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SHADOWS OF CODES AND LATTICES ´ PATRICK SOLE June 22, 2011 We give the major developments of shadows of self-dual codes and unimodular lattices and generalize the given constructions for using shadows to build new codes and lattices.
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Introduction



In this note we shall present the main theorems about shadows of codes and lattices, generalizing the constructions of self-dual codes and unimodular lattices using shadows. Shadow codes and shadow lattices have been important in both proving the non-existence of codes and lattices for specific parameters and for constructing new codes and lattices. We shall restrict our study of lattices to unimodular lattices, avoiding modular lattices. The theory of shadows has been developed in a sequence of papers by the authors and others. The notion of a shadow of a binary singly-even self-dual code (Type I code)[?] and of an odd unimodular lattice (Type I lattice)[?] was introduced by Conway and Sloane. However, the object first appeared early in the study of self-dual codes in Ward’s paper.[?] This notion was extended to Type I codes over the rings Z2k and F2 + uF2 in Bannai et al.,[?] Dougherty et al.[?] and Dougherty et al.[?] Shadows play an important role in the study of Type I codes and Type I lattices. For example, shadows were used to determine the highest possible minimum norms of Type I lattices [?] and the highest possible minimum weights of Type I binary[?] and Z4 -codes.[?] Several constructions based on shadows of unimodular lattices and self-dual codes over F2 ,[?] Fq ,[?] and Z2k [?] are also known. In this paper we shall present the major results of shadows and lattices and show their connection. In Section ?? of this note, we give general constructions of unimodular lattices and self-dual codes using shadows which generalize known constructions, together with a number of examples. These generalized constructions give a complete framework for constructions using shadows. We shall show that all known shadow constructions can be viewed from a single unified perspective. This investigation was motivated by a comment by an anonymous referee to Dougherty et al.[?]
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Unimodular Lattices and Self-Dual Codes



We begin by giving the standard definitions of lattices and codes.



2.1



Unimodular Lattices



Let Rn be n-dimensional Euclidean space with inner-product x·y = x1 y1 +x2 y2 + · · · + xn yn for x = (x1 , x2 , . . . , xn ) and y = (y1 , y2 , . . . , yn ). An n-dimensional lattice Λ in Rn is a free Z-module spanned by n linearly independent vectors v1 , . . . , vn . An n by n matrix whose rows generate Λ is called a generator matrix G of Λ. Two lattices Λ and Λ0 are equivalent if there is an orthogonal matrix M with Λ0 = ΛM = {xM | x ∈ Λ}. The norm of a vector x ∈ Λ is x · x. The minimum norm of Λ is the smallest norm among all nonzero vectors of Λ. The theta series θΛ (q) of a lattice Λ is the formal power series in the indeterminate q, X θΛ (q) = q x·x x∈Λ



The first non-trivial coefficient of the theta series is the kissing number of Λ, which is equal to the number of the minimum norm vectors in Λ. The dual lattice Λ∗ is given by Λ∗ = {x ∈ Rn | x · a ∈ Z for all a ∈ Λ}. The Poisson-Jacobi formula [?, (19) Chap. 4] relates the theta series of a lattice and its dual. Let q = eπiz then θL∗ (−1/z) =



p



i |L|( )n/2 θL (z). z



i −1 θL∗ (z) = (det L)1/2 ( )n/2 θL ( ). z z A lattice Λ is integral if Λ ⊆ Λ∗ . An integral lattice with Λ = Λ∗ is called unimodular. If the norm x · x is an even integer for all x ∈ Λ, then Λ is said to be even. An even unimodular lattice Λ is called Type II and a unimodular lattice which is not Type II is called Type I. It is known that n-dimensional Type II lattices exist if and only if n ≡ 0 (mod 8).



2.2



Self-Dual Codes over Z2k



Here we give definitions for self-dual codes over Z2k (see Bannai et al.[?] for a complete description). A code C of length n over Z2k (or a Z2k -code of length n) is a Z2k -submodule of Zn2k where Z2k is the ring of the integers modulo 2k. An element of C is called a codeword of C. A generator matrix of C is a matrix whose rows generate C. The Hamming weight wtH (x) of a vector x in Zn2k is the number of non-zero components. The Euclidean weight wtE (x) Pn of a vector x = (x1 , x2P , . . . , xn ) is i=1 min{x2i , (2k − xi )2 }. The Lee weight n wtL (x) of a vector x is i=1 min{|xi |, |2k − xi |}. The minimum Hamming, Lee 3



