law by µ : U ⊗ V → W. Since each Ei , Fi has dimension 1, the composition of them determines a morphism in U up to a scalar, we denote each image line by pi ∈ P(U), where P(U) stands for the projectivization of U. In other words, pi := [Fi ◦ Ei ]. The dimensions of U, V, W, Ei , Fi , Gi for 1 ≤ i ≤ k are 3, 3, 3, 1, 1, 2 respectively. Since the exceptional collection above generates Db (S ), by the philosophy of [3] , the triangulated category is determined by the composition laws of the morphisms between them. Namely, a deformation of this category is just a deformation of the composition laws. Under this procedure, we need some extra requirements on the laws to make the deformation non-degenerate. 6



Definition 2.9. We call (µ, p1 , . . . , pk ) ∈ HomC (U ⊗ V, W) × P(U) × . . . × P(U) a datum of noncommutative del Pezzo surface if it satisfies the following conditions. u⊗•



1. For any nonzero u ∈ U, the induced map µu : V −−→ W has rank at least 2. N N N 2. Each µ pi has rank 2: since µ pi factors as V → Ei Fi V → Ei Gi → W, its image has dimension 2. Further observation shows that the other composition laws of morphisms are determined by µ and pi ’s. For example, the composition Ei ⊗ Gi → W identifies Gi as the image of µ pi in W. Since µu has rank 2 only when detµu = 0, which is given by a degree 3 equation (or constantly zero), degenerate points may either form a cubic curve in P(U) or the whole space of U. When the degenerate locus is the whole space, Db (S ) is the bounded derived category of sheaves on the classical commutative surface. The fact that pi could be any point on P(U) indicates that one can blow-up any point on the surface. When the degenerate locus is a cubic curve, the second condition in Definition 2.9 says that one can only blow-up points on the degenerate cubic curve E. Namely, the datum (µ, pi ) depends on (k + 2)-parameters: as explained in Section 4.2, µ depends on 2 parameters including the modulus of cubic curve and the difference of two degree 3 line bundles; all pi ’s are restricted on E. More relations between U, V, W and E are discussed in Section 4.2. Further details on non-commutative deformations of del Pezzo surfaces which we do not use here appear in [1], Section 2. Remark 2.10. Since we are only interested in the generic case in this paper, when the degenerate curve is a cubic curve, the curve E is assumed to be a smooth elliptic curve. Notation 2.11. Each µ pi has a 1-dimensional kernel in V; we denote it by qi ∈ P(V). The null ∗ ∗ spaces of pi and qi in (or Zµ,pi ) respectively; the dual map i NU ∗and V are denoted by Y pi and Z∗qN ∗ ∗ ∗ of µ, µ : W → U V has 3-dimensional image in U V ∗ , and we denote it by Xµ .



2.3



Deformation in family



The discussion in Section 2.2 makes sense for any field F over C. We may also talk about it over arbitrary commutative noetherian ring over ground field C. Definition 2.12. Let A be a commutative noetherian ring, a morphism of A-modules µA : U A ⊗VA → WA isN called non-degenerate if for any field F over C and A → F, the induced morphism µF : U F V → WF is non-degenerate. An element pi in U A is called degenerate if µ(pi , VA ) F F is a rank 2 projective submodule of WA . A family of deformed noncommutative del Pezzo surfaces consists of the following datum: {a nondegenerate morphism of A-modules µA : U A ⊗ VA → WA ; degenerate elements p1 , . . . pk in U A ,} where U A , VA , WA are projective A-modules of rank 3. Similarly as those notations in Section 2.2, we have YA,pi ⊂ U A∗ , and XµA ⊂ U A∗ ⊗ VA∗ . 7



For technical reasons, we require that the family satisfies flatness conditions. (µA , pi ) is said to be flat if the following holds: 1. For any field F and morphism A → F, the canonical maps YA,pi ⊗ F → Y pi ⊗F ; XµA ⊗ F → XµA ⊗F are isomorphisms. 2. For each i, there is a non-vanishing element qi in VA such that µA (pi , qi ) = 0 and the corresponding ZA,qi ⊗ F → Zqi ⊗F is an isomorphism. The different choice of qi gives the same ZA,qi , we denote it by ZµA ,pi . 3. U A∗ /YA,pi and VA∗ /ZµA ,pi , U A∗ ⊗ VA∗ /XµA are projective A-modules.
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K-complexes



By a similar strategy to [15] and [18], where the base variety is a projective plane instead of a general del Pezzo surface, we define an analogue of Kronecker complexes for sheaves on a del Pezzo surface. Definition 3.1. Given a del Pezzo surface S , a K-complex K is given by the following data: vector spaces (H2 , H1 , HT1 , . . . , HTk , H0 ) and maps: I : O(−`0 ) ⊗ H2 → − O ⊗ H1 ; Li : H1 → − HTi , for 1 ≤ i ≤ k; J : O ⊗ H1 → − O(`0 ) ⊗ H0 . Here O is the structure sheaf on S . (H2 , H1 , HT1 , . . . , HTk , H0 ) are vector spaces with finite dimensions (h2 , h1 , hT1 , . . . , hTk , h0 ). To be a K-complex, the data must satisfy the following requirements: 1. (⊕1≤i≤k Li ) ◦ I = 0; 2. J|kerLi : O ⊗ kerLi → O(`0 ) ⊗ H0 is zero on `i . 3. J ◦ I = 0. We call (h2 , h1 , hT1 , . . . , hTk , h0 ) the type of a K-complex. Remark 3.2. We have the following two remarks. 1. I is equivalently described as a map I• in Hom(H2 , H1 ) ⊗ Hom(O(−`0 ), O), respectively J• in Hom(H1 , H0 ) ⊗ Hom(O, O(`0 )). e of K is the data (e ee e2 , H e1 , H eT1 , . . . , H eTk , H e0 ), where each 2. A subcomplex K I, J, L1 , . . . , e Lk ; H e Hi is a subspace of Hi such that the morphisms are compatible with them, in other words, e are just the restriction of the e2 ) ⊂ O ⊗ H e1 and so on. The morphisms of K I (O(−`0 ) ⊗ H original ones. We can talk about morphisms between two K-complexes. Such a complex is the collection of maps ( f2 , f1 , fTi ’s, f0 ) between vector spaces (H2 , H1 , HTi ’s, H0 ) which commutes with (I, J, Li ’s). It is not hard to check that the kernel and cokernel of these maps are still K-complexes. K-complexes form an Abelian category. 8



Proposition 3.3. Suppose F is a rank 1 torsion-free sheaf on S with trivial first Chern class. The spectral sequence for F in Proposition 2.8 induces a K-complex with type (n, 2n + 1, n + 1, n + 1, . . . , n + 1, n), and the morphism between such sheaves induces maps between homology groups and morphisms between their K-complexes. Proof. By Lemma 2.4, E1p,q can be non-zero only at E −k−2,k+1 , E −k−1,k+1 and E i,i+1 for k ≥ i ≥ 0. Terms are H1 (F (−2`0 )) ⊗ O(`1 + · · · + `k − `0 ), Ext1 (π∗ T , F ) ⊗ O(`1 + · · · + `k ), H1 (F (−`i − `0 )) ⊗ O`i (−1)) for k ≥ i ≥ 1 and H1 (F (−`0 )) ⊗ O(`0 ), respectively. Since all of the O`i (−1)’s are orthogonal in Db (S ), we may combine the first k pages of the spectral sequence in Proposition 2.8 together and simplify the whole picture as: H2 ⊗



∨ Ek+2 [k]



I / ∨ H1 ⊗ Ek+1 [k]



L



Li/ L



i



HTi ⊗ Ei∨ [i]



J00 : on the 2nd step +



(4) H0 ⊗ E0∨ .



Here (H2 , H1 , HT1 , . . . , HTk , H0 ) = H1 (F (−2`0 )), Ext1 (π∗ T , F ), H1 (F (−`1 −`0 )), . . . , H1 (F (−`k − `0 )), H1 (F (−`0 )). We denote I and Li ’s as the map on the first page, and J 00 as the map from ker⊕Li /imI to H1 (F (−`0 )) ⊗ O(`0 ) on the next page. The subsheaf Ext1 (π∗ T , F ) ⊗ O in Ext1 (π∗ T , F ) ⊗ O(`1 + · · · + `k ) is always in the kernel of any morphism from Ext1 (π∗ T , F ) ⊗ O(`1 + · · · + `k ) to ⊕i (H1 (F (−`i − `0 )) ⊗ O`i (−1)). Denote the kernel of ⊕Li by K. On the second page, J 00 maps K/imI to H1 (F (−`0 )) ⊗ O(`0 ). We let J to be the restriction of J 00 on Ext1 (π∗ T , F ) ⊗ O. We check that the data {(H2 , H1 , HT1 , . . . , HTk , H0 ); (I, Li , J)} gives a K-complex. The first page implies that ⊕Li ◦ I is 0. Since the term H1 (F (−`i − `0 )) ⊗O`i (−1) is not on the diagonal, Li is always surjective. By the definition of J, J|`i is 0 at the kernel part of Li . J 0 is given by K J 00



→ K/imI −−→ O(`0 ) ⊗ H0 . Condition 3 is clear. The dimension of each Ext1 (E j , F ) is computed in Lemma 2.4, which gives the type of K. Since only K appears on the diagonal, the spectral sequence concentrates to H0 (K). By Proposition 2.8, this is the sheaf F .  We denote the homology sheaf at the middle term of complex (4) by H0 (K), the homology ∨ sheaf at H2 ⊗ Ek+2 [k] by H−1 (K). Invariants of a K-complex according to its type are listed in the table below. Rank: r(K) := h1 − h2 − h0 . P First Chern class: c1 (K) := (h2 − h0 )`0 + ki=1 (h1 − h2 − hTi )`i . Euler characteristic: χ(K) := h1 − 3h0 . Hilbert polynomial w.r.t divisor H = s`0 − `1 − · · · − `k : pK := 12 r(K)t(t + 3) + (c1 (K) · H)t + χ(K). When the K-complex is induced from a sheaf F on S , these invariants coincide with those of the sheaf F .
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Definition 3.4. A K-complex K is called (semi)stable (with respect to divisor s`0 − `1 − · · · − `k ), e of K, one has r(K)pe − r(K)p e K < 0 (resp. ≤ 0) under if for every non-zero proper subcomplex K K the lexicographic order on polynomials, in other words, e − r(K)c e 1 (K)) · (r`0 − `1 − · · · − `k ) ≤ 0, and 1. (r(K)c1 (K) e − r(K)χ(K) e 2. if ‘=’ holds in 1, then r(K)χ(K) < 0 (respectively ≤ 0 for semistable). Since Lemma 2.4 tells us the dimension of Hi ’s, we will focus on those semistable (actually stable) K-complexes of type (n, 2n+1, n+1, . . . , n+1, n). In our case, the semistable condition on e of K, c1 (K)(s` e a K-complex means that for any non-zero proper subcomplex K 0 −`1 −· · ·−`k ) = P (s − k)e h2 + ke h1 − se h0 − e hTi ≤ 0, if ‘=’ holds then e h1 − 3e h0 − (e h1 − e h2 − e h0 )(1 − n) ≤ 0.



