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DETERMINING MODULAR FORMS ON SL2 (Z) BY CENTRAL VALUES OF CONVOLUTION L-FUNCTIONS SATADAL GANGULY, JEFFREY HOFFSTEIN, AND JYOTIRMOY SENGUPTA



1. Introduction This article is in the spirit of works by Luo and Ramakrishnan [LR97] , Luo [Lu99], and Merel [Mer]. The unifiying theme in these works is to understand to what extent a modular form is determined by the special values of its twists by a family of modular forms (on GL(1) or GL(2)). For example, Luo proved [Lu99] that if f and g are two normalized new forms of weight 2k (resp. 2k 0 ) and level N (resp. N 0 ) and if there exist a positive integer l and infinitely many prime p such that for all forms h in the Hecke basis H2l (Γ0 (p)) of new forms of weight 2l and level p satisfying 1 1 L( , f ⊗ h) = L( , g ⊗ h), 2 2 then k = k 0 , N = N 0 , and f = g. Here we ask similar question, but for forms of level one and the twisting family consisting of forms with weight increasing to infinity. Theorem 1. Let l, l0 , and k denote even integers and suppose g ∈ Hl (1) and g 0 ∈ Hl0 (1). If 1 1 L( , f ⊗ g) = L( , f ⊗ g 0 ) 2 2 for all f ∈ Hk (1) for infinitely many k, then l = l0 and g = g 0 .



(1)



The main idea behind investigations of this type of questions is, as usual, to express the central value of the twisted L-function in terms of the Fourier coefficients of the forms by the approximate functional equation and then to average over a spectrally complete family by means of a Petersson type trace formula. However, because of the presence of the variable k, the weight of the twisting form, in the gamma factor in the functional equation, trivial estimation of the error term (i.e., the part consisting of the off-diagonal terms) by Stirling formula and bounds for the Kloosterman sum and the J-Bessel function does 1



not suffice. The problem is that in the integral involved in the error term, the real part, which involves k, and the imaginary part in the arguments of the gamma factors go to infinity together. We handle this problem by writing the Bessel function as a contour integral and then using the new complex variable for shifting the contour in a suitable manner in order to obatin enough decay in k in the error term. Notation X? The symbol will always denote a sum over residue classes coprime to some modulus which will be clear from the context. We shall denote e2πiz by e(z).



2. The preparatory steps In order to prove that the forms g and g 0 are the same, it is enough to prove, by the multiplicity one theorem (see [PS79]), that for all but finitely many primes p, the normalized Hecke eigenvalues (see (3)) are the same; i.e., λg (p) = λg0 (p). We shall accomplish this by expressing λg (p) in terms of the twisted central values L(1/2, f ⊗ g) up to an error term and then showing, and this is the hard part, that the error term is actually small enough to draw the desired conclusion. Expressing the normalized Hecke eigenvalues λg (p) in terms of the central values of the twists of g is done in two steps: first we write the central value of the twisted L-function as a short sum using the approximate functional equation, and then we average over the twisting forms from a Hecke basis using the Petersson formula.



2.1. A bound on Gamma quotients. Lemma 2. Suppose A > 0 and c is real, and further, |c| < A/2. Then Γ(A + c + it)  |A + it|c , Γ(A + it) where the implied constant depends only on c. 2



(2)



By Stirling approximation, Γ(A + c + it) Γ(A + it) 1 1 = (A + c − + it) log(A + c + it) − (A + c + it) − (A − + it) log(A + it) 2 2 + (A + it) + O(1)   c 1 + O(1) = c log(A + c + it) + (A − + it) log 1 + 2 A + it      c 1 c c2 = c log (A + it) 1 + + (A − + it) − + · · · + O(1) A + it 2 A + it 2(A + it)2 = c log |A + it| + O(1),



log



from which the lemma follows. 2.2. Functional equations. We consider holomorphic cusp forms of even integral weight for the group Γ = Γ0 (1). For an even integer k, let Sk (1) = Sk (Γ) be the space such cusp forms and let Hk (1) = Hk (Γ) denote the basis of normalized (i.e., the first Fourier coefficient is one) Hecke eigenforms for the space Sk (1). For a form f ∈ Hk (1) with Fourier expansion ∞ X af (n)e(nz), f (z) = n=1



set λf (n) = af (n)/n



k−1 2



.