and Euclidean weights, dH , dL and dE , of C are the smallest Hamming, Lee and Euclidean weights among all non-zero codewords of C, respectively. The symmetrized weight enumerator of C is defined as X n (c) n (c) nk−1 (c) nk (c) sweC (x0 , x1 , . . . , xk ) = x0 0 x1 1 · · · xk−1 xk , c∈C



where n0 (x), n1 (x), . . . , nk−1 (c), nk (c) are the numbers of 0, ±1, . . . , ±(k − 1), k components of c, respectively. For x = (x1 , . . . , xn ) and y = (y1 , . . . , yn ), we define the inner-product of x and y in Zn2k by x · y = x1 y1 + · · · + xn yn . The dual code C ⊥ of C is defined as C ⊥ = {x ∈ Zn2k | x · y = 0 for all y ∈ C}. C is self-dual if C = C ⊥ . Self-dual Z2k -codes with the property that all Euclidean weights are divisible by 4k are called Type II.[?] A self-dual code which is not Type II is called Type I.



2.3



Connections



Now we give a construction of lattices from self-dual Z2k -codes, which is called Construction A2k . Define the reduction modulo 2k ρ : Zn → Zn2k by ρ(x1 , . . . , xn ) = (x1



(mod 2k), . . . , xn



(mod 2k)).



Theorem 1 (Bannai et al.[?]) If C is a self-dual code of length n over Z2k , then the lattice 1 A2k (C) = √ {x ∈ Zn | ρ(x) ∈ C} 2k is an n-dimensional unimodular lattice. The minimum norm is min{2k, dE /2k} where dE is the minimum Euclidean weight of C. Moreover if C is Type II then the lattice A2k (C) is a Type II lattice. This connection is very important because results in one space can be transferred across this connection, for example orthogonality relations and existence results. Theorem 2 (Dougherty et al.[?])) Let C be a Type I code over Z2k and A2k (C) the Type I lattice constructed by Theorem ??. Then (A2k (C))j = A2k (Cj ) for j = 0, 2, and, (A2k (C))j = A2k (Cj ) for j = 1, 3 up to labeling.
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Shadows of Type I Lattices and Codes



We shall begin with the definitions of shadows in both spaces and then describe the major results.



3.1



Shadows of Lattices



Let L be a Type I lattice and let L0 denote its subset of even norms vectors. The set L0 is a sublattice of L of index 2 in L. Let L2 be that unique nontrivial coset of L0 into L. Then L∗0 can be written as a union of cosets of L0 : L∗0 = L0 ∪ L2 ∪ L1 ∪ L3 . The shadow of L is defined to be S = L1 ∪ L3 . Throughout this paper, Li (i = 0, 1, 2, 3) denotes a coset of L0 . Lemma 3 (Dougherty et al.[?]) The glue group L∗0 /L0 of L0 is isomorphic to the Klein 4-group if n is even and to the cyclic 4-group if n is odd. Lemma 4 (Dougherty et al.[?]) Suppose that C is a Type I lattice in dimension n. (1) Suppose that n is even. Let a be a binary element such that a ≡ n2 (mod 2), then Table ?? holds where (x · y) ∈ Z + α and α is the value in position (i, j) for any vector x ∈ Li and any vector y ∈ Lj . (2) Suppose that n is odd. Let a be 1 or −1 such that n ≡ a Table ?? holds.



Table 1: Orthogonality Relations for Even n L0 L1 L2 L3



L0 0 0 0 0



L1 0



L2 0



L3 0



a 2 1 2 1−a 2



1 2



1−a 2 1 2 a 2



0 1 2



Table 2: Orthogonality Relations for Odd n L0 L1 L2 L3



L0 0 0 0 0



L1 0



L2 0



L3 0



2−a 4 1 2 −a 4



1 2



0



−a 4 1 2 2−a 4
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1 2



(mod 4) then



Recall the three Jacobi theta functions: θ3 (z) := θZ (z), θ4 (z) := θ3 (z + 1), θ2 (z) := θZ+ 1 (z). 2 Theorem 5 (Conway and Sloane[?]) Let L be a Type I lattice. If bn/8c



X



θL =



aj θ3 (q)n−8j ∆8 (q)j



j=0



then bn/8c



θS =



X (−1)j aj θ2 (q)n−8j θ4 (q 2 )8j , j 16 j=0



where



∞ Y



∆8 (q) = q



(1 − q 2m−1 )8 (1 − q 4m )8



m=1



and θ2 , θ3 and θ4 are the Jacobi theta series. The norms of vectors of S are congruent to n/4 (mod 2).