3.1



Homology sheaf of a K-complex



In this section, we show that the homology sheaves of any semistable K-complex of type (n, 2n + 1, n + 1, . . . , n + 1, n) concentrate at the middle term and H0 (K) is a torsion-free sheaf of rank 1. That sets up a map from K-complexes to sheaves. The proof is purely linear algebra, which can be easily generalized to the non-commutative case. For any point P on a del Pezzo surface S , we denote IP as the morphism I at the fiber P. We may choose different bases {xi , yi , zi }, 1 ≤ i ≤ k for Hom(O, O(`0 )) such that yi and zi span Hom(O(`i ), O(`0 )). Under each base {xi , yi , zi }, I• (J• ) can be written as xi Ii1 + yi Ii2 + zi Ii3 (resp. J• ), where Iit ∈ Hom (H2 , H1 ), for 1 ≤ t ≤ 3. Under such a decomposition, Li ◦ Ii1 = 0 and Ji1 factors through Li . Remark 3.5. We have the following two remarks. 1. Ii1 and Ji1 do not depend on the choice of xi (up to a scalar). Besides, for any point P that is not on the exceptional line, we may choose base {o, p, q} for Hom(O, O(`0 )) such that o, q span the subspace of sections that vanish at P. If we write I• = oI1 + pI2 + qI3 , then up to a scalar I2 is just the mapping matrix from H2 to H1 on the fiber at P. 2. For any complex numbers a, b, c such that b and c are not both 0, we may choose different bases {xi0 , y0i , z0i } such that if we decompose I• under these new bases as mxi0 Ii1 +y0i Ii20 +z0i Ii30 , then Ii20 = aIi1 + bIi2 + cIi3 . Proposition 3.6. For any semistable K-complex K = (I, J, L1 , . . . , Lk ; H2 . . . , H0 ) of type (n, 2n + 1, n + 1, . . . , n + 1, n), the followings hold. 1. Each Li is surjective. J0



2. K − → H0 ⊗ O(l0 ) is surjective. 3. I is injective.
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In particular the homology sheaves of this complex concentrate in degree 0. Furthermore, H0 (K) is a rank 1 torsion free sheaf with trivial first Chern class. Proof. 1. Li is surjective: if Li is not surjective for some i, we may consider the subcomplex K0 that consists of spaces H2 , H1 , HT1 , . . . , im(Li ), . . . , H0 . Now (r(K)c1 (K0 ) − r(K0 )c1 (K)) · (r`0 − `1 − · · · − `k ) = n + 1 - dim(im(L1 ))> 0. This contradicts the semistable assumption on K. 2. J 0 is surjective: surjectivity can be checked over fiber on each closed point. There are two different cases: the point is not on any exceptional line; the point is on an exceptional line. Case 1: The point P is not on any exceptional line. Assume the map on that fiber is not surjective. By choosing a basis (o, p, q) for Hom(O, O(`0 )) such that o, q span the subspace of sections that vanish at P, we can write J• = oJ1 + pJ2 + qJ3 , then J 0 is not surjective at P if and only e0 =im(J2 ), H e1 = J −1 (H e0 ) T J −1 (H e0 ), H eTi = Li (H e1 ), H e2 = I −1 (H e1 ). if J2 is not surjective. Let H 1 3 1 ei ’s form a subcomplex, we need to check I(H e2 ) ⊂ H e1 ⊗ Hom (O, O(`0 )), in other To show that H e2 ), I3 (H e2 ) ⊂ H e1 . Since J3 ◦ I2 (H e2 ) = J2 ◦ I3 (H e2 ) ⊂ H e0 , I2 (H e2 ) ⊂ J −1 (H e0 ). Similarly words, I2 (H 3 −1 e2 ) ⊂ J (H e0 ), hence I2 (H e2 ) ⊂ H e1 . In almost the same way, I3 (H e2 ) ⊂ H e1 . we know that I2 (H 1 e0 = im(JP ) and H e1 = J•−1 H e0 ⊗ Hom(O, O(`0 )), H e2 = I•−1 (H e1 ⊗ Hom(O, O(`0 ))), therefore H ei ’s do not depend on the base choice of Hom(O, O(`0 )). We may assume that for any excepH tional line li , there is base (xi , p, qi ) such that p and qi span the subspace Hom (O(`i ), O(`0 )). e0 be c, then the codimension of H e1 is less than or equal to 2c. Let the codimension of H T −1 e −1 e0 )) ≤ e Since kerLi ⊂ kerJ xi ⊂ J xi (H0 ), e hT i ≤ e h1 −dim(kerLi Jqi (H h1 − (n − c). Similarly, −1 e imI1 ⊂kerJ1 ⊂ J1 (H0 ), hence e h2 ≥ n − c. This contradicts the semistableness of the complex. Case 2: The point P is on an exceptional line `1 . Assume the map on that fiber is not surjective. We may choose a basis (x1 , y1 , z1 ) for Hom(O, O(`0 )) recall that y1 and z1 span Hom  (O(`1 ), O(`0 )) such that the zero locus of y1 is the union of `1 and the transverse image of a line J0



across `1 at P. Write J• = x1 J1 + y1 J2 + z1 J3 , then the morphism K − → H0 ⊗ O(`0 ) restricts on `1 to the following map. kerL1 ⊗ O`1 (−1)



J2 y01 + J3 z01 H0 ⊗ O`1



⊕ (H1 /kerL1 ) ⊗ O`1



J1



Here y01 is the morphism from O`1 (−1) to O`1 that vanishes on fiber P. From the picture, we know that the map is not surjective at P if and only if imJ1 + J3 (kerL1 ) is not the whole space of e0 , then other H ei ’s can be defined similarly as that in Case 1. The H0 . Let imJ1 + J3 (kerL1 ) be H e2 ) to estimate e only different thing here is that we use kerL1 ⊂ J3−1 (ker L1 ) ⊂ J3−1 (H hT1 . Similarly, we get the contradiction.



11



3. Injectivity and torsion-freeness: we use the following lemma: Lemma 3.7. Let P be a closed point not on any exceptional line `i (i ≥ 1), assume that kerI p is not empty. Let H20 be a 1-dim subspace in the kernel, then we can choose a subcomplex K0 , (H20 , H10 , HT0 1 , . . . , HT0 k , H00 ) with dimension (1, 2, 1, . . . , 1) such that the complex 0 → H20 ⊗ O(−`0 + `1 + · · · + `k ) → K 0 → H00 ⊗ O(`0 ) is exact. The same result holds for P on `i (i ≥ 1), if kerIi1 contains a 1-dim subspace H20 such that Li ◦ Ii2 (H20 ) and Li ◦ Ii3 (H20 ) are the same or either one of them is zero. Proof of the lemma. When P is not on any exceptional line, we may choose a base (o, p, q) as before and write I• = oI1 + pI2 + qI3 (resp. J• ). Let H10 = I1 (H20 ) + I3 (H20 ), HT0 i = Li (H10 ), H00 = J1 (H10 ) + J2 (H10 ) + J3 (H30 ). It is easy to see that this is a subcomplex and does not depend on the choice of bases {o, p, q}. We show that it has the desired dimensions. h01 = 2: If h01 is 0, this obviously contradicts the semistableness of the complex. If h1 = 1, then H00 is J3 ◦ I1 (H20 ) = −J1 ◦ I3 (H20 ), but (mI1 + nI3 )(H20 ) = 0 for some m, n ∈ C, hence H20 = 0. This contradicts the semistableness. h0Ti ≤ 1: since P is not on any `i for any i, we know Ii1 (H20 ) , 0, else h01 ≤ 1. Now Li ◦ ITi = 0 implies the inequality. h00 = 1: J2 (H10 ) = 0, since J2 ◦ I j = J j ◦ I2 for all j. That means H00 is generated by J3 ◦ I1 (e) = J1 ◦ I3 (e), so h00 ≤ 1. Since the complex is semistable, the only possible case is that h0Ti = 1 and h00 = 1. Exactness: The complex 0 → H20 ⊗ O(−`0 + `1 + · · · + `k ) → K 0 → H00 ⊗ O(`0 ) is a resolution of the skyscraper sheaf OP . This can be checked fiber-wise: for a point that is not on any `i ’s, the O`i (−1)’s can be ignored; for a point on an exceptional line, this can be done by restricting morphisms on that line. If P is on the exceptional line. We may repeat the same procedure. The only different place is that h0Ti might be 2 if Li ◦ Ii2 (H20 ) and Li ◦ Ii3 (H20 ) span a 2-dim space. That is why we make the requirement in the lemma.  Back to the proof of the proposition: if IP satisfies the requirements in the lemma for some P on S , then we get a subcomplex whose quotient complex (I 00 , J 00 , Li00 ) has type (n − 1, 2n − 1, n, . . . , n, n − 1). It is easy to see that the quotient complex is also semistable. Since H20 ⊗ O(−`0 + `1 + · · · + `k ) → K 0 is injective, the injectivity of I 00 implies the injectivity of I. Since the subcomplex is exact at degree zero, the map of complexes K → K00 induces an embedding of sheaves F ,→ F 00 . The torsion-freeness of F 00 implies the torsion-freeness of F . According to the previous discussion, we may assume that IP is injective if P is not on any exceptional line, and for any `i (i ≥ 1) and an element e ∈ kerIi1 , we have Li ◦ Ii2 (e) and Li ◦ Ii3 (e) generate a 2-dim subspace in HTi .
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Injectivity: If I is not injective, then the kernel sheaf of I is locally free, hence the dual morphism I T : O(−`1 − · · · − `k ) ⊗ H1∗ → − O(`0 − `1 − · · · − `k ) ⊗ H2∗ is not surjective on any fiber, ∗ T which implies imIP , H2 . Hence for any P, kerIP is not empty, a contradiction. I