(3)



Then the Ramanujan conjecture (now a theorem due to Deligne) says, |λf (n)| ≤ τ (n), τ (n) being the number of divisors of n. To a Hecke form f , we associate the Hecke L-function L(s, f ) =



∞ X



λf (n)n−s .



n=1



It satisfies the functional equation   1 k−1 Λ(s, f ) = Γ s+ L(s, f ) = i−k Λ(1 − s, f ). s (2π) 2 The Dirichlet series Lf (s, a/c) =



∞ X



λf (n)e



n=1



3



 an  c



n−s ,



(4)



where a and c are coprime integers, also satisfies a functional equation (see, for example, A.10 in [KMV02])    c s   c 1−s  k−1 k−1 −k Γ s+ Lf (s, a/c) = i Γ 1−s+ Lf (1−s, −d/c), 2π 2 2π 2 (5) where ad ≡ 1(mod c). For two forms f ∈ Hk and g ∈ Hl , k and l even and k ≥ l, their Rankin-Selberg L-function L(s, f ⊗g) can be expressed as (see Chapter 13 of [Iwa]) ∞ X λf (n)λg (n) L(s, f ⊗ g) = ζ(2s) . ns n=1 This function is entire except possibly for a simple pole at s = 1 and it satisfies a functional equation     1 k+l k−l Λ(s, f ⊗g) = Γ s+ −1 Γ s+ L(s, f ⊗g) = Λ(1−s, f ⊗g). (2π)2s 2 2 (6) 2.3. The approximate functional equation. Let G(u) be a holomorphic function on an open set containing the strip |Reu| ≤ 32 and bounded therein, and satisfies the conditions G(u) = G(−u) and G(0) = 1. For X > 0, let Z 1 G(u) I(X, s) = X u Λ(s + u, f ⊗ g) du 2πi (3/2) u Shifting the contour to Re u = −3/2 and picking up the residue Λ(s, f ⊗ g) at the pole at u = 0, we get Z 1 G(u) I(X, s) = X u Λ(s + u, f ⊗ g) du + Λ(s, f ⊗ g) (7) 2πi (−3/2) u By the functional equation (6), Z Z 1 G(u) G(u) 1 u X Λ(s+u, f ⊗g) du = X u Λ(1−s−u, f ⊗g) du 2πi (−3/2) u 2πi (−3/2) u and the last integral becomes, by the change of variable u → −u, Z −1 G(u) X −u Λ(1 − s + u, f ⊗ g) du = −I(X −1 , 1 − s) 2πi (−3/2) u So, from (7), we get Λ(s, f ⊗ g) = I(X, s) + I(X −1 , 1 − s). 4



(8)



Note that L(s, f ⊗ g) = ζ(2s)



X λf (n)λg (n) ns



=



X



bf ⊗g (n)n−s ,



where X



bf ⊗g (n) =



λf (m)λg (m).



(9)



n=mt2



So, 1 I(X, s) = 2πi



Z



u



−2(s+u)







   k+l k−l Γ s+u+ −1 Γ s+u+ 2 2



X (2π) ! ∞ X bf ⊗g (n) G(u) du . ns+u u n=1  u     Z ∞ X bf ⊗g (n) 1 X k+l k−l −2s = (2π) −1 Γ s+u+ Γ s+u+ ns 2πi (3/2) 4π 2 n 2 2 n=1 (3/2)



G(u) du u      ∞ u Z X k+l k − l X bf ⊗g (n) 1 −2s γ(s, u) = (2π) Γ s + −1 Γ s+ 2 2 ns 2πi (3/2) 4π 2 n n=1 .