3.2



Shadows of Codes



Let C be a Type I Z2k -code of length n. Let C0 be the subcode of codewords whose Euclidean weights are a multiple of 4k. C0 is a subcode of index 2 in C. Let C2 be that unique nontrivial coset of C0 into C. Then C0⊥ can be written as a union of cosets of C0 : C0⊥ = C0 ∪ C2 ∪ C1 ∪ C3 . The shadow of C is defined to be S = C1 ∪ C3 (see Bannai et al.[?] and Dougherty et al.[?] for the details). Throughout this paper, Ci (i = 0, 1, 2, 3) denotes a coset of C0 . Theorem 6 (Bannai et al.[?]) Let C be a Type I code over Z2k and let S be its shadow. Then the cwe and swe of S is related to the cwe and swe of C by the relation cweS (x0 , x1 , . . . , x2k−1 ) = cweC (A(x0 , x1 , . . . , x2k−1 )) sweS (x0 , x1 , . . . , xk ) = sweC (B(x0 , x1 , . . . , xk )) 2



i +2ij where A = (aij ) is the 2k by 2k matrix with aij = √12k η4k , and B = (bij ) P is the (k + 1) by (k + 1) matrix with bij = i0 ≡i ai0 j where i0 ≡ i if i0 = i or i0 = −i.



Theorem 7 (Dougherty et al.[?]) Suppose that C is a self-dual code over Z2k of length n. 6



(1) If n ≡ 0 and 2 (mod 4) then Tables ?? and ?? hold, respectively, where the symbol ⊥ in position (i, j) means that x · y ≡ 0 (mod 2k) for any vector x ∈ Ci and any vector y ∈ Cj , and the symbol 6⊥ means that x · y ≡ k (mod 2k) for any vector x ∈ Ci and any vector y ∈ Cj . (2) If n ≡ 1 (mod 2) then Table ?? holds where the symbol ⊥ in position (i, j) means that x · y ≡ 0 (mod 2k) for any vector x ∈ Ci and any vector y ∈ Cj , and the symbol 6⊥ means that x · y 6≡ 0 (mod 2k) for any vector x ∈ Ci and any vector y ∈ Cj . Remark. For the case k = 1 and 2, the above theorem was proved in Brualdi and Pless[?] and Dougherty et al.,[?] respectively.



Table 3: Orthogonality Relations for n ≡ 2



C0 C1 C2 C3



C0 ⊥ ⊥ ⊥ ⊥



C1 ⊥ 6⊥ 6⊥ ⊥



C2 ⊥ 6⊥ ⊥ 6⊥



(mod 4) (The Klein Case) C3 ⊥ ⊥ 6⊥ 6⊥



Table 4: Orthogonality Relations for n ≡ 0



C0 C1 C2 C3



C0 ⊥ ⊥ ⊥ ⊥



C1 ⊥ ⊥ 6⊥ 6⊥



C2 ⊥ 6⊥ ⊥ 6⊥



C3 ⊥ 6⊥ 6⊥ ⊥



Table 5: Orthogonality Relations for n ≡ 1



C0 C1 C2 C3



C0 ⊥ ⊥ ⊥ ⊥



C1 ⊥ 6⊥ 6⊥ 6⊥
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C2 ⊥ 6⊥ ⊥ 6⊥



(mod 4)



C3 ⊥ 6⊥ 6⊥ 6⊥



(mod 2)
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Constructions of Unimodular Lattices and SelfDual Codes