− K is Torsion-freeness: we only have to show that the cokernel of O(−`0 + `1 + · · · + `k ) ⊗ H2 → torsion free. Since both sheaves are locally free, it is sufficient to show that the dual morphism I T : K ∗ → O(`0 − `1 + · · · + `k ) ⊗ H2∗ is surjective. For any point P that is not on the exceptional line, the surjectivity of I T on fiber P is the same as the injectivity of IP which is known by the assumption. For a point that is on the exceptional line `i , restricting the morphism I T on that line: (H1∗ /imLiT ) ⊗ O`i (1)



Ii1T H2∗ ⊗ O`i (1)



⊕ imLiT ⊗ O`i



yi Ii2T + zi Ii3T



The morphism at P (with coordinate (a, b)) is given by the matrix aIi2T + bIi3T on imLiT part and Ii1T on (H1∗ / imLiT ) part (since Ii1T ◦ LiT = 0, this is well-defined). If I T is not surjective at P, then imIi1T +im(aIi2T ◦ LiT + bIi3T ◦ LiT ) is not the whole H2∗ , i.e., kerIi1 ∩ker(aLi ◦ Ii2 + bLi ◦ Ii3 ) , 0. This contradicts the assumption that for any e ∈kerIi1 , Li ◦ Ii2 (e) and Li ◦ Ii3 (e) generates a 2dimensional space. 4. Semistable: By the previous discussion, and easy computation of the invariants of sheaves, we know that F =H0 (K) has rank 1 and trivial first Chern class. The torsion-freeness implies the semistability since F has rank 1.  To finish the construction in proposition 3.9, we need the following lemma. Lemma 3.8. Let F be a rank 1, torsion-free sheaf with trivial first Chern class on S . Then the K-complex K of F is semistable. Proof. If K is not semistable, among all of the proper non-zero sub-K-complexes whose Hilbert polynomials are greater than the polynomial of K, we may choose one K0 with maximum c1 (K0 ) · H and χ(K0 ) in lexicographic order. Since H−1 (K) = 0, we have H−1 (K0 ) = 0. J0



We claim the following: 1. each Li0 is surjective, K 0 − → H00 ⊗O(`0 ) is surjective; 2. H−1 (K/K0 ) = 0. Suppose both two claims are true, we get an injective map from H0 (K0 ) to H0 (K). Since the Hilbert polynomial of H0 (K0 ) is greater than H0 (K)’s, we get the contradiction. 1. Surjectivity: If either surjectivity doesn’t hold, then we may use the same argument as that ˜ of K0 , which has greater c1 · H or the same rank and in Proposition 3.6 and get a subcomplex K ˜ has Hilbert polynomial smaller greater χ. This subcomplex is non-zero since the quotient K/K than the Hilbert polynomial of K.



13



I 00



2. H−1 (K/K0 ) = 0: write K00 for the quotient K-complex. If H200 ⊗ O(`1 + · · · + `k − `0 ) −→ 00 H1 ⊗O(`1 +· · ·+`k ) is not injective, then for any point P ∈ S , IP00 is not injective. We may choose a point P which is not on any exceptional line `i Starting from a 1-dim subspace in kerIP00 , we get a subcomplex in K00 with positive c1 · H or c1 · H = r = 0 and positive χ. Adding this part to K0 , we get a new subcomplex of K with greater c1 · H, χ in lexicographic order, this contradicts the properties of K0 .  Let MSss,H (1, 0, n) be the moduli space of rank 1 torsion free sheaves with trivial first Chern class and Euler character χ equal to 1 − n. By the discussion in [13] Example 4.3.6, Hilbn S is canonically isomorphic to MSss,H (1, 0, n) obtained by sending subscheme Z ⊂ S to the ideal sheaf IZ . On the other hand, we denote the moduli space of framed semistable K-complexes with type (n, 2n+1, n+1, . . . , n+1, n) as MK ss (n). It is realized as a subvariety in Hom(H2 , H1 )⊗ Hom(O(−`0 ), O) × Hom(H1 , HT1 ) × . . . × Hom(H1 , HTk ) × Hom(H1 , H0 )⊗ Hom(O, O(`0 )). We summarize this section in the following result. Proposition 3.9. MSss,H (1, 0, n) ' MK ss (n)/(G/C× ). Proof. We will see in Proposition 6.1 that MK ss (n) is smooth. Lemma 4.5 tells us the action of G/C× is free on MK ss (n). Now by Luna’s slice theorem [16], MK ss (n) is a principal G/C× -bundle over MK ss (n)/(G/C× ). By Proposition 3.6 and Lemma 3.8, there is a map between MK ss (n)/(G/C× ) and MSss,H (1, 0, n) which is a set-theoretical bijection. The universal family of K-complex Ku on MK ss (n) also has cohomology concentrated on the middle term. Since MK ss (n) is smooth and the Hilbert polynomial is constant, H0 (Ku ) is a flat family of sheaves on S over MK ss (n). The map from MK ss (n) to MSss,H (1, 0, n) is a morphism. Since both MK ss (n)/(G/C× ) and MSss,H (1, 0, n) are smooth, they are isomorphic. 



4 4.1



Deformation of HilbnS Construction via Grassmannians



Let A be a noetherian ring, (µA , pi ) be a flat family of deformed del Pezzo surface as that in Section 2.3, H1 be a projective module over A of rank 2n + 1. Consider the following product of Grassmanians: GrA = Grn (H1 ⊗A VA∗ ) × Grn (H1 ⊗A U A ) × Grn+1 (H1 ) . . . (k times) × Grn+1 (H1 ), where Grn (H1 ⊗A VA∗ ) is the the Grassmannian of rank n subbundle of H1 ⊗A VA∗ , and Grn (H1 ⊗A U A ) is the rank n quotient bundles of H1 ⊗A U A . As the case in [18], GrA corepresents the functor f



GRA : RingA →Set: to an affine scheme R =SpecB → − SpecA, it associates the set of pairs: {(I, j, Li )|I : H2 ,→ H1,R ⊗OR ( f ∗ VA∗ ),



j : H1,R ⊗OR ( f ∗ U A )  H0 ,



Li : H1,R  HTi },



where H1,R := f ∗ H1 , H2 is a subbundle of rank n, H0 is a quotient bundle of rank n, and HTi ’s are of rank n + 1. The map j induces a map j⊗id



J : H1,R → H1,R ⊗ f ∗ U A ⊗ f ∗ U A∗ −−−→ H0 ⊗ f ∗ U A∗ . 14



Compose J with I and we get a map from H2 to H0 ⊗ f ∗ U A∗ ⊗ f ∗ VA∗ . f



We define NA to be the subfunctor of GRA which assigns pairs (I, J, Li ) for R = SpecB → − SpecA satisfying the following conditions: 1. The image of Li ◦ I : H2 → HTi ⊗OR ( f ∗ VA∗ ) is in HTi ⊗OR ( f ∗ ZµA ,pi ). 2. The image of J ◦ I : H2 → H0 ⊗OR ( f ∗ VA∗ ⊗ f ∗ U A∗ ) is in H0 ⊗OR ( f ∗ XµA ,pi ). 3. For any point SpecF on R, and 1 ≤ i ≤ k, J induces a map ci,F from H1,F to H0,F by H1,F → H0,F ⊗ U F∗ → H0,F ⊗ U F∗ /Y pi ,F ' H0,F . We require that ci,F factors through Li,F : H1,F → HTi ,F . (**) Lemma 4.1. Let (µA , pi ) be a flat family of deformed noncommutative del Pezzo surface, and GRA , NA be defined as above, then there is a closed GL(H1 )-invariant subscheme NA ⊂ GrA that corepresents the subfunctor NA . Proof. Choose affine covers T i =SpecAi for Spec A such that the restricted bundles Ui , Vi , Wi , Xi j , Yi j , Zi j ’s (1 ≤ j ≤ k) are free Ai modules and on each SpecAi there are free bases of Xi j , Yi j , Zi j as Ai module, and they expand to free bases of Ui∗ ⊗ Vi∗ , Ui∗ , Vi∗ . We can select such Ai ’s because of the flatness requirements on (µA , pi ). Consider the space of matrices Q , An+1 Hom(Ani , Ai2n+1 ⊗ Vi∗ )×Hom(A2n+1 ⊗ Ui , Ani )× 1≤ j≤k Hom(A2n+1 i i ), GL(Ai , n)×GL(Ai , n)× i Q GL(A , n + 1) acts freely on an open set, and Gr (SpecA ) is just the quotient base space i A i 1≤ j≤k of this principle bundle. Lifting to the whole space, under the bases for Xi j , Yi j , Zi j the three requirements (**) for NA (SpecAi ) are quadratic equations for coefficients, and the zero locus is GL(Ai , n) × GL(Ai , n) × GL(Ai , n + 1)-invariant, hence the image in GrA (SpecAi ) is closed and it corepresents the functor NSpecAi , we denote it by NSpecAi . For different covers SpecA s and SpecAt , by flatness of (µA , pi ), each of their common fibers SpecA s ← SpecF → SpecAt , NSpecAs ⊗ SpecF and NSpecAt ⊗SpecF are naturally isomorphic to each other. That means we may glue those closed subschemes NSpecAi in each part of GrA (SpecAi ) together and get NA in GrA which corepresents NA .  As an immediate result, for any ring morphism A → A0 , we have the induced (µA0 , pA0 ,i ), then NA0 = NA ×SpecA SpecA0 .



4.2



Stable locus



In this section we study the semistable locus of N under S L(H1 ) action with respect to a certain linearization sheaf. The variety Gr has a natural ample line bundle O(s, l, m1 , . . . , mk ) obtained by pulling back O(s), O(l) and O(mi )’s from projective spaces under the Pl¨ucker embeddings of the (k + 2) factors of Gr. We denote the open subset of N consisting of (semi)stable points under the S L(H1 ) action with respect to the line bundle O(s, l, m1 , . . . , mk ) by N s (s, l, m1 , . . . mk ).
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Lemma 4.2. Choose t  0 according to n, then N s ((r − k)t + 1 − n, rt + 2 + n, t)(N ss ((r − k)t + 1 − n, rt + 2 + n, t)) corepresents the pairs (I, j, L) such that: for any A → F, where F is an e2 , H e1 , H eTi , H e0 of H2 , H1 , HTi , H0 algeraically closed field, there is no nonzero proper subspaces H P P compatible with (I, j, L) such that (r−k)e h2 −re h0 +ke h1 − e hTi > 0; or (r−k)e h2 −re h0 +ke h1 − e hT i = 0 e e e e e and (n − 1)(h1 − h2 − h0 ) + h1 − 3h0 > 0(≥ 0 for semistable). Proof. Let F be an algebraically closed field, then Gr(Spec F) consists of pairs (I : H2 → H1 ⊗ V ∗ , j : H1 ⊗ U → H0 , Li : H1 → HTi ). According to [15], such a point is in N s (s, l, m1 , . . . , mk ) e0 ⊂ H1 with H e0 := H2 ∩ (H e0 ⊗ V ∗ ), if and only if for any proper nonzero F-linear subspace H 1 2 1 e0 → HTi ), we have: e0 :=Im(Li : H e0 ⊗ U → H0 ), H e0 :=Im( j : H H Ti 1 1 0 h1 (se h2 − le h0 −



k X



mie hT i ) − e h1 (sh2 − lh0 −



i=1



k X



mi hTi ) < 0(≤ 0 for semistable).