.



G(u) du, u



where Γ s+u+ γ(s, u) = Γ s+



k+l 2 k+l 2



  − 1 Γ s + u + k−l   2 − 1 Γ s + k−l 2



Thus, −2s



I(X, s) = (2π)



   ∞  2  k+l k − l X bf ⊗g (n) 4π n Γ s+ −1 Γ s+ V , s 2 2 ns X n=1 



where, for y > 0, 1 Vs (y) = 2πi



Z



y −u γ(s, u)



(3/2)



G(u) du u



Also, substituting 1/X and 1 − s in place of X and s, we get     ∞  k+l k − l X bf ⊗g (n) −1 −2(1−s) I(X , 1−s) = (2π) Γ −s + Γ 1−s+ V1−s 4π 2 nX 1−s 2 2 n n=1 5



Thus, from (8), we have    ∞  2  k − l X bf ⊗g (n) k+l 4π n −1 Γ s+ Λ(s, f ⊗ g) = (2π) Γ s + Vs s 2 2 n X n=1    X ∞  k+l k−l bf ⊗g (n) 2 + (2π)−2(1−s) Γ 1 − s + −1 Γ 1−s+ V 4π nX . 1−s 1−s 2 2 n n=1 −2s







At the point s = 21 , the Gamma factors are the same for both terms and also same as the Gamma factors for Λ(s, f ⊗ g) and they cancel and so does the factor involving π in front. So we get   2   ∞ X bf ⊗g (n) 4π n 2 √ L(1/2, f ⊗ g) = V1 + V 1 (4π nX) . 2 2 X n n=1 Taking X = 1, we finally have X bf ⊗g (n) 1 √ V 1 (4π 2 n), L( , f ⊗ g) = 2 2 2 n n



(10)



where 1 V 1 (y) = 2 2πi



Z y



−u Γ(u



(3/2)



+ k+l−1 )Γ(u + k−l+1 ) G(u) 2 2 du k+l−1 k−l+1 u Γ( 2 )Γ( 2 )



(11)



2.4. The Petersson trace formula. The Petersson formula says (Theorem 3.6, [Iwa]) X



ωf−1 λf (m)λf (n)



−k



= δ(m, n)+2πi



∞ X S(m, n; c) c=1



f ∈Hk (1)



c



 Jk−1



 √ 4π mn , c



(12) where ωf = h, i being the Petersson inner product on Sk (Γ), S(m, n; c) is the Kloosterman sum (see (19)), and Jk−1 (x) is the J-Bessel function. Now we fix a prime p. The approximate functional (4π)k−1 hf, f i, Γ(k−1)



6



equation (10) and the above formula yield, X λf (p) 1 L( , f ⊗ g) 2 ωf f ∈Hk (1)



=2



X 1 X bf ⊗g (n) √ V 1 (4π 2 n) λf (p) ωf n 2 n f ∈Hk (1)



X 1 X X √ V 1 (4π 2 n) =2 ωf−1 λf (p) λf (m)λg (m) 2 n 2 n f ∈Hk (1)



n=mt



X X X 1 √ V 1 (4π 2 n) λg (m) ωf−1 λf (p)λf (m) =2 2 n n f ∈Hk (1) n=mt2 (  √ ) ∞ X 1 X X 4π mp S(m, p; c) √ V 1 (4π 2 n) =2 Jk−1 λg (m) δ(m, p) + 2πi−k c c n 2 2 n c=1 n=mt



=



2



2λg (p) √ p ∞ X n=1



∞ X j=1



1 V 1 (4π 2 j 2 p)+ j 2



 √  ∞ X X 4π mp 1 S(m, p; c) 2 −k √ V 1 (4π n) Jk−1 λg (m)2πi c c n 2 2 c=1 n=mt



So we finally have, X 1 λf (p) λg (p) L( , f ⊗ g) = 2 √ Mp (k, l) + 2Eg,p (k) 2 ωf p