In this section, we give constructions of unimodular lattices using shadows, which are a generalization of the construction given in Dougherty et al.[?] As a corollary, we also give a construction of self-dual codes over Z2k which includes known constructions of binary self-dual codes and self-dual Z4 -codes using shadows. Theorem 8 Let L and L0 be Type I lattices in dimensions n and m, respectively with the four cosets Li and L0i (i = 0, 1, 2, 3). Let M = (L0 , L00 ) ∪ (L1 , L01 ) ∪ (L2 , L02 ) ∪ (L3 , L03 ), M 0 = (L0 , L00 ) ∪ (L1 , L03 ) ∪ (L2 , L02 ) ∪ (L3 , L01 ), N = (L0 , L00 ) ∪ (L1 , L02 ) ∪ (L2 , L03 ) ∪ (L3 , L01 ), where (Li , L0i ) = {(l, l0 ) | l ∈ Li , l0 ∈ L0i }. (1) Suppose that n ≡ m ≡ 0 (mod 4). Then M, M 0 and N are unimodular lattices in dimensions n + m. Moreover M and M 0 are Type II if and only if n + m ≡ 0 (mod 8) and N is a Type II if and only if n ≡ m ≡ 4 (mod 8). (2) Suppose that n ≡ m ≡ 2 (mod 4). Then M and M 0 are unimodular lattices in dimension n + m. Moreover M and M 0 are Type II if and only if n + m ≡ 0 (mod 8). (3) Suppose that n and m are odd such that n + m ≡ 0 (mod 4). Then M is a unimodular lattice in dimension n + m. Moreover M is Type II if and only if n + m ≡ 0 (mod 8). Proof. By Lemma ??, it is easy to see that M, M 0 and N are Z-modules, that is, lattices. M, M 0 and N consist of the 4 cosets of the lattice (L0 , L00 ) of determinant 4. Thus these are lattices of determinant 1. It follows from Tables ?? and ?? that M, M 0 and N are integral under each assumption. Hence M, M 0 and N are unimodular. Also Tables ?? and ?? give the norm (mod Z) of a vector in each coset Li and L0i . This determines when M, M 0 and N are Type II. 2 Constructions of unimodular lattices using shadows are given in Dougherty et al.[?] By putting m = 1, 2, 3, 4 and L0 = Zm in the above theorem, the construction is obtained. In order to demonstrate that not every M is the same as direct sum (L, L0 ), we give a trivial example. Consider Zn and Z8−n as L and L0 in the above
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theorem, then M is a Type II lattice in dimension 8 which is the E8 -lattice. Of course, the direct sum of Zn and Z8−n is Z8 . We now consider constructions by shadows for self-dual Z2k -codes. Lemma ??, together with the previous theorem, gives essentially the following constructions of self-dual Z2k -codes. Corollary 9 Let C and D be Type I Z2k -codes of lengths n and m, respectively. Let E = (C0 , D0 ) ∪ (C1 , D1 ) ∪ (C2 , D2 ) ∪ (C3 , D3 ), F = (C0 , D0 ) ∪ (C1 , D3 ) ∪ (C2 , D2 ) ∪ (C3 , D1 ), G = (C0 , D0 ) ∪ (C1 , D2 ) ∪ (C2 , D3 ) ∪ (C3 , D1 ), where (Ci , Di ) = {(c, d) | c ∈ Ci , d ∈ Di }. (1) Suppose that n ≡ m ≡ 0 (mod 4). Then E and F are self-dual codes of length n + m. Moreover E and F are Type II if and only if n + m ≡ 0 (mod 8). G is a Type II code if and only if n ≡ m ≡ 4 (mod 8). (2) Suppose that n ≡ m ≡ 2 (mod 4). Then E and F are self-dual codes of length n + m. Moreover E and F are Type II if and only if n + m ≡ 0 (mod 8). (3) Suppose that n and m are odd such that n + m ≡ 0 (mod 4). Then E is a self-dual code of length n + m. Moreover E is Type II if and only if n + m ≡ 0 (mod 8). Proof. The linearity follows from Lemmas ?? and ?? and the fact that the code is self-orthogonal follows from Lemmas ?? and ??. Now n+m |C| |D| ) = |C||D| = (4k) 2 , 2 2 giving that each code is self-dual under each assumption. The Euclidean weight of any vector in the shadow of a Type I Z2k -code of length n is congruent to kn 2 (mod 4k). This determines the condition that codes are Type II.[?] 2



|E| = |F | = |G| = 4(|Ci ||Di |) = 4(



Remark. It is worthwhile noting that ∪3i=0 (A2k (Ci ), A2k (Di )) = ∪3i=0 (A2k (C)i , A2k (D)i ). The symmetrized weight enumerators of these codes are obtained from symmetrized weight enumerators of Ci and Di , for example, E has symmetrized weight enumerator sweE (x0 , x1 , . . . , xk ) =



3 X



sweCi (x0 , x1 , . . . , xk ) × sweDi (x0 , x1 , . . . , xk ).