(4)



i=1



ei ’s. It is easy to see that for any proper non-zero Here hi and e hi ’s are the dimensions of Hi , H e2 , H e1 , H eTi , H e0 which are compatible with (I, j, Li ), the inequality (4) still holds. subspaces H Let s = (r − k)t + 1 − n, l = rt + 2 + n and mi = t for t  0 determined by n. Now, the left hand P side of (4) is (2n + 1)((r − k)e h2 − re h0 + ke h1 − e hTi )t + (2n + 1)((n − 1)(e h1 − e h2 − e h0 ) + e h1 − 3e h0 ). By choosing t large enough, (4) is equivalent to two inequalities in lexicographic order in the lemma.  We denote N s(ss) (2t + 1 − n, 3t + 2 + n, t) by N s(ss) (n) for short. The semistable and stable locus coincide in our case. Lemma 4.3. N s (n) and N ss (n) are the same. Proof. : Suppose N ss (n)(SpecF) has a non-stable pair (I, j, K), then there are non-zero proper e2 , H e1 , H eTi , H e0 compatible with (I, j, K) such that subspaces H (r − k)e h2 − re h0 + ke h1 −



k X



e hTi = 0;



(1)



(n − 1)(e h1 − e h2 − e h0 ) + e h1 − 3e h0 = 0.



(2)



i=1



However this cannot happen due to an elementary computation: Case 1: e h1 − 3e h0 ≥ 0. Since each Li is surjective, e h1 ≥ e hTi , hence by (1), (r − k)e h2 ≤ re h0 r h1 =⇒ e h1 − e h2 − e h0 > 0. By (2), n = 1 and e h1 = 3e h0 , hence (e h2 , e h1 , e hTi , e h0 ) = =⇒ e h2 ≤ 3(r−k)e ei ’s are zero or the whole (0, 0, 0, . . . , 0, 0) or (1, 3, 2, . . . , 2, 1), that corresponds to the case that H spaces. Case 2: e h1 − 3e h0 < 0. We may assume n > 1. If e h1 − e h2 − e h0 ≥ 2, then by (2), we have P 2 − 2n ≥ e h1 − 3e h0 , plug this into (1), we get (2 − 2n)k + (3k − r)e h0 + 2e h2 − e hTi ≥ 0, this implies 16



e h2 ≥ 1. Since e h1 − e h2 − e h0 ≥ 2, we know e h1 ≥ 3 + e h0 . This together with e h1 − 3e h0 ≤ 2 − 2n =⇒ 2n+1 e e e 3h0 ≥ 2n + 1 + h0 =⇒ h0 ≥ 2 > n, contradiction. Hence by (2), e h1 − e h2 − e h0 = 1, we have the following equalities: e h1 − e h2 − e h0 = 1; 3e h0 − e h1 = n − 1; X e (r − k)e h2 − re h0 + ke h1 − hTi = 0. P By solving them in term of e h1 , we get e hTi = ((r + k)e h1 − 2rn − r + 2k + kn)/3, since each Li e e e e2 , H e1 , H eTi , H e0 must be the whole is surjective, h1 − hTi ≤ n which implies h1 ≥ 2n + 1. Hence H spaces, contradiction.  Lemma 4.4. Let (µF , pi ) be a deformed noncommutative del Pezzo surface, (I, j, L) be a stable pair in N s (n). Then the stabilizers of (I, j, Li ) in GL(H1 ) are scalars. Proof. Let g1 be such a stablizor action, then g1 /a ∈ SL(H1 ) for some a ∈ F. Since (I, j, Li ) is in the stable locus of S L(H1 )-action, g1 /a must have finite order and be a semistable element. H1 decomposes as eigenspaces H1,λ1 ⊕ H1,λ2 ⊕ . . . H1,λs of g1 with different eigenvalues λ1 , . . . , λ s respectively. Suppose g1 is not a scalar, then s ≥ 2. L L (H1,λi ). Suppose Lm (x1 + x2 + . . . x s ) = 0, where xi ∈ H1,λi . Since We show that HTm = i m H1,λi ’s are eigenspaces of g1 , L j (λk1 x1 + λk2 x2 + . . . λks x s ) = 0 for k = 1, . . . , s. The determinant of P s the L matrix [λi ] is nonzero, hence Lm (xi ) = 0 for all i = 1, . . . , s. Since HTm = i Lm (H1,λi ), it is L (H1,λi ). By a similar argument, H0 has such a decomposition. i m L −1 P We show that H2 = I (H1,λi ⊗ V ∗ ). Here, we only need H2 = I −1 (H1,λi ⊗ V ∗ ). Let x be an element in H2 , I(x) decomposes into x1 + x2 + · · · + x s , where xi ∈ H1,λi ⊗ V ∗ . We do P induction on the number of non-zero elements of xi ’s to show that x ∈ I −1 (H1,λi ⊗ V ∗ ). If I(x) only has one factor, there is nothing to proof. We may assume that x1 , x2 are nonzero. As g1 is a stabilizor of the pair (I, j, K), there exists g2 ∈ GL(H2 ) such that I ◦ g1 = g2 ◦ I. Now x splits into two parts: x = (λ1 − λ2 )−1 (g2 − λ2 )x + (λ1 − λ2 )−1 (λ1 − g2 )x. The image of each part in H1 P has number of factors less than that of x. By induction, these two parts are in I −1 (H1,λi ), so x P is also in I −1 (H1,λi ). Now, H2 , HT j , H0 decompose as direct sum of (I, j, Li ) invariant subspaces H2,λ1 ⊕ H2,λ2 ⊕ . . . H2,λs . That contradicts the stableness.  Corollary 4.5. Let (µA , pi ) be a flat family of deformed noncommutative del Pezzo surfaces, then the projection N s (n) → N s (n) ∥ PGL(n) is a principal bundle. We denote the base space by Mµs A ,pi (n).
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5



Noncommutative del Pezzo surface revisited



Let (µ, pi ) be the data of a non-commutative del Pezzo surface. When the degenerate locus of µ is a smooth cubic curve, the data µ : U ⊗ V → W can be rephrased in terms of an elliptic curve E and two degree 3 line bundles on E: (E, L1 , L2 ). Here, E is the degenerate locus in P(U) and P(V). U ∗ = H0 (E, L1 ), V ∗ = H0 (E, L2 ) and W ∗ is the kernel of the following map: µ∗



W ∗ −→ U ∗ ⊗ V ∗ = H0 (E, L1 ) ⊗ H0 (E, L2 ) → H0 (E, L1 ⊗ L2 ). Each pi is a point on E. Y pi is identified as H0 (E, L1 (−pi )) or Hom(OE (pi ), L1 ). Both of them are consisted by the map which is 0 on the fiber pi , or equivalently, whose cokernel contains the  subquotient O pi . Similarly, Z pi = H0 E, L2 (−pi ) = Hom(OE (pi ), L2 ). Xµ is the image of W ∗ in H0 (E, L1 ) ⊗ H0 (E, L2 ). H0 (E, L1 ⊗ L2 (−pi )) is (Y pi ⊗ V ∗ + U ∗ ⊗ Z pi )/Xµ . The pair K = (I, j, Li ) ∈ N s (n) associates to the following morphisms of sheaves on E. I



∗ IE : L−1 − L−1 2 (p1 + · · · + pk ) ⊗ H2 → 2 (p1 + · · · + pk ) ⊗ V ⊗ H1 → OE (p1 + · · · + pk ) ⊗ H1 .



 ⊕Li LE : OE (p1 + · · · + pk ) ⊗ H1 −−→ OE (p1 + · · · + pk ) ⊗ (⊕HTi ) → ⊕ O pi ⊗ HTi . J



JE : OE ⊗ H1 → − OE ⊗ U ∗ ⊗ H0 → L1 ⊗ H0 . The constrains (**) on(IE , JE , LE ) are: 1. LE ◦ IE = 0. 2. JE factors through a morphism OE ⊗ H1 ,→ K → L1 ⊗ H0 , where K is the kernel of the map LE . Since OE ⊗ H1 is always in the kernel of LE , it is identified as a subsheaf of K. IE



3. L−1 → K → L1 ⊗ H0 is a complex. 2 (p1 + · · · + pk ) ⊗ H2 − The first two constrains are easy to check. The last requirement is due to J ◦ I ⊂ Hom(H2 , H0 ) ⊗ Xµ and the following diagram. Hom(L−1 → − 2 (. . . ) ⊗ H2 , K) × Hom(K, L1 ⊗ H0 ) → − ↓ Hom(L−1 − 2 (. . . ) ⊗ H2 , L1 ⊗ H0 ) →



Hom(L−1 ' 2 ⊗ H2 , O ⊗ H1 ) × Hom(O ⊗ H1 , L1 ⊗ H0 ) ' ↓ Hom(L−1 ⊗ H2 , L 1 ⊗ H0 ) ' 2



V ∗ ⊗ Hom(H2 , H1 ) × U ∗ ⊗ Hom(H1 , H0 ) ↓ U ∗ ⊗ V ∗ /Xµ ⊗ Hom(H2 , H0 )



The first horizontal arrow is the embedding of Hom (L−1 2 (p1 + · · · + pk ) ⊗ H2 , K) into Hom  L−1 (p + · · · + p ) ⊗ H , O(p + · · · + p ) ⊗ H . The second horizontal arrow is by applying 1 k 2 1 k 1 2 Hom(−, L1 ⊗ H0 ) to O ⊗ H1 → K. The third horizontal arrow is by applying Hom(−, L1 ⊗ H0 ) to −1 L−1 2 ⊗ H2 → L2 (p1 +· · ·+ pk )⊗ H2 → ⊕O pi ⊗ H2 . This diagram commutes, thus the composition of two elements in Hom(L−1 2 (p1 + · · · + pk ) ⊗ H2 , K) and Hom(K, L1 ⊗ H0 ) is 0 when J ◦ I ⊂ 18