(13)



f ∈Hk (1)



say; where Mp (k, l) =



∞ X 1 j=1



j



V 1 (4π 2 j 2 p)



(14)



2



which depends on the weights k and l, and  √  ∞ ∞ X X X 4π mp S(m, p; c) 1 2 −k √ V 1 (4π n) λg (m)2πi Jk−1 Eg,p (k) = c c n 2 c=1 n=1 n=mt2 (15) 3. The main term 2



Let us put a = k+l−1 , b = k−l+1 below. We choose G(u) = eu . In 2 2 what follows, we shall always assume that k, the weight of the twisting form f , is sufficiently large. This is permissible because the set of weights k is infinite. 7



We have, ∞ X 1



Z ∞ X Γ(u + a)Γ(u + b) G(u) 1 1 V 1 (4π j p) = du Mp (k, l) = (4π 2 j 2 p)−u 2 j j 2πi (3/2) Γ(a)Γ(b) u j=1 j=1 ! Z ∞ X 1 Γ(u + a)Γ(u + b) G(u) 1 = (4π 2 p)−u du 2u+1 2πi (3/2) Γ(a)Γ(b) u j j=1 Z Γ(u + a)Γ(u + b) G(u) 1 (4π 2 p)−u ζ(2u + 1)du. = 2πi (3/2) Γ(a)Γ(b) u 2 2



Now we move the contour to (−1/2). So Z Mp (k, l) = Resu=0 +



. (−1/2)



For computing the residue at u = 0, we expand the relevant functions in Taylor series up to a few terms. 2



G(u) = eu = 1 + u2 + · · ·



ζ(2u + 1) =



1 + γ0 + · · · 2u



Γ0 Γ(u + a) = 1 + u (a) + · · · Γ(a) Γ Γ(u + b) Γ0 = 1 + u (b) + · · · Γ(b) Γ (4π 2 p)−u = 1 − u log(4π 2 p) + · · ·  0 0 So the integrand is 12 ΓΓ (a) + ΓΓ (b) + 2γ0 − log 4π 2 p u1 + terms which are holomorphic in u around 0; which shows that the residue is 1 2







 Γ0 Γ0 2 (a) + (b) + 2γ0 − log 4π p . Γ Γ 8



And the integral I over the vertical line Re u = − 12 is Z 1 Γ(u + a)Γ(u + b) G(u) I= (4π 2 p)−u ζ(2u + 1)du 2πi (− 12 ) Γ(a)Γ(b) u Z ∞ Γ(a − 21 + iv)Γ(b − 12 + iv) G(− 21 + iv) 1 (4π 2 p)− 2 +iv ζ(2iv)dv = 1 Γ(a)Γ(b) − 2 + iv −∞ Z ∞ Γ(a − 21 + iv) Γ(a + iv) Γ(b − 12 + iv) Γ(b + iv) G(− 12 + iv) 1 (4π 2 p)− 2 +iv ζ(2iv)dv = 1 Γ(a + iv) Γ(a) Γ(b + iv) Γ(b) − 2 + iv −∞ √ Z ∞ 1 p G(− 2 + iv) |ζ(2iv)|dv  1 k − + iv −∞



2



by the bound (2) and since |Γ(x + iy)| ≤ |Γ(x)|. Now, using the bound 1 (see [Ti86] 5.13) ζ(0 + it)  |t| 2 , we see that 1 I . k Hence,   1 Γ0 Γ0 2 Mp (k, l) = (a) + (b) + 2γ0 − log 4π p + O(1/k). (16) 2 Γ Γ 4. The error term We have



 √  ∞ ∞ X X X 4π mp S(m, p; c) 1 2 √ V 1 (4π n) Jk−1 E = Eg,p (k) = 2πi λg (m) c c n 2 c=1 n=1 n=mt2  √  ∞ ∞ ∞ X X 4π mp λg (m) X 1 S(m, p; c) −k 2 2 √ = 2πi V 1 (4π mj ) Jk−1 c c m j=1 j 2 m=1 c=1 −k