i=0
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Now we consider the case k = 1 and 2, i.e., binary and Z4 -codes. Let C be the binary self-dual code {(0, 0), (1, 1)} of length 2 in the above theorem. Then the above theorem is the same as Theorem 1 in Brualdi and Pless.[?] Moreover let C be the self-dual code {(0, 0, 0, 0), (1, 1, 0, 0), (0, 0, 1, 1), (1, 1, 1, 1)} of length 4 then the above theorem is the same as Theorem 2 in Brualdi and Pless.[?] Thus the above theorem is a generalization of Theorems 1 and 2 in this paper.[?] Moreover constructions of self-dual Z4 -codes using the shadows were also given in Dougherty et al.,[?] which are generalizations of Theorems 1 and 2 in Brualdi and Pless.[?] The constructions given in Dougherty et al.[?] are obtained from the above theorem considering C as a Type I code of length 1, 2, 3 or 4. There are exactly four inequivalent Type II codes of length 8, namely K8 , K80 , O8 and Q8 in Conway and Sloane.[?] The four codes are distinguished by comparing the coefficients of a6 c2 in the symmetrized weight enumerators sweC (a, b, c). Also there are exactly four inequivalent Type II codes of length 7, namely A7 , D4⊕ A3 , D6⊕ A and E7+ where A denotes the unique self-dual code {0, 2} of length 1. We consider a Type II code E constructed from A and a self-dual code B of length 7 by Corollary ??. Let N (B) be the number of codewords corresponding to a6 c2 in sweE (a, b, c). Since A0 = {0}, A2 = {2}, A1 = {1} and A3 = {3}, N (B) is the sum of the numbers of codewords corresponding to a5 c2 and a6 c in sweB (a, b, c). Hence N (A7 ) = 28, N (D4⊕ A3 ) = 12, N (D6⊕ A) = 4 and N (E7+ ) = 0, where the symmetrized weight enumerator of B is listed in Conway and Sloane.[?] Therefore we have the following: Proposition 10 Type II Z4 -codes of length 8 are in one-to-one correspondence with Type I codes of length 7 by Corollary ??. There are exactly three Type I codes of length 6, and there is a unique Type I code of length 2. Thus not every Type II code is constructed from Type I codes of lengths 2 and 6 by Corollary ??.



5 5.1



Applications to Unimodular Lattices and SelfDual Codes Unimodular Lattices



First let us look at a 12-dimensional lattice. Consider the six-dimensional lattice Z6 as L and L0 . Then both the minimum norms of (L0 , L00 ) and (L2 , L02 ) are 10



2 since L0 and L00 consist of vectors of even norms and L2 and L02 have norms ≡ 1 (mod 2). Since the norms of vectors of L1 and L3 are congruent to n/4 (mod 2), both the minimum norms of (L1 , L01 ) and (L3 , L03 ) are 3. Therefore + M is the unique 12-dimensional unimodular lattice D12 with minimum norm 2, 12 0 while (L, L ) is the lattice Z . Similarly, some Type II lattices in dimension 16 and some Type I lattices with minimum norm 2, which is the highest minimum norm among all unimodular lattices in that dimension, are constructed. Lemma 11 All Type II Z4 -codes of length 8n are constructed from Type I codes of lengths 1 and 8n − 1 by Corollary ??. Proof. Let A be the unique Type I Z4 -code of length 1 where A0 = {0}, A1 = {1}, A2 = {2} and A3 = {3}. Since a Type II Z4 -code C contains a vector whose elements are 1 or 3,(see Harada et al.[?]) every coordinate of C consists of 0, 1, 2, and 3. 2 Remark. The converse assertion of the above lemma is Lemma 1 in Fields et al.[?] Theorem 12 All unimodular lattices in dimensions n ≤ 17 and n = 23 are constructed from some Z4 -codes by Construction A4 . Proof. Our proof is divided into the following cases. • n = 7, 15, 23: E8 , the unique Type II lattice in dimension 8, is constructed from any Type II Z4 -code of length 8 by Construction A4 .[?] Similarly, all Type II lattices in dimensions 16 and 24 are constructed from Type II Z4 -codes.[?] If a Type II Z2k -code E of length n + m is constructed from some Type I codes C and D of lengths n and m by Corollary ?? then the lattice A2k (E) is constructed from A2k (C) and A2k (D) by Theorem ??. Thus, by Lemmas ?? and ??, all Type I lattices in dimensions 7, 15 and 23 are constructed from Z4 -codes. • 1 ≤ n ≤ 13: In this case, we give a Z4 -code C for each lattice L in Table ?? where C8 is a Type II code of length 8. Table 6: Z4 -code construction of unimodular lattices Lattices Codes



Zn (1 ≤ n ≤ 13) n



A (1 ≤ n ≤ 13)



E8 C8



E8 ⊕ Zn−8 (9 ≤ n ≤ 13) C8 ⊕ An−8 (9 ≤ n ≤ 13)



+ D12 K12



+ D12 ⊕Z K12 ⊕ A



• n = 14: There is a unique extremal unimodular lattice, that is, its minimum norm is 2. A corresponding Z4 -code is known.[?] A Type I lattice with minimum norm 1 is constructed as Z ⊕ L13 where L13 is a Type I 11



lattice in dimension 13. For every Type I lattice in dimension n ≤ 13, a corresponding Z4 -code is listed in Table ??. Thus all Type I lattices in dimension 14 are constructed from Z4 -codes. • n = 16: Since a Type I lattice with minimum norm 1 is constructed as Z⊕L15 where L15 is a Type I lattice in dimension 15, such a Type I lattice is constructed from some Z4 -code. There is a unique Type I lattice with minimum norm 2. A Type I Z4 -code with minimum Euclidean weight 8 is known.[?] • n = 17: There is a unique Type I lattice with minimum norm 2. A Type I Z4 -code with minimum Euclidean weight 8 is known.[?] Since all 16-dimensional unimodular lattices are constructed from some Z4 -codes, all Type I lattices are constructed by Construction A4 . 2