Hom(H2 , H0 ) ⊗ Xµ . In the rest of the section, we assume k = 8. By applying Hom(−, L1 ⊗ H0 ) LE



to 0 → K → O(p1 + · · · + p8 ) ⊗ H1 −−→ ⊕O pi ⊗ HTi → 0, we get the exact sequence LE



0 → Hom(K, L1 ⊗H0 ) → ⊕Ext1 (O pi ⊗HTi , L1 ⊗H0 ) −−→ Ext1 (L−1 (p1 +. . . p8 )⊗H2 , L1 ⊗H0 ) → · · · . (♦) 1 Namely, JE ∈ Hom(K, L1 ⊗ H0 ) is determined by its image in Ext (O pi ⊗ HTi , L1 ⊗ H0 )’s, in another word, by the data Mi ∈ Hom(HTi , H0 ). Remark 5.1. Let vi1 ’s be the representatives for pi ’s in V, Ji1 is defined as pi ◦ J and Mi is defined as the matrix such that Ji1 = Mi Li . In this way, Mi is well-defined not only up to a scalar. Besides, Mi is identified as an element in Ext1 (O pi ⊗ HTi , L1 ⊗ H0 ). Moreover, we have the following complex EK in Db (S h(E)): IE



⊕Mi



LE



EK : L−1 → O(p1 + · · · + p8 ) ⊗ H1 −−→ ⊕O pi ⊗ HTi −−−→ L1 [1] ⊗ H0 . 2 (p1 + · · · + p8 ) ⊗ H2 − Here, ‘complex’ means: LE ◦ IE = 0 and (⊕Mi ) ◦ LE = 0. The second equation is due to (♦): ⊕Mi is in the image of Hom (K, L1 ⊗ H1 ), hence the image of ⊕Mi in Ext1 (O(p1 + · · · + p8 ) ⊗ H1 , L1 ⊗ H0 ) is 0.



5.1



Homological group of EK



In this section we study the homological group of EK and prove Lemma 5.2 which is an ingredient in the proof of Lemma 5.3. The method is almost the same as that in Proposition 3.6 for the commutative case. The different part is that Jk ’s and Il ’s fail to satisfy some equations, for example, the formula Jk ◦ Il = Jl ◦ Ik is not always true. That leads the construction of the ei ’s failed. To solve this problem, we choose some suitable bases for U and V. subspaces H Given u1 , u2 ∈ E ⊂ P(U), if im µu1 = im µu2 , then any point on the plane span{u1 , u2 } is degenerate, but this cannot happen since we assume that the degenerate locus is a smooth elliptic curve. Any three points u1 , u2 , u3 on E generate U (resp. V), if and only if L1 (−u1 − u2 − u3 ) , O (resp. L2 ). We may choose a u3 ∈ E such that u3 together with u1 , u2 form a base of U. Choose vi to be a non-zero kernel element of µui for i = 1, 2, 3. We may choose u3 such that v1 , v2 , v3 generate V and µ(u2 , v3 ) < imµu1 . Let w1 = µ(u2 , v3 ), w2 = µ(u1 , v2 ), w3 = µ(u1 , v3 ). By the previous discussion w1 , w2 , w3 span W. Under these bases, the images of vi ’s under µu j ’s are listed below. imµu1 w1  0 v1  v2 0 v3 0



w2 0 1 0



w3  0  0  1



imµu2 v1 v2 v3



w w2 w3   1 a11 a12 a13    0 0   0  1 0 0
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imµu3 v1 v2 v3



w w2 w3  1  a21 a22 a23    a31 a32 a33  0 0 0



Hence Xµ in U ∗ ⊗ V ∗ is spanned by bases: w∗1 = a11 u∗2 ⊗ v∗1 + a21 u∗3 ⊗ v∗1 + a31 u∗3 ⊗ v∗2 + u∗2 ⊗ v∗3 , w∗2 = a12 u∗2 ⊗ v∗1 + a22 u∗3 ⊗ v∗1 + a32 u∗3 ⊗ v∗2 + u∗1 ⊗ v∗2 , w∗3 = a13 u∗2 ⊗ v∗1 + a23 u∗3 ⊗ v∗1 + a33 u∗3 ⊗ v∗2 + u∗1 ⊗ v∗3 . Suppose I = I1 v∗1 + I2 v∗2 + I3 v∗3 , J = J1 v∗1 + J2 u∗2 + J3 u∗3 . Since J ◦ I ∈ Hom (H2 , H0 ) ⊗ X, Jk Il ’s satisfy the following equations. J1 I1 = 0 J2 I2 = 0 J3 I3 = 0 a11 J2 I3 + a12 J1 I2 + a13 J1 I3 = J2 I1 a21 J2 I3 + a22 J1 I2 + a23 J1 I3 = J3 I1 a31 J2 I3 + a32 J1 I2 + a33 J1 I3 = J3 I2



(3) (4) (5) (6) (7) (8)



We call such bases of U ∗ , V ∗ and W ∗ standard bases. Given q ∈ U (V), we denote Jq by the maps q ◦ J from H1 to H0 . When q ∈ E, Jq is just the morphism of JE at fiber q up to a scalar. Iq is in a similar situation. Lemma 5.2. Let K= (I, J, Li ) be a stable pair in N(Spec C), then: 1. Jq is surjective when q is not any pi . ImJ pi + Jq (kerLi ) = H0 , if q , pi . 2. kerIq1 ∩kerIq2 = 0 for any q1 , q2 ∈ V, in other words, dim(Ii1 (x) + Ii2 (x) + Ii3 (x)) ≥ 2 for any non-zero x ∈ H2 . Proof. 2. Since Xµ contains no nonzero element with form v∗ ⊗ U ∗ for any element v∗ ∈ V ∗ , if  dim(Ii1 (x) + Ii2 (x) + Ii3 (x)) = 1, then J ◦ I| x ∈Hom(x, H0 ) ⊗ Xµ ∩ (v∗ ⊗ U ∗ ) = 0. Consider the minimum subspaces of Hi ’s that are compatible with (I, J, Li ) and contain x, the subspace in H0 is 0. This contradicts the stableness of K. 1. When q is not any pi : Choose standard bases for U, V and W with u2 = q. In addition, we may choose a u3 such that imµu3 , imµv1 . Suppose Jq (= cJ2 ) is not surjective. As in the e0 =im(Jq ); H e1 = J −1 (H e0 ) T J −1 (H e0 ); H eTi = Li (H e1 ). Let H e2 = I −1 (H e1 ), commutative case, let H 1 3 3 e2 = I −1 (H e1 ), if a12 = 0. if a12 , 0; H 1 We first show that these subspaces are compatible with (I, J, Li ). When a12 , 0, for any e2 , by equations (3), (5), J1 I1 x and J3 I3 x are in H e0 . By definition, J1 I3 x and J2 Il x are in x∈H e0 for all l = 1, 2, 3. Now by equations (6), (7), (8), the elements a12 J1 I2 x, a22 J1 I2 x − J3 I1 x H e0 . Since a12 , 0, Ji Il x is in H e0 for any i, l. When a12 = 0, we and a32 J1 I2 x − J3 I2 x are in H know that a13 and a22 are non-zero. By equations (3) and (5), J1 I1 x, J3 I3 x, J2 Il x and J3 I1 x f0 . Then by the rest equations, the following elements: a13 J1 I3 x, a22 J1 I2 x + a23 J1 I3 x, are in H 20



e0 . Hence, Ji Il x is in H e0 for any i, l. (H e2 , H e1 , H eTi , H e0 ) is coma32 J1 I2 x + a33 J1 I3 − J3 I2 x are in H patible with (I, J, Li ) and does not depend on the choice of bases. e0 Now we may estimate the dimension of each linear subspace. Let the codimension of H e1 is less than or equal to 2c. To estimate h˜ Ti , we may choose be c, then the codimension of H e = u1 = pi . Since q is not any pi , we can choose pi , q, oi as a standard base of U, then H T −1 e 1 −1 e −1 e −1 e e e J pi (H0 ) ∩ Joi (H0 ). Since kerLi ⊂ kerJ pi ⊂ J pi (H0 ), we have hTi ≤ h1 −dim(kerLi Joi (H0 )) ≤ e e0 ) (resp. I3 version), e h1 − (n − c). Similarly, since imI1 ⊂ kerJ1 ⊂ J1−1 (H h2 ≥ n − c. This contradicts the stableness of the complex. Therefore, Jq is surjective. The rest argument for imJ pi + Jq (kerLi ) = H0 is the same as that in the commutative case. 



5.2 H om• complex of EK We denote each term of EK by E3 = L−1 2 (p1 + · · · + p8 ) ⊗ H2 , E2 = O(p1 + · · · + p8 ) ⊗ H1 , E1 = ⊕O pi ⊗ Hi , E0 = L1 [1] ⊗ H0 and Ei = 0 for i , 0, 1, 2, 3; each morphism by e3 = IE , e2 = LE , e1 = ⊕Mi and ei = 0 for i , 1, 2, 3. For i = 1, 2, 3, we may define the complex Homi (EK , EK ) as M Hom(E j+i , E j ). Homi (EK , EK ) := j∈Z



For i = 1, 2, the derivative map di : Homi (EK , EK ) → Homi+1 (EK , EK ) is given as (φ j ) j∈Z 7→ (e j+1 φ j+1 + (−1)i+1 φ j ei+ j+1 ) j∈Z . We draw L−1 2 (p1 + · · · + p8 ), O(p1 + · · · + p8 ), O pi and L1 [1] on the rank-degree coordinate plane of Db (Coh(E)). Degree O(. . . )



E02 gO(. . . )



•



O pi gL1 [1]



gO pi



gE02 Rank



L1 [1]



21



Since all Ei ’s are on a same half plane, there exists g ∈ Aut(Db (Coh(E))) ⊃ Sg L2 (Z) Y Pic0 (E) that transits all Ei ’s to the right half plane. Since each Ei is semistable, g(Ei ) is locally free. Let Fi := g(Ei ), fi := g(ei ) for all i. We get a new sequence FK of locally free sheaves. FK is a complex since EK is so. Since slope(E3 ) 