The Mellin transform of the J-Bessel function is given by (see [Ober], formula 10.1, part I)  Z ∞ 1 Γ s+ν s−1 2  Jν (2x)x dx = 2 Γ 1 + ν−s 0 2 for −Reν < Res < 32 Now, by applying the Mellin inversion formula, we can write (Op. cit., formula 5.3, part II)   √ −s  √  Z α+i∞ Γ k−1+s 4π mp 2π mp 1 2  Jk−1 = ds (17) k+1−s c 4πi α−i∞ Γ c 2 9



for any α with 1 − k < α < 1/2. We take α = − 21 − δ, for a sufficiently small δ > 0. Hence by (11), inserting the sum inside the integral, we have ) Z Z (X ∞ ) (4π 2 j 2 )−u G(u) Γ(u + a)Γ(u + b)Γ( k−1+s 2πi−k 2 E= k+1−s 2 2(2πi) ( 23 ) (α) j=1 j u Γ(a)Γ(b)Γ( 2 ) √ .Sp (u, s)(2π p)−s dsdu Z Z ) G(u) Γ(u + a)Γ(u + b)Γ( k−1+s ik−2 2 ζ(2u + 1) = 4π ( 32 ) (α) u Γ(a)Γ(b)Γ( k+1−s ) 2 s



.Sp (u, s)p− 2 (2π)−2u−s dsdu, (18) where Sp (u, s) =



∞ X ∞ X λg (m)S(m, p; c) 1



s



m 2 +u+ 2 c1−s which converges absolutely by the Weil bound on Kloosterman sum. Now we transform the sum Sp (u, s) by interchanging the order of summation and opening the Kloosterman sum   X? ma + pd S(m, p; c) = e (19) c m=1 c=1



ad≡1(mod c)



and thus getting, Sp (u, s) =



∞ X







∞ X? X λg (m)e( ma ) c



 c=1



1



a(mod c) m=1



s



m 2 +u+ 2



 



e( pd ) c 1−s c



∞ X pd 1 s a X ? e( )Lg ( + u + ; ) c 2 2 c = . c1−s c=1 a(mod c)



Note that, since Re( 21 + u + 2s ) = 74 − 2δ > 1, the Dirichlet series (4) is absolutely convergent. Applying the functional equation (5), we get ∞ X pd 1 s l−1 X 1 s −d  ? e( )Lg ( − u − ; ) c −2u−s l Γ( 2 − u − 2 + 2 ) c 2 2 c Sp (u, s) = i 1 . c1−s 2π Γ( 2 + u + 2s + l−1 ) c=1 2 d(mod c)



Now in the integral (18) we move the line of integration in the s variable to Re s = α = −6. Note that the double sum above is absolutely convergent and the inner sum becomes X? e( pd )Lg ( 1 − u − s ; −d ) 2u+s c 2 2 c (2π) . 1+2u c d(mod c)



10



Since Re( 12 − u − 2s ) = 2, the Dirichlet series for Lg is absolutely convergent, and we can thus write the above sum as (2π)



2u+s



∞ X? X e( d(p−m) )λg (m) c 1



d(mod c) m=1



2u+s



= (2π)



s



m 2 −u− 2 c1+2u



∞ d(p−m) X λg (m) X? e( c ) . 1 1+2u −u− 2s c 2 m m=1 d(mod c)



Finally we have, Sp (u, s) = il



Γ( 12 − u − 2s + Γ( 21 + u + 2s +



∞ l−1 X ) 2u+s 2 (2π) l−1 ) 2 m=1



∞ λg (m) X



m



1 −u− 2s 2



c=1



1



X?



c1+2u



d(mod c)



e(



d(p − m) ) c



    ∞ 1 s l−1 2u+s  X λg (m)σ−2u (p − m) λg (p)ζ(2u)  l Γ( 2 − u − 2 + 2 ) (2π) =i 1 . + s s 1 1 Γ( 2 + u + 2s + l−1 ) ζ(2u + 1)  m 2 −u− 2 p 2 −u− 2  m=1  2 m6=p