5.2



Self-Dual Codes over Z4



All self-dual codes of length up to 15 and Type II codes of length 16 over Z4 are known, Conway and Sloane,(see [?] Fields et al.[?] and Pless et al.[?]) We construct Euclidean-optimal self-dual codes of length 20 and minimum Euclidean weight 8, that is, self-dual codes having the highest minimum Euclidean weight among all self-dual codes of that length, by Corollary ??. • (n, m) = (4, 16), (5, 15), (6, 14), (7, 13), (8, 12): First recall that all Euclidean weights of vectors in the shadow of a self-dual Z4 -code of length n is congruent to n (mod 8). Thus in this case, E is a Euclidean-optimal self-dual code of length 20. • (n, m) = (10, 10): It is easy to see that only two codes [10,3]-d4⊕d6 and [10,4]-d10a in Fields et al.[?] have shadows of minimum Euclidean weight 10. Thus if at least one of C and D is [10,3]-d4⊕d6 or [10,4]-d10a then the obtained code E is Euclidean-optimal. • (n, m) = (9, 11): There is no indecomposable Type I code of length 9 and every code is the direct sum of the self-dual code of length 1 and a self-dual code of length 8 (see Conway and Sloane[?]). Every Type I code obtained from a Type I code of length 8 has a shadow which has minimum Euclidean weight 9, while every code obtained from a Type II code has a shadow with minimum Euclidean weight 1. Thus if C is a Type I code of length 9 obtained from a Type I code of length 8 and D is any Type I code of length 11 then E is Euclidean-optimal. For length 11, only [11,4]-d4⊕e7 in Fields et al.[?] has a shadow with minimum Euclidean weight 11. Thus if C is a Type I code of length 9 and D is [11,4]-d4⊕e7 then E is Euclidean-optimal. 12



• (n, m) = (1, 19), (2, 18), (3, 17): If there is a Type I code of lengths 17, 18 and 19 whose shadows of minimum Euclidean weights ≥ 11, ≥ 10 and ≥ 9, respectively, then the obtained code E is Euclidean-optimal.



5.3



Binary Self-Dual Codes



For binary codes Corollary ?? gives that E and F are self-dual codes for all possible cases since self-dual codes exist only for even lengths. In this section, we construct an extremal self-dual [44, 22, 8] code. Let C and D both be the unique self-dual [22, 11, 6] code G22 which is called the shorter Golay code. WC (1, y) = 1 + 77y 6 + 330y 8 + 616y 10 + · · · , WC1 (1, y) = WC3 (1, y) = 176y 7 + 672y 11 + · · · . By Corollary ??, E and F are extremal self-dual [44, 22, 8] codes. The numbers of codewords of weights 8 and 10 are 660 and 0, respectively. Thus these codes correspond to the second weight enumerator with β = 154 in Conway and Sloane.[?] It is well known that C is constructed from the Golay [24, 12, 8] code G by subtracting. Thus let Gij = {(x3 , . . . , x24 ) | (x1 , . . . , x24 ) ∈ G, x1 = i, x2 = j}. Then G00 = C0 , G10 = C1 , G11 = C2 and G01 = C3 . Since the automorphism group of G is the Mathieu group M24 which acts 5-fold transitively on the coordinates of G, C1 = C3 . Hence our two codes E and F are equivalent. We now compare our code with the code constructed in Yorgov and Ruseva.[?] It was shown[?] that the following matrix   1 1  1 1 ,   M N M N generates a self-dual [44, 22, 8] code corresponding to the second weight enumerator with β = 154, where M and N are 10 × 11 circulant matrices with first rows (01111111111) and (11011100010), respectively, and 1 is the all-one vector of length 11. It is easy to see that the matrix   1 1 , M N generates G22 where ( M N ) generates the doubly-even subcode G0 of even weight in G22 . Moreover from the definition of the shadow we have that G0 + ( 1 , 0 ) = C1 and G0 + ( 0 , 1 ) = C3 , up to indexes. Therefore our code is equivalent to the code in Yorgov and Ruseva[?] and the construction there is a special case of Corollary ??.
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6



Other Fields and Rings



In this section, we give modifications of Corollary ?? to self-dual codes over finite fields Fq where q is a prime power, and to Type I codes over F2 + uF2 .