The derivative map di : H omi (FK , FK ) → H omi+1 (FK , FK ) is given by: (φ j ) 7→ ( f j φ j + (−1)i+1 φ j−1 f i+ j ). It is easy to check that di+1 ◦di = 0 since FK is a complex. di induces map from Hl (H omi (FK , FK )) to Hl (H omi+1 (FK , FK )) for all l ∈ Z≥0 , we denote them by di . When l = 0, di is the same as the that for Hom• complex. Lemma 5.3. Let EK be the complex of sheaves induced by a stable pair K = (I, J, Mi , Li ). Let  g be an element in Aut Db (Coh(E)) , such that g(Ei ) is locally free sheaf for any i. Let FK be d1



d2



g(EK ), then H0 (H om1 (FK , FK )) −→ H0 (H om2 (FK , FK )) −→ H0 (H om3 (FK , FK )) is exact. d−3



d−2



Proof. Since the complex H om−3 (FK , FK ) −−→ H om−2 (FK , FK ) −−→ H om−1 (FK , FK ) d1



d2



is isomorphic to its dual complex H om1 (FK , FK ) −→ H om2 (FK , FK ) −→ H om3 (FK , d−3



d−2



FK ). By Serre duality, the statement is equivalent to that H 1 (H om−3 ) −−→ H 1 (H om−2 ) −−→ H 1 (H om−1 ) is exact. By lemma 5.2, as K is stable, H0 (EK ) is the only non-zero cohomological sheaf of EK . Write H (EK ) as L ⊕ Q, where L is a line bundle with non-positive degree, and Q is the torsion part. It is not hard to see that g(L) = R[−1] for some stable sheaf R with rank 2d − 1 and degree d. gQ is the direct sum of some semi-stable sheaves with slope 1/2. 0



Let the cokernel of E3 → E2 and the extension sheaf of E0 by E1 be Q1 ⊕ B1 and Q0 ⊕ B0 respectively, where Qi ’s are the torsion parts. Then the complex GK : gQ1 ⊕ gB1 → gQ0 ⊕ gB0 } has kernel gQ and cokernel gL[1]. GK and FK are connected by two quasi-isomorphic maps of complexes, therefore H om• (GK , GK ) and H om• (FK , FK ) have the same hyper-cohomologies. Let (g1 , g2 , g3 ) be the morphism from gQ1 ⊕ gB1 to gQ0 ⊕ gB0 in GK , where g1 : gQ1 → gQ0 , g2 : gQ1 → gB0 , g3 : gB1 → gB0 . Suppose an element (φ1 , φ2 , φ3 ) ∈ Hom (gQ0 ⊕ gB0 , gQ1 ⊕ gB1 ) is in the kernel of d−1 Hom−1 (GK , GK ) → Hom0 (GK , GK ). Here φ1 : gQ0 → Q1 , φ2 : gB0 → gQ1 and φ3 : gB0 → gB1 . By the definition of di , we have φ1 g1 = g1 φ1 = 0. Let Q0 be the cokernel of gQ1 → gQ0 , then 0 → gB1 → Q0 ⊕ gB0 → gL[1] → 0 is exact. φ1 factors 22



through Q0 . As φ1 g2 + φ2 g3 = 0, (φ1 , φ2 ) factors through gL[1]. Since the slope of gL[1] is greater than 1/2, (φ1 , φ2 ) is 0. Finally, since (g2 , g3 ) on gB1 is injective, φ3 is 0. Now Hom−1 (GK , GK ) → Hom0 (GK , GK ) is injective. Since GK only has two non-zero terms, Hi (H om• (GK ,  GK )) = 0 unless i = 0, 1. In particular, the hypercohomology H−1 (H om• FK , FK ) is 0. On the other hand, we may compute the hypercohomology of H om• (FK , FK )) by the spectral sequence E 1pq = Hq (H om p (FK , FK )). The nonzero part of the page E 1pq is shown below. d−3



H 1 (H om−3 )



0



/



H 1 (H om−2 )



d−2



/



H 1 (H om−1 )



0



d−1



/



H 1 (H om0 ) d0



H 0 (H om0 )



0



...



0 /



H 0 (H om1 )



d1



/ ...



Here we write H omi instead of H omi (FK , FK ) for short. H0 (H om−i ) and H1 (H omi ) are 0 for i > 0, since the slope of Fi is increasing. The next page is: •



ker d−2 /imd−3



•



0



0



0



coker d−1 )



End(FK )



)



0



•



(



0



0



•



•



 Since H−1 H om• (FK , FK ) = 0, kerd−2 /imd−3 maps injectively into End(FK ) on this page. By Lemma 4.5, End(FK ) = C. To get rid of the possibility that ker d−2 /imd−3 = C, the rest part of the proof is to show that the map kerd−2 /imd−3 is trivial. Consider the natural embedding OE → H om0 (Fi , Fi ) by mapping OE to each factor H om(Fi , Fi ) 0 ] as the identity. Let H om (FK , FK ) be the quotient of the embedding. Since d0 (OE ) = 0, we • 0 ] ] get a quotient complex H om (FK , FK ) by replacing H om0 by H om while keeping the other terms. We show the following two things to finish the claim. •



] 1. H−1 (H om (FK , FK )) = 0. 0 e ] 2. d0 : H0 (H om (FK , FK )) → H0 (H om1 (FK , FK )) is injective.



Fact 1: For any closed point x ∈ E, we consider the map d−1 of H om• (FK , Ftextb f K ) on the fiber at x. The image of d−1 x restricted on the factor H om(F1,x , F1,x ) is spanned by the maps f2,x



f1,x



F1,x → F2,x −−→ F1,x and F1,x −−→ F0,x → F1,x . Any element in ker f1,x \ im f2,x is never mapped to itself by any morphism in the image of d−1 x in H om(F1,x , F1,x ). Ker f1,x \ im f2,x is not empty since the homological sheaf at F1 is non-zero. Thus the identity is not in the image of d−1 , in other words, imd−1 does not contain the image of OE in H om0 (FK , FK ). The homological • ] sheaf of H om (FK , FK ) at degree −1, which is isomorphic to OE ∩ imd−1 , is a proper subsheaf • ] of OE . It doesn’t have global section, therefore H−1 (H om (FK , FK )) = 0.
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0 ] Fact 2: since OE → H om0 (FK , FK ) → H om splits by the trace map from H om0 (FK , FK ) 0 e ] to OE , H 0 (H om ) = H 0 (H om0 )/H 0 (OE ), that means d0 is injective.



f f e Now by the first claim kerd−2 /imd−3 maps injectively into kerd0 , which is 0 by the second e claim. As di = di for i = −2, −3, the lemma holds. 



6



Smoothness of the family



Theorem 6.1. Let A be a finite type algebra over C, and (µA , pi ) be a flat family of deformed non-commutative del Pezzo surfaces. Then Mµs A ,pi (n) is smooth over Spec A. Proof. As the same argument in the proof of [18] Theorem 8.1, the smoothness is equivelant to the smoothness of N s (n) → Spec A. By the liftness criterion of smoothness, Proposition IV.17.7.7 in [10], we can prove this proposition by showing the following statement: given any local commutative C-algebra R0 with a factor ring R = R0 /I, where I2 = 0. Any stable pair (I, j, Li ) in N s (n)(SpecR) can be lifted to a stable pair (e I, ej, e Li ) in N s (n)(SpecR0 ). (tangent direction) SpecR 5



/



N s (n)



?







(extending powers) SpecR0



 / SpecA



Suppose a stable pair (I, j, Li ) can be lifted to a pair (e I, ej, e Li ). Since I is nilpotent, it is con0 0 tained in the kernel of any map R → F. As R → F factors through a map R → F, (e I, ej, e Li ) ⊗ F = (I, j, Li ) ⊗ F. Thus (e I, ej, e Li ) is a stable R0 -pair. Since R, R0 are local rings, projective R0 -modules are free. Since (µA , pi ) satisfies the flatness condition, we can choose bases {u∗i2 , u∗i3 } for Y pi (for the definition, see Appendix), 1 ≤ i ≤ k. These bases can be extended to bases {u∗i2 , u∗i3 , u∗i1 } for U ∗ . Similarly, we have bases {v∗i2 , v∗i3 , v∗i1 } for V ∗ , where each {v∗i2 , v∗i3 } is a base for Zµ,pi . In this way, I = Ii1 ⊗ v∗i1 + Ii2 ⊗ v∗i2 + Ii3 ⊗ v∗i3 , J = Ji1 ⊗ u∗i1 + Ji2 ⊗ u∗i2 + Ji3 ⊗ u∗i3 , where Ii j ∈ Hom (H2,R0 , H1,R0 ) (resp. Ji j ∈ Hom (H1,R0 , H0,R0 )). Up to a scalar Ii1 and Ji1 only depend on pi . Now the restriction 1 in (**) is translated as Li ◦ Ii1 = 0. The restriction 3 on the pairs in N(n) (Spec R0 ) is Ji1 = Mi ◦ Li for an Mi ∈ Hom(HTi ,R0 , H0,R0 ). Since each Li is surjective, Mi is determined by Ji1 and Li . Lifting (I, j, Li ) to (e I, ej, e Li ) is the eM ei , e same as lifting (I, J, Mi , Li ) to (e I, J, Li ). eM ei , e To find a suitable lifted pair, first we lift (I, J, Mi , Li ) to a pair (e I, J, Li ) which may not e e e ei ◦ e satisfy the three restrictions in (**). Suppose Li ◦ Ii1 = Ci ∈ Hom(H2 , HTi ) ; J pi − M Li = Di ∈ 24



Hom(H1 , H0 ); Je◦ e I = B ∈ Hom(H2 , H0 ) ⊗ (U ∗ ⊗ V ∗ ). Under basis {u∗i1 ⊗ v∗i1 , u∗i1 ⊗ v∗i2 . . . , u∗i3 ⊗ v∗i3 } of U ∗ ⊗ V ∗ , if we write B as Bi11 u∗i1 ⊗ v∗i1 + Bi12 u∗i1 ⊗ v∗i2 + · · · + Bi33 u∗i3 ⊗ v∗i3 , then the factor Bi11 = T  MiCi +Di Ii1 . Therefore, B ∈ 1≤i≤k (MiCi +Di Ii1 )u∗i1 ⊗v∗i1 + Hom(H2 , H0 )⊗(U ∗ ⊗Zµ,pi +Y pi ⊗V ∗ ) . Since the pair (I, J, Mi , Li ) satisfies the three restrictions in (**), we have Ci ∈ Hom(H2 , HTi ) T ⊗ I, Di ∈ Hom(H1 , H0 ) ⊗ I and B ∈ i (MiCi + Di Ii1 )u∗i1 ⊗ v∗i1 + Hom(H2 , H0 ) ⊗ (U ∗ ⊗ Zµ,pi +  ∗ Y pi ⊗ V ) ⊗ I modulo Hom(H2 , H0 ) ⊗ Xµ . We define S (I11 ,...,Ik1 ,M1 ,...,Mk ) to be the submodule of L ( Hom(H2 , HTi ) ⊕ Hom(H1 , H0 )) ⊕ (Hom(H2 , H0 ) ⊗ U ∗ ⊗ V ∗ / Xµ ) as follows: i S (Ii1 ,Mi ) := {(C1 , . . . , Ck , D1 , . . . , Dk , B)| B∈