Putting this in (18), we obtain Z Z )Γ( 12 − u − 2s + l−1 ) −s ik−2+l G(u) Γ(u + a)Γ(u + b)Γ( k−1+s 2 2 E= p 2 (2π)−u−s k+1−s 1 s l−1 3 4π u Γ(a)Γ(b)Γ( )Γ( + u + + ) ( 2 ) (−6) 2 2 2 2     ∞ X λg (m)σ−2u (p − m) λg (p)ζ(2u)  dsdu. . + 1 s 1 s  m 2 −u− 2 p 2 −u− 2  m=1  m6=p



Note that the sum above in the integrand is absolutely convergent as Re ( 12 − u − 2s ) = 2. Hence, writing u = 32 + iv and s = −6 + it, Z ∞ Z ∞ 3 3 k−7+it l−1 t −v 2 Γ(a + + iv)Γ(b + + iv)Γ( )Γ(2 + − iv − i ) e 2 2 2 2 2 E dtdv. 1 l−1 t k+7−it 2 2 Γ(a)Γ(b)Γ( )Γ(−1 + + iv + i ) −∞ −∞ (9/4 + v ) 2 2 2 First we integrate with respect to the t variable. Z ∞ 3 3 −v 2 Γ(a + + iv)Γ(b + + iv) e 2 2 E I(v)dv, 1 2 Γ(a)Γ(b) −∞ (9/4 + v ) 2 where Γ( k−7+it )Γ(2 + l−1 − iv − i t ) 2 2 2 I(v) = dt k+7−it l−1 t )Γ(−1 + + iv + i ) −∞ Γ( 2 2 2 Z ∞ 3 3  |k + it|−7 |l + i(v + t/2)| dt  k −6 (v 2 + k 2 ) 2 Z



∞



−∞



11



by noting that |Γ(x − iy)| = |Γ(x + iy)| and using (2) for Γ(2+ l−1 −iv−i t )



) Γ( k−7+it 2 Γ( k+7−it ) 2



2 2 and Γ(−1+ l−1 and finally making the substitution t = k tan θ. +iv+i 2t ) 2 Therefore, Z ∞ 3 3 −v 2 + iv)Γ(b + + iv) Γ(a + 3 e 2 2 k −6 (v 2 + k 2 ) 2 E dv 1 2 Γ(a)Γ(b) (9/4 + v ) 2 −∞



Now, Γ(a + 23 + iv) Γ(a + iv) Γ(b + 32 + iv) Γ(b + iv) Γ(a + 23 + iv)Γ(b + 32 + iv) = Γ(a)Γ(b) Γ(a + iv) Γ(a) Γ(b + iv) Γ(b) 3



 |(a + iv)(b + iv)| 2 3



 (k 2 + v 2 ) 2



by (2) and since |Γ(x + iy)| ≤ |Γ(x)|. Hence, Z ∞ 2 e−v −6 2 2 3 Ek (v + k ) 1 dv  1 (9/4 + v 2 ) 2 −∞ 5. The proof Recall that, a = k+l−1 and b = k−l+1 . Stirling formula implies, by 2 2 taking logarithmic derivative of Γ(s), that Γ0 (s) = log s − (2s)−1 + O(|s|−2 ). Γ Therefore, by (16), Mp (k, l) = log k + O(1) as k → ∞. The hypothesis 1 1 L( , f ⊗ g) = L( , f ⊗ g 0 ) 2 2 and (13) implies that for any fixed prime p, λg (p) λg0 (p) √ Mp (k, l) + Eg,p (k) = √ Mp (k, l0 ) + Eg0 ,p (k). p p



(20)



Since we have shown that Mp (k, l) ∼ log k and Eg,p (k)  1 as k → ∞, it follows that λg (p) = λg0 (p) for any prime p, which finishes the proof. 12
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