6.1



Self-Dual Codes over Fq



Let C be a self-dual code over Fq of length n, and let C0 be any subcode of codimension 1. Let s and t be the vectors such that C = hC0 , ti and C0⊥ = hC, si. Of course, t can be chosen so that s · t = 1. Define the cosets Ci,j = C0 + it + js (i, j ∈ Fq ). Let D be a self-dual code over Fq of length m. Let s0 be a vector not in D and let D0 be the subcode of vectors of D orthogonal to s0 . We shall describe how s0 is chosen shortly. Let t0 and s0 be the vectors such that D = hD0 , t0 i and D0⊥ = hD, s0 i. Here we chose t0 so that s0 · t0 = −1. If s0 can be chosen such that s0 · s0 = −s · s then x1 · x2 = −y1 · y2 for x1 ∈ Di,j , x2 ∈ Dl,m and y1 ∈ Ci,j , y2 ∈ Cl,m . Proposition 13 Let C and D be self-dual codes over Fq of lengths n and m, respectively. Let Ci,j and Di,j be as above. Then the following [ E= (Ci,j , Di,j ) i,j∈Fq is a self-dual code of length n + m. Proof. The self-orthogonality follows from that x1 ·x2 = −y1 ·y2 for x1 , x2 ∈ Di,j n+m and y1 , y2 ∈ Ci,j . |E| = q 2 (|C|/q)(|D|/q) = |C||D| = q 2 . Thus E is self-dual. 2 The above proposition is a generalization of Dougherty.[?] As an example, we consider the case that q = 5, n = 2 and m = 4. Let C be the self-dual code over F5 of length 2 and let D be the self-dual code of length 4 which is the direct sum of C. Take s = (1, 1), t = (2, 4) then C0 = {(0, 0)}. Also take s0 = (1, 1, 1, 0) and t0 = (1, 2, 1, 2) then D0 =< (1, 2, 2, 4) >. Indeed, s · t = 1, s0 · t0 = −1, and s · s = −s0 · s0 . By the above proposition, E is a self-dual code of length 6. It can be easily seen that E has generator matrix of the form   100313 0 1 0 1 3 3. 001224 Thus E is equivalent to F6 in Leon et al.[?] which is the indecomposable self-dual code of length 6 with minimum weight 4.
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6.2



Type I Codes over F2 + uF2



Another important ring of order 4 besides Z4 in self-dual codes is F2 + uF2 introduced in Bachoc[?] to construct lattices (cf. e.g. Bachoc[?] and Dougherty et al.[?]) We give necessary definitions for self-dual codes over F2 + uF2 . The ring F2 + uF2 is commutative with elements 0, 1, u, u + 1 with u2 = 0. A linear code C in this space of length n is an (F2 + uF2 )-submodule of (F2 + uF2 )n . The Hamming weight of a codeword is the number of non-zero components. The Lee weight wL (x) of x = (x1 , x2 , . . . , xn ) is defined as n1 (x) + 2n2 (x) where n0 (x) is the number of xi = 0, n2 (x) the number of xi = u and n1 (x) = n−n0 (x)−n2 (x). The dual code C ⊥ of C is defined as {x ∈ (F2 + uF2 )n | x · y = 0 for all y ∈ C} where x · y = x1 y1 + x2 y2 + · · · + xn yn for x = (x1 , x2 , . . . , xn ) and y = (y1 , y2 , . . . , yn ). As usual, a code is self-dual if C = C ⊥ . A self-dual code C is Type II if the Lee weights of all codewords of C are divisible by four and C is Type I otherwise.[?] It is known that a Type II code exists if and only if the length is divisible by four. We define the doubly-even Lee weight subcode C0 of a Type I code C as the subcode consisting of all codewords of C with Lee weights a multiple of 4. The subcode is of S index 2 in C and C of index 2 in S C0 S C0⊥ . Naturally we denote C0⊥ = C0 C1 C2 C3 , and C = C0 ∪ C2 ; defining the shadow S of C as S = C1 ∪ C3 . Proposition 14 (Dougherty et al.[?]) If C is Type I then φ(Cj ) = φ(C)j for j = 0, 1, 2, 3, that is, C −−→ φ(C)  −−−−  φ   ycoset coset y Cj −−−−−−→ φ(Cj ) = φ(C)j φ