\



MiCi + Di Ii1 ) ⊗ u∗i1 ⊗ v∗i1 + Hom(H2 , H0 ) ⊗ ((U ∗ ⊗ Zµ,pi + Y pi ⊗ V ∗ )/Xµ )}.



i



We need show that there is an adjustment (I 0 , J 0 , Mi0 , Li0 ) ∈ Hom(H2 , H1 ⊗V ∗ )⊗I×Hom(H1 , H0 ⊗ Q Q U ∗ ) ⊗ I × Hom(HTi , H0 ) ⊗ I × Hom(H1 , HTi ) ⊗ I such that: 1. (e L + L0 ) ◦ (e I1 + I10 ) = 0 or equivalently, LI10 + L0 I1 = −Ci ; ei + M 0 ) ◦ (e 2. ( Jei1 + Ji10 ) = ( M Li + Li0 ) or equivalently, Ji10 − Mi0 Li − Mi Li0 = −Di ; i 3. ( Je+ J 0 ) ◦ (e I + I 0 ) ∈Hom(H2 , H0 ) ⊗ Xµ or equivalently, JI 0 + J 0 I ∈ −B+Hom(H2 , H0 ) ⊗ Xµ . We summarize it as the following proposition. Proposition 6.2. Let F be an algebraically closed field, and (µF , pi ) be a non-commutative del Pezzo surface. Let (I, j, Li ) be a stable pair in NFs (n) with Mi ∈ Hom(HTi , H0 ) such that Ji1 = Mi ◦ Li . The adjusting map is defined as: L L   AdjI,J,Mi ,Li : Hom(H2 , H1 ⊗V ∗ ) ⊕ Hom(H1 , H0 ⊗U ∗ ) ⊕ Hom(H , H Hom (HTi , H0 ) ) ⊕ 1 T i i i → S (Ii1 ,Mi ) . AdjI,J,Mi ,Li (I 0 , J 0 , Mi0 , Li0 ) := (Li Ii10 + Li0 Ii1 , Ji10 − Mi0 Li − Mi Li0 , J 0 I + JI 0 ). By previous discussion, this map is well-defined. We claim that AdjI,J,Mi ,Li is surjective. Proof. Let EK be the complex of sheaves induced by the stable K = (I, J, Li , Mi ), then by d1



d2



Lemma 5.3, Hom1 (EK , EK ) −→ Hom2 (EK , EK ) −→ Hom3 (EK , EK ) is exact. By Lemma 5.2, IE,p is injective for a general p ∈ E. We may add another blowing-up point by adding L p and HT p into the pair, where I p is injective and p is at a general position according to pi ’s and Li ’s. L p is given as an isomorphism from H1 /imI p to HT p , since J p ◦ I p = 0, J p factors through L p . Since I p is injective, the new pair with the extra data L p and HT p is still stable. In addition, if the new Adj is surjective, then the original one is surjective. We may assume k = 8. The rest part is due to a translation of the data.  By definition, Hom1 L (EK , EK ) = Hom L−1 1 + · · · + pk ) ⊗ H2 , O(p1 + · · · + pk ) ⊗ H1 ⊕ Hom 2 (pL   O(p1 + · · · + pk ) ⊗ H1 , (O pi ⊗ HTi ) ⊕ Ext1 (O pi ⊗ HTi ,L1 ⊗ H0 ) . Each direct sum factor 0 0 0 corresponds to the data I , Li , Mi respectively.
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L  Hom2 (EK , EK ) = Hom L−1 (p1 + · · · + pk ) ⊗ H2 , (O pi ⊗ HTi ) ⊕ Ext1 O(p1 + · · · + pk ) ⊗ 2  H1 , L1 ⊗ H0 . The first factor corresponds to the data Ci ’s. Applying Hom(−, L1 ⊗ H0 ) to 0 → O ⊗ H1 → O(p1 + · · · + pk ) ⊗ H1 → ⊕O pi ⊗ H1 → 0, we get 0 → Hom(O ⊗ H1 , L1 ⊗ H0 ) → ⊕i Ext1 (O pi ⊗ H1 , L1 ⊗ H0 ) → Ext1 (O(p1 + · · · + pk ) ⊗ H1 , L1 ⊗ H0 ) → 0. The second factor Ext1 (O(p1 + · · · + pk ) ⊗ H1 , L1 ⊗ H0 ) is Ext1 (O pi ⊗ H1 , L1 ⊗ H0 ) modulo Hom(O ⊗ H1 , L1 ⊗ H0 ). −1 Hom3 (EK , EK ) = Ext1 (L−1 2 (p1 +· · ·+pk )⊗H1 , L1 ⊗H0 ). The datum B ∈Hom(L2 ⊗H2 , L1 ⊗H0 ) is determined by (Ci , Di )’s, since MiCi + Di Ii1 tells the morphism at the point pi and k > 6. T d2 (C1 , . . . , Dk ) = 0 only when i ((MiCi +Di Ii1 )u∗i1 ⊗v∗i1 + Hom(H2 , H0 )⊗(U ∗ ⊗Zµ,pi +Y pi ⊗V ∗ ))/Xµ is not empty. Now by the definitions of d1 and AdjI,J,Mi ,Li , the statement is clear. 



Back to the proof of the proposition, we now show that Lemma 6.2 implies Proposition 6.1. In the proof of the proposition, we may consider the similar adjusting map of R0 version. Consider the image of AdjI,J,Mi ,Li as a R0 -submodule of S (Ii1 ,Mi ) . To show this is the whole space, by Nakayama Lemma, we only have to consider the tensor R0 /m version. Since I/mI is a linear space over the residue field, we may assume it is one dimension. Since this is a linear map, by ¯ the surjectiveness over k¯ version implies embedding the residue field k to its algebraic closure k, the one over k.  Recall that the quotient space NAs ∥PGL(H1 ) is denoted by Mµs A ,pi (n), the following statement is our main technical result. Theorem 6.3. Let A be a noetherian ring such that SpecA is a smooth curve over C and (µA , pi ) be a flat family of deformed noncommutative del Pezzo surface with one fiber being the commutative S , i.e., there is a point Spec C → SpecA such that (µC , pC,i ) is the commutative datum. Then: 1. Mµs A ,pi (n) is smooth over SpecA. 2. For any closed point b : A → C, we have Mµs A ,pi (n) ⊗b C = Mµs b ,pb,i (n) and it is a smooth, projective, irreducible scheme over C with dimension 2n. Namely, Mµs A ,pi (n) is a family of deformations of the Hilbn S . Proof. The smoothness of f : Mµs A ,pi (n) → SpecA is shown in Propostion 6.1. The second part is proved in the same way as that in [18] Proposition 8.6. By Lemma 4.1, Mµs A ,pi (n) ⊗b C = Mµs b ,pb,i (n). In particular, when (µb , pb,i ) is the commutative data, Nµsb ,pi (n) = MK s (n) which is defined in the previous section. By Theorem 6.1, Mµs b ,pi (n) is smooth and thus isomorphic to Hilbn S by Proposition 3.9. By [20] Theorem 4, M s (n) →SpecA is proper, thus the image is close. By Theorem 6.1, this morphism is flat, thus the image is open. Now Mµs b ,pb,i (n) is non-empty, each fiber is non-empty. Now f∗ OMs is torsion a free sheaf over SpecA. As H0 (Mµs b ,pb,i (n)) = C and the function h0 (Mµs x ,px,i (n)) is upper semi-continuous on SpecA by Theorem III.12.8 in [11], h0 (Mµs x ,px,i (n)) is actually constant 1. By Corollary III.12.9 in [11], f∗ OMs (n) is a rank 1 vector bundle. Thus each fiber Mµs x ,px,i (n) is connected by Corollary III.11.3 in [11]. In addition, as each fiber is smooth, it is irreducible.  26



7 7.1



Deformation as holomorphic Poisson manifolds Construction of the Poisson structure



s Each space Mµ,p (n) in the family carries a natural holomorphic Poisson structure that is generi ically symplectic. The construction of the Poisson structure is almost the same as that in [18] Section 9.1, we first recollect some of the notations in [18].



Fix a positive integer n (n might be 3 or 4 in our case), let M00 be the moduli stack parameterizing E = (Ei , ei )0≤i≤n−1 of n-tuples of locally free sheaves Ei on an elliptic curve E and maps ei : Ei+1 → Ei . Let M0 be the closed substack that parameterizes complexes of sheaves. Let M = M(Fn , . . . , F1 ) be the locally closed substack of M0 parameterizing (Ei , ei ) for which Ei ' Fi for all i. Given a data (Ei , ei ), a complex C = C(Ei , ei ) is defined as: C i = H omi (E, E) for i = 0, 1 and C i = 0 for other i. By [19], the smooth locus M000 in M00 consists of points (Ei , ei ) whose hypercohomology of C(Ei , ei ) satisfies: H2 (C) = 0 and H0 (C) = C. Let M00 := M0 ∩ M000 and M0 := M ∩ M000 . The dual complex C ∨ [−1] of C d∗



is isomorphic to the complex H om−1 (E, E) −→ H om0 (E, E), concentrated in degree 0 and 1, with differential d∗ : (hi ) 7→ (ei hi − hi−1 ei−1 ). By [19] Section 1, the tangent space and cotangent space to M000 at (Ei , ei ) are identified as the hypercohomology spaces: T (Ei ,ei ) M00 = H1 (C);



∗ T (E M00 = H1 (C ∨ [−1]). i ,ei )



