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a r t i c l e



i n f o



a b s t r a c t In a previous note, we have provided a formal derivation of the transverse Doppler shift of special relativity from the generalization of El Naschie’s complex time. Here, we show that the relativistic energy–momentum equation, and hence the Klein–Gordon equation, are also natural consequences of the complex time generalization. Ó 2009 Elsevier Ltd. All rights reserved.



In this short note, we show by straightforward algebra that the fundamental relativistic energy–momentum equation, and therefore the Klein–Gordon equation, are both directly connected to the generalized formulation of El Naschie’s complex time [1,2]



v  T ¼ t0 þ i t; c



ð1Þ



r ¼ r0 þ r00 ;



ð2Þ



pﬃﬃﬃﬃﬃﬃﬃ where i ¼ 1, c is the velocity of light in vacuum, and t and t 0 refer to time measurements made in two arbitrary inertial frames (say O and O0 , respectively), one moving relative to the other with constant velocity v. We note that Eq. (1) applies to the full range of permissible velocities (0 6 v 6 c) and represents a generalization of the complex time expression T ¼ 0  it introduced by El Naschie [3–6] as an essential ingredient of his fractal Eð1Þ space-time theory. If we think of O and O0 as two observers and assume that t and t 0 are the corresponding time intervals measured by them at the precise moment when a light pulse emitted by O reaches O0 , then it is a trivial matter to show that Eq. (1) conforms with the two-dimensional vector expression [7]:



where r and r0 are radius vectors of magnitude equal to the distances travelled by the pulse as seen in the reference frames of O and O0 , respectively, and r00 ¼ ðv =cÞr. Given that the component vectors r0 and r00 are orthogonal, we may take the dot product (r 2 ¼ r  r) on both sides of Eq. (2) and obtain after a straightforward manipulation the length contraction formula of special relativity [8]



r0 ¼ r



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 1  v 2 =c2 ;



ð3Þ



where, as mentioned before, r ¼ ct and r0 ¼ ct 0 . In the particular case, where O0 is supposed to undergo uniform circular motion about O, we have shown with little effort that Eq. (2) can also be used to derive the expression [7]:



x x0 ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ; 2 2 1  v =c
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relating the angular velocity (x) of O0 as seen by O to the angular velocity (x0 ) felt by O0 in its own rotating frame of reference. This is the well-known transverse Doppler shift formula of special relativity [8]. Moreover, Eq. (3) can be written in the alternative form



c2  v 2 ¼ c 2



r02 : r2



If we now refer to O0 as a moving point particle of rest mass m0 and multiply both sides of the above equation by m20 , we immediately obtain that



m20 c2 m20 v 2  ¼ m20 c2 ; ð1  v 2 =c2 Þ ð1  v 2 =c2 Þ



ð5Þ



E2 ¼ c2 p2 þ m20 c4 ;



ð6Þ



pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ where we have made use of the relation r02 =r2 ¼ 1  v 2 =c2 . From the known fact that m ¼ m0 = 1  v 2 =c2 is the relativistic 2 mass of the particle, E ¼ mc its total energy, and p ¼ mv its relativistic momentum, Eq. (5) can be written in the more familiar form



which we recognize as the relativistic energy–momentum equation for the moving particle. If the particle comes to rest, Eq. (6) reduces to the well-known relation E ¼ m0 c2 for the rest energy. In the derivation of Eq. (6), we have implicitly assumed that the velocity of light is ﬁnite and frame invariant. This very simple, but useful, exercise shows in a clear manner that there is a close connection between the generalization of complex time, as embodied by Eq. (1), and the fundamental principle of mass–energy conservation, implying that one is actually a consequence of the other. The above result may have further implications. In particular, as we may learn from any ordinary book on modern physh is the Planck constant divided by 2p, in Eq. (6) and ics, if we use the correspondences E ! i h@=@t and p ! i hr, where  allow the resulting equation to operate on the wave function W, we obtain the Klein–Gordon equation for a free particle



r2 W 



1 @ 2 W m20 c2 ¼ 2 W; c2 @t 2 h



ð7Þ



which plays an important role in the quantum electrodynamics of bosons. While the passage from Eq. (6) to (7) with the aid of the quantum mechanical operators associated to E and p is not a new result, it makes clear that the Klein–Gordon equation is a direct consequence of the two-dimensional character of time that arises in the limit of relativistic velocities. Acknowledgement We thank Prof. M.S. El Naschie for fruitful discussions and continued encouragement. References [1] Mejias A, Sigalotti L Di G, Sira E, de Felice F. On El Naschie’s complex time, Hawking’s imaginary time and special relativity. Chaos, Solitons & Fractals 2004;19(4):773–7. [2] de Felice F, Sigalotti L Di G, Mejias A. Lorentz transformations and complex-space time functions. Chaos, Solitons & Fractals 2004;21:573–8. [3] El Naschie MS. On the nature of complex time, diffusion and the two-slit experiment. Chaos, Solitons & Fractals 1995;5(6):1031–2. [4] El Naschie MS, Rössler OE, Prigogine Y. Quantum mechanics, diffusion and chaotic fractals. Oxford: Elsevier Science; 1995. [5] El Naschie MS. On conjugate complex time and information in relativistic quantum theory. Chaos, Solitons & Fractals 1995;5(8):1551–5. [6] El Naschie MS. A note on quantum mechanics, diffusional interference and informations. Chaos, Solitons & Fractals 1995;5(5):881–4. [7] Sigalotti L Di G, Mejias A. Implications of the conjugate complex time on the origin of the relativistic transverse Doppler effect. Chaos, Solitons & Fractals 2005;23:361–2. [8] Rosser MGV. An introduction to the theory of relativity. London: Butterworth; 1964.
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