Moreover φ(S) is the shadow of φ(C). Hence if the shadow of C has minimum Lee weight dS then φ(C) is a binary [2n, n] code whose shadow has minimum Hamming weight dS . Theorem 15 (Dougherty et al.[?]) If C is a Type I code, then the swe of C0 is 1 sweC0 (a, b, c) = (sweC (a, b, c) + sweC (a, ib, −c)). 2 The swe of S is related to the swe of C by the relation sweS (a, b, c) = sweC (b + (a + c)/2, i(a − c)/2, b − (a + c)/2) If the swe of a Type I code C can be expressed as X αjk (a + c)n−2j−4k (ac − b2 )j (b2 (a − c)2 )k , j,k
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then the swe of its shadow is X 2k αjk (−1)k 2n−2j−6k (b)n−2j−4k (b2 − ac)j (a2 − c2 ) . j,k



In particular the Lee weight enumerator WL (y) of the shadow is X α0k (−1)k 2n−6k y n−4k (1 − y 4 )2k . k



The Lee weights of codewords of S are congruent to n modulo 4. Theorem 16 (Dougherty et al.[?]) The cosets for a Type I code over F2 + uF2 have the orthogonality relations given in Table ?? if n is odd and Table ?? if n is even, with the value in position (i, j) is x · y for any vector x ∈ Ci and any vector y ∈ Cj . Moreover the glue group C0⊥ /C0 of a Type I code C over F2 + uF2 is isomorphic to the Klein 4-group for all lengths n.



Table 7: Orthogonality Relations for n odd C0 0 0 0 0



C0 C1 C2 C3



C1 0 1 u 1+u



C2 0 u 0 u



C3 0 1+u u 1



Table 8: Orthogonality Relations for n even C0 C1 C2 C3



C0 0 0 0 0



C1 0 0 u u



C2 0 u 0 u



C3 0 u u 0



Proposition 17 Let C and D be Type I codes over F2 + uF2 of lengths n and m, respectively. Let E = (C0 , D0 ) ∪ (C1 , D1 ) ∪ (C2 , D2 ) ∪ (C3 , D3 ), F = (C0 , D0 ) ∪ (C1 , D3 ) ∪ (C2 , D2 ) ∪ (C3 , D1 ), G = (C0 , D0 ) ∪ (C1 , D2 ) ∪ (C2 , D3 ) ∪ (C3 , D1 ), 16



where (Ci , Di ) = {(c, d) | c ∈ Ci , d ∈ Di }. Then if n ≡ m (mod 2) then E and F are self-dual codes. Moreover if both n and m are even then G is a self-dual code. Proof. The linearity follows from Lemma ?? and the fact that the code is self-orthogonal follows from Lemma ??. Now |E| = |F | = |G| = 4(|Ci ||Di |) = 4(



n+m |C| |D| ) = |C||D| = 4 2 , 2 2



giving that each code is self-dual under each assumption.



2



Remark. This proposition can be also proved by Proposition 3.8 in Dougherty et al.[?] and Corollary ??. Theorems 10.6 and 10.7 in Dougherty et al.[?] are specific cases of the above proposition. Since self-dual codes of length up to 8 are classified,[?] we construct new optimal self-dual codes of length 10 as an example. K1 ⊕ K4 and K15 are self-dual P codes[?] of length 5. We define the Lee weight enumerator WC (z) of C as c∈C z wL (c) . It is not difficult to see that WK1 ⊕K4 (z) = 1 + z 2 + 14z 4 + 14z 6 + z 8 + z 10 W(K1 ⊕K4 )1 (z) = W(K1 ⊕K4 )3 (z) = z + 14z 5 + z 9 , WK15 (z) = 1 + 5z 2 + 10z 4 + 10z 6 + 5z 8 + z 10 W(K15 )1 (z) = W(K15 )3 (z) = 16z 5 . Only K10 is a known optimal self-dual code[?] of length 10, that is, it has minimum Lee weight 4. Let E1 and E2 be the self-dual codes constructed from the above proposition when (C, D) = (K1 ⊕ K4 , K15 ) and (K15 , K15 ), respectively. It turns out that WE1 (z) = 1 + 29z 4 + 32z 6 + · · · , WE2 (z) = 1 + 25z 4 + 40z 6 + · · · , WK10 (z) = 1 + 45z 4 + 210z 8 + · · · . Therefore we have the following: Proposition 18 There are at least three inequivalent optimal Type I codes over F2 + uF2 of length 10. Similarly to Z4 -codes, we have the following: Corollary 19 All Type II codes over F2 +uF2 of length 4n are constructed from Type I codes of lengths 1 and 4n − 1 by Proposition ??. 17



Proof. Let A be the unique Type I code {(0), (u)} of length 1 where A0 = {0}, A1 = {1}, A2 = {u} and A3 = {1 + u}. Since a Type II code C contains a vector whose elements are 1 or 1 + u,[?] every coordinate of C consists of 0, 1, u and 1 + u. 2
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