Define the maps ψ : C ∨ [−1] → C by: ψ0 (hi ) = ((−1)i+1 (ei hi − hi−1 ei−1 )) and ψ1 = 0. By [19], Theorem 2.1, ψ globalizes to a map Ψ00 : T ∗ M00 |M00 → T M00 |M00 that at the fiber over (Ei , ei ) is exactly the map H1 (ψ). Define a complex B by setting B0 = H om0 (E, E) and B1 = H om2 (E, E), with zero differential. Let Ξ : C → B be a map of complexes, where Ξ0 is the identity and Ξ1 maps (hi ) ∈ C 1 to (ei hi+1 + hi ei+1 ). Now we can summarize the results in [18] Section 9. Proposition 7.1 (Lemma 9.7 to Proposition 9.9 in [18]). If (Ei , ei ) determines a point of M0 , then under the identification that T (Ei ,ei ) M00 = H1 (C), we have T (Ei ,ei ) M0 = ker(H1 (Ξ)) and ∗ T (E M0 is the cokernel of the dual map. Ψ00 |M0 factors through a map Ψ : T ∗ M0 → T M0 , i ,ei ) and Ψ is a Poisson structure on M0 . Now applying this theorem, we can construct the Poisson structure on the deformed Hilbert s schemes Mµ,p (n). i Proposition 7.2. Suppose k =1, 7, or 8, let (µC , pi ) be a data of noncommutative del Pezzo s surface, then Mµ,p (n) admits a Poisson structure which is generically symplectic. i Proof. Let E be the smooth elliptic curve of the degenerate locus of µ and L1 , L2 be the two  degree 3 line bundles as before. When k ≥ 7, there exists g in Aut Db (Sh(E)) such that gL−1 2 (p1 + · · · + pk ), . . . , gL1 [1] are locally free sheaves concentrate on degree 0. Let Fi be the sheaves as that in the previous section: F3 = gL−1 2 (p1 +· · ·+ pk )⊗H2 , F2 = gO(p1 +· · ·+ pk )⊗H1 , 27



s F1 = ⊕gO pi ⊗ HTi , F0 = gL1 [1] ⊗ H0 . Mµ,p (n) is identified as a substack of M(F3 , . . . , F0 ). i By Theorem 6.3, it is smooth with dimension 2n, which is the dimension of M0 (F3 , . . . , F0 ), s to show that Mµ,p (n) admits a Poisson structure, we only need check that the stable pairs fall i into the smooth locus of M00 , or equivalently, H2 (C(F3 , . . . , F0 )) = 0 and H0 (C) = C. The first equality is due to H1 (H om1 (FK , FK )) = 0. The second one: H0 (C) = End(EK ) = C is due to Lemma 4.5.



When k = 1, let F2 = L−1 2 (p) ⊗ H2 , F1 = K, F0 = L1 ⊗ H0 , where K is (O ⊗ H1 /HT ) ⊕ (O(p) ⊗ HT ). Since the kernel of L : O(p) ⊗ H1 → O p ⊗ HT is always isomorphic to K, a stable pair s associates to such a complex. The next lemma shows that Mµ,p (n) is identified as a substack in M0 (F2 , F1 , F0 ). Lemma 7.3. Let (I, J, L) be a pair in N s (n), FK be the complex of sheaves on E associate to it. Then FK is exact except the middle term, and End(FK ) = C. Proof. By Lemma 5.2, JE is surjective and IE is injective. −1 Suppose we have morphism (t2 , t1 , t0 ) in EndOE (EK , EK ). Then t2 ∈ Hom(L−1 2 (p)⊗ H2 , L2 (p), ⊗H2 ) ' Hom(H2 , H2 ), t0 ∈ Hom(L1 ⊗ H0 , L1 , ⊗H0 ) ' Hom(H0 , H0 ). Since K is always isomorphic to O(p)⊗ kerL ⊕ H1 /kerL ⊗ O, t1 ∈Hom(K, K) is identified as an endomorphism e t1 of H1 which maps kerL to kerL. That means we can write an endomorphism tT of HT such that tT L = Le t1 . It is easy to check that (t2 , e t1 , tT , t0 ) is an endomorphism of (I, J, M, L) by Lemma 4.5. Thus (t2 , t1 , t0 ) is a scalar. 



Back to the proof of the proposition. The lemma implies that H0 (C(F2 , F1 , F0 )) = C, and since the slopes of Fi ’s are increasing, H2 (C) = 0. This finishes the construction of Poisson structure for k = 1 case. To finish the proof, we show that the Poisson structure is generically symplectic. By Proposition 7.1, the tangent space at (Fi , fi ) of M0 (Fi ) is identified as the homological vector space at the middle term of the complex H0 (H om0 (FK , FK )) →H0 (H om1 (FK , FK )) → H0 (H om2 (FK , FK )). The cotangent space is given by the homological vector space at the middle term of the complex H1 (H om−2 (FK , FK )) →H1 (H om−1 (FK , FK )) → H1 (H om0 (FK , FK )). The Poisson map is the map between these two spaces on the third page of the spectral sequence that computes the hypercohomology of H om• (FK , FK ). By the previous discussion in Lemma 5.3, the two scalars C on the last picture would stay. The Poisson map is surjective if and only if the hypercohomology H1 (H om• (FK , FK )) is C. An equivalent description is that the homological sheaf of FK is concentrate on one degree and is stable. No matter what k is, that means the homological sheaf of L−1 2 (p1 + · · · + pk ) ⊗ H2 → K → L1 ⊗ H0 concentrates at the middle and ⊗n has no torsion part, i.e., it is isomorphic to (L−1 2 ⊗ L1 ) . That corresponds to the deformation n of Hilb (S \ E) for commutative del Pezzo surface cutting an anti-canonical elliptic curve.  Remark 7.4. One can also calculate the rank of the Poisson map on the degenerating locus by the torsion part of the homological sheaf of EK . In the commutative case, this coincides with the result in [4]. 28



7.2



Generic dimension of deformation space



In this part, we apply the result in [12] to show that the generic deformation of Hilbn S has a (k + 2)-dimensional space of moduli. We first collect some notations and results in [12]. Let σ ∈ H 0 (S , K ∗ ) be a non-zero holomorphic Poisson structure on S , then by [4], it induces a Poisson structure τ on Hilbn S . When n ≥ 2, let F be the exceptional divisor of the Hilbert-Chow map Hilbn S → Symn S , then [F] stands in H1 (Hilbn S , T ∗ ). Theorem 1 in [12] tells us that any class τ([F]) ∈ H1 (Hilbn S , T ) is tangent to a deformation of complex structure. Moreover, there is a split exact sequence: ρ



0 → H1 (S , T ) → H1 (Hilbn S , T ) → − H0 (S , K ∗ ) → 0. Theorem 7.5 (Theorem 9 in [12]). ρ(τ([F])) = −2σ.







The theorem tells us that each deformation of the complex structure of Hilbn S is induced by τ([F]) + φ that relates to some Poisson structure σ on S and a class in H1 (S , T ), which induces deformation of S . The following proposition is just an easy exercise after reading [12]’s Proposition 11. Proposition 7.6. Let σ be a Poisson stucture on S whose zero set is a smooth elliptic curve, let M be the deformation of Hilbn S induced by τ([F]) for sufficiently small t , 0. Then dimH 1 (M, T ) ≤ k + 2. Proof. Repeat the argument in [12] Proposition 11, when k ≤ 4, we replace all P2 there by S . Since S is rigid, the differences are the dimensions of some cohomology groups. The dimension of H1 (S [n] , T )(' H0 (S , K ∗ )) is 10 − k. h0 (S [n] , T ) = h0 (S , T ) = 8 − 2k. Since there are only finite −1-curves on S , the holomorphic vector fields on S must fix those curves. Since the zero set of the Poisson structure σ is a smooth elliptic curve that intersects all exceptional curves, it is not fixed by any non-zero vector field as the case in P2 . The dimension of H1 (M, T ) is at most H1 (M, T ) − H0 (M, T ) = 2 + k. When k > 4, by the upper semi-continuity property, dim H1 (M, T ) ≤ dim H1 (S [n] , T ) = dim H1 (S , T ) + dim H0 (S , K ∗ ) = (2k − 8) + (10 − k) = 2 + k.  On the other hand, we have constructed a (k + 2)-parameters family deformations of Hilbn S with natural Poisson structures, hence H1 (M, T ) is a (k + 2)-dimensional space. The KodairaSpencer class of each tangent direction at Hilbn S can be explained explicitly. The variation of the positions of pi ’s on E contributes to the factor H1 (S , T ) (when it is non-zero) in H1 (Hilbn S , T ). The variation of L−1 2 ⊗ L1 contributes to the factor τ([F]), whose degenerate lo0 ∗ cus is E, in H (S , K ). The last assertion is due to the following result in [12] and a computation of line bundle with first Chern class [F] restricted on Symn E. Proposition 7.7 (Proposition 10 in [12]). Under the deformation of Hilbn S induced by τ([F]), the line bundle with Chern class [F] restricted to the zero set Symn E of the Poisson structure varies linear in t in H1 (Symn E, O∗ ).  29



The Symn E in M000 consists of pairs such that the Poisson map Ψ is 0, in other words, H1 (H om• (FK , FK )) is C2n+1 , or equivalently, the homology sheaf of L−1 2 (p1 + · · · + pk ) ⊗ H2 → K → L1 ⊗ H0 at the middle term is L ⊕ Q for some line bundle L with degree −n and quotient sheaf Q with length n. Such a torsion sheaf is naturally identified as a point on Symn E. The exceptional divisor F is more subtle. A K-complex K in Symn E is in the base locus of F|Symn E if and only if it is S-equivalent (according to the G/C× -action and character (det,1, . . . , 1,det−1 )) to another non-isomorphic K-complex, in other words, it has a filtration 0 = K0 ⊂ K1 . . . ⊂ Km =K such that there is another K0 who has an S-equivalent filtration 0 = K00 ⊂ K01 . . . ⊂ K0m = K0 in the sense that each factor K j+1 /K j is isomorphic to K0j+1 / K0j and is stable according to the G/C× -action and character (det,1, . . . , 1,det−1 ). We call a K-complex with type (1, 2, 1, . . . , 1) a resolution of point p if its associate complex + . . . pk ) → K → L1 on E has homology sheaves O p and Oι(p) at the last two terms. ι is an automorphism of E and depends linearly on L−1 2 ⊗ L1 . In the commutative case when L1 = L2 , F|Symn E is effective and its base locus is the big diagonal of Symn E where at least two points coincide. It consists of the K-complexes with a filtration 0 = K0 ⊂ K1 . . . ⊂ Kn =K where both Kn / Kn−1 ' Kn−1 / Kn−2 have type (1, 2, 1, . . . , 1) and are resolutions of a same p ∈ E. In the non-commutative case, there is only one non-trivial extension of a resolution of p by itself, and the torsion sheaf Q is a quotient sheaf of OE . Different from the commutative case, containing two same factor is not the feature of F ∩ Symn E. On the other hand, there is a non-trivial extension of p-resolution K-complex by ι−1 (p)-resolution K-complex. The base locus of F|Symn E contains K which has two such factors. As a result, the line bundle with Chern class [F] restricted to Symn E varies linearly in H1 ( Symn E, O∗ ) along the deformation induced by the variation of L−1 2 ⊗ L1 . By Theorem 7.7, τ([F]) is tangent to this deformation direction. L−1 2 (p